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Abstract

This paper studies incentives and lossof cortrol in a hierarchy modd which combines and
generali zes the modes of Willi amson, Calvo-Welli sz and Keren-Levhari. In cur modd of the hierarchy,
the levds of effort from managers and workers, the wage scales, the span d cortrol and, in particular, the
total number of tiers are all endogenous. Using qotimal control techniques, we show that in the optimal
hierarchy the wage scales and eff ort levels decrease as one moves down the hierarchy. Asthe hierarchy
expands with notechndogical progress workers exert lesseffort and are paid less top managers work

harder and are paid more and the wage distribution becomes increasingy skewed.



1. Introduction

Hierarchy is atypical organizational form of businessfirms, nat-for-praofit organizations,
governments, as well as centrall y-planned econamies. Hierarchical organizations differ from the market.

In the market, buyers and sell ers trade with each ather ona more-or-lessequal foating. In a hierarchy,
employees at different hierarchical levels are vertically related: the superior has authority over his
subordinates and the subordinate provided information to, and foll owed instructions from, his superiors.

We study a mode of hierarchy which combines and generali zes the modds of Willi amson (1967),
Calvo and Wdlisz (1978 1979, and Keren and Levhari (1979. Amongmany important econamic
problems of hierarchical organizations, the paper focuses on the ore of incentives.* In the hierarchy that
we study, subordinates may shirk onthe job or divert their effort to their own interests when effort is nat
observed by their superiors. To mitigate such a problem, the superior spends time in monitoring the df ort
exerted by hisimmediate subordinates. Thefinal output of the hierarchy is determined by a production
functionwhich is cumulative in the df orts of workers and managers at all | evels.

The organizational design problem isto determine the number of hierarchical tiers, the span o
cortral (i.e., the number of subordinates under the same superior) and the wage scales in the hierarchy;,
taking as given the amount of capital andthe state of techndogy. The econamic tradeoff s are rather
complex, but the basic idea isthe following The benefit of having fewer hierarchical tiersisthat thereisa
smaller cumulative lossacrosshierarchical levels and also fewer managers to pay. The cost is that
remaining employees have to be paid with higher efficiency wages to induce them to work, because the
eff ectivenessof monitoringis reduced as the result of the increased span o cortrol. The idea echoes Simon

(1979's analysis of the tradeoff between reducing the span o control and reducing the total number of tiers

! Theliterature on Herarchy is divided into at least two dstinct filds: "team theory" and "incentive
theory." Studies are further diff erentiated by the approach of the "grand contract,” which includes the
above cited papers and this paper, and the approach o the "network of contracts,” which includes Tirole
(1986, Mdumad, Mookherjeeand Reiche stein (1989 and McAfeeand McMill an (1990.

1



of the hierarchy.

We solve the problem of optimal hierarchy for the objective of maximizing ret revenue by using
optimal control techniques, a method pioneeed by Keren and Levhari (1979.2 The optimal cortrol
techniques have proven to be quite useful, which enables us to dotain many insightful results about the
hierarchical structure. Two main results are obtained with a specific monitoring and production
techndogy. First, inthe optimal hierarchy in which all managers and workers are identical ex ante, wages
fall and eff orts decrease as one moves from the top to the bottom of the hierarchy. If we interpret lossof
cortrol as afall inthe amount of effort exerted by managers and workers, then aur result shows that lossof
cortrol increases down the hierarchy, and suffers most at the bottom. Second as the size of the hierarchy
increases, both eff orts and wages of managers at the top increase because their marginal product increases,
and both eff orts and wages of workers fall because their marginal product declines. Hence, the wageratio
between the top managers and workersincreases. This result implies a greater lossof cortrol for a bigger
hierarchy.®

We also analyze a simpler modd in which effort choiceis restricted to orly two values, 0 and 1. In
such amodd we find that, to implement effort level 1 without cumulative losses throughtiersin the
production function, the hierarchy exhibits constant wage and constant span o cortrol acrosstiers.
Furthermore, an increase in the capital stock or an increase in the productivity of workers leaves the
structure of the hierarchy unchanged except for the total number of tiers.

The paper is organized as follows. Section 2 introduces the moddl. Section 3 analyzes the simple

modd with orly 0 and 1 effort choice and finds the closed form solution.  Section 4 examines optimal wage

2 Our modd istechnically akin to those of Keren and Levhari (1979 1983 1989, although their models
of hierarchy are nat based onincentive considerations.

% Throughaut the paper, we have assumed away the possbility of increasing returns. However, we want
to stressthe point that the problem of excesdgve bignessdoes nat go away, even if we had all owed for
increasing returns.



scales and eff ort levels within a hierarchy. Comparative statics results are derived in Section 5. Thefinal
section 6 discusses appli cations and extensions of the modd. Appendix A derives the solutionto the

discrete version d the modd with 0 and 1 eff ort chaices and Appendx B contains mathematical prodfs.

2. TheModd

Consider an econamic organization that owns a capital stock K and uses a hierarchy to cortrol the
production. We can imaginethat at the very bottom of the hierarchy are workers operating machines or
working onthe assembly lines; they are grouped into workshops. Several workshops are organized into a
factory, and several factoriesinto afirm. To simplify the analysis, we assume that everyonein the
hierarchy has only one superior. Hence, the hierarchy can be represented by atreg and the owner of the
organizationis represented by theroat of thetree Tiers of the hierarchy are denated by subscript t when
counted from the top to the bottom and the number of employeesin tier t is denated by x, with x,=1. The
number of employeesin tier t who are subordinates of a common superior is called the span o control in
tier t-1, andis denated by s. The span o cortral is assumed to be constant in any tier, which implies that
X=X.1S. We asume that the organization maximizes the revenue from the capital stock net of payments to
al employess (i.e., praofit). The objective of the managers/bureaucrats and workers is to maximize their
utili ties, w-g(a), where w is the wage paid by the organization, aisthe df ort devoted to the hierarchy, and
g(*) is the disutility from meking such an eff ort.

Production Technology. We assume a fixed capital-worker ratio and denateit by k. By daing so,
we asaume away the problem of substitution between capital and workers and make the modd tractable.
For the given capital stock K, the indastic demand for workersis equal to N=K/k, N>1.* The dfort of

employeesintier t is denated by a, which is constant in any tier, but may differ acrosstiers. We employ a

4 Implicitly we assume that the labor supdy constraint is nat binding.
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recursive production techndogy similar to the one used by Willi amson (1967, Beckmann (1977 and
Rosen (1982, in which an intermediate product called "managerial eff ectiveness' is produced. In any tier
t, theintermediate product y,., from the immediate superior is used as an input and combined with effort &
to producey; for the immediate subordinate. This processcan be written as a function y=F(y,,,&). For
simplicity, a simple functional form of F, is assumed so that y=y,.,a, where 0<a <1 anda=1 isthe
maximum effort attainable. Theinitial input y,=1 is asumed, so y;=aa,;***a,.> The output of each fully
eff ective worker (that is, when y;=1) is assumed to be 0>0, the grossoutput of the hierarchy is therefore
ONy+, which is also the grossrevenue as we narmali ze the price equal to 1.

Monitoring and Rewards. The managers in the hierarchy also play supervisory roles: coll ecting
information and monitoring the inputs and autputs of their subordinates. We follow Calvo-Wellisz (1978
1979 in moddli ng these activities. The superior monitors the dforts of his subordinates directly, and this
monitoring requires only time and noeffort. When the subordinate is checked by his superior, his effort is
known precisdly. When the subordinateis nat checked, the dfort is nat known at all to the superior.
Because the superior has only limited time avail able, he can orly check his subordinates with some
probability P<1. In general, P is adecreasing function d the span of control: the more subordinates the
superior mornitors, the smaller the probability of the subordinate being checked. For simplicity, we shall
asumethat P=1/s, which corresponds to the case when the superior has to spend all of his time checking

ore of his subordinates.®

® Willi amson (1967 assumes that y,=a, where 0<a<1 is a constant. The production function used here
is anatural generalization d Willi amson's. One interpretation d the production functionis plan
implementation. Managers at the top first formulate a strategic plan which they want to implement.
During the processof disaggregation, managers in each tier add cetail s into the plan by using their own
information and knavledge before they instruct the next tier. After many tiers of disaggregation and
manipulation, the final detail ed plan is implemented by the workers. Therefore, eff ort devoted by each leve
aff ects the final plan and, hence, the product of the entire hierarchy.

¢ Simon (1976 recogrized that "the scarce resource is nat information, it is the processng capacity to
attendto information." In ocur mode, the scarce resource is time.
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Suppose the wages can't be negative, which represents the limited li abili ty constraint.” To
implement effort level @ from his subordinates, the superior considers the following family of incentive
schemes:®

pay w if a>a’ is known, or if ais nat known; and

pay O if a<a’ is known.

Theincentive compatibili ty condtion requires
w-g(a) > Pe0+(1-P)sw-g(a), for all a<a,
which yields the "efficiency wage' w=g(a)/P. With P=1/s, the wage functionis therefore given by
W=g(a)s:.
Hence, the anployeés welfareis u=g(a)s-g(a). When the reservation utility of the enployeeis 0, u also
represents an econamic rent (due to imperfect monitoring) earned by the enployee

The optimization problem of the organization can be summarized as

2.1) max  ONyr - 37 {g(a)sx}
Sia T
st. X =Xe1S:

" Given the quasi-linear utili ty function u=w-g(a), without the limited li abili ty constraint the "first best"
can be achieved even though monitoring is imperfect (P<1), aslongas P is nat zero. Limited liability is
also a redlistic assumption which reflects limited resources that agents possess

8 In arder for such a scheme to be optimal, we must rule out the foll owing scheme which always

implements the first best effort level efficiently:

pay w if a=a’ is known;

pay O if a<a isknown, or if aisnat known.
This is because the incentive compatibili ty constraint becomes

pw - g(@) > 0- g(a),
for anya<a. That is, pw=g(@). Sincew is paid orly with probability p, and the individual rationality
constraint is binding pw-g(a)=0. However, the above scheme is appli cable only when the workers can
prove they are monitored, otherwise the superior has an incentive to claim he did nd monitor and always
pays 0.



Yi=Yr1&

Xo=1, X;=N, and y=1.

For the given N and 0, the organization faces the foll owing tradeoffs in determining the hierarchy:
Reducing the total number of tiers, T, decreases cumulative losses acrosshierarchical levels (becausein
general a<1) and therefore increases the total revenue. But the span o control has to be increased, and
therefore the probabili ty that a subordinate is checked is reduced so that the wage must be increased to
satisfy the incentive compatibility constraint. Thisis costly. On the other hand, reducing the span o
control would increase the df ectivenessaof monitoring and hence reduce the wages, but the total number of
tiers must be increased, which increases cumulative losses and reduces the grossrevenue. Furthermore, the
organization wants higher efforts a, to increase the total revenue Ny;, but it has to pay more for higher a,.°

Althoughthe discrete formulation d the problem can be solved completely in a simple case (see
Appendx A), it israther difficult to tackle the problemin general. Following Keren and Levhari (1979,
we amploy the foll owing cortinuous approximation. Taking logarithm on both sides of

X=X.18=5881 *** SiXo
yidds

log(x)=2log(s),
which has a cortinuous analog

log(x)=/olog(s)ck,

or

° In cur modd, the owner of the organization can't achieve the "first best" by stopping monitoring and
asking each agent to pay afixed rent p because such a contract is nat enforceable. Since the wages can't be
negative as we have asaumed so far, w=0a-p>0, or p<0a. Furthermore, because ais nat observable
without monitoring, neither is output Oa. Then the agent always has an incentive to claim that output is
low and thus refuse to pay p.



X=xJog(s).
Similarly,
V=ydog@).
This gives the general problem in cortinuous form as
[‘ T
(22) max  ONyr - J| {g(a)sx}dt
0
S, a, T
st x=xJog(s)
y=ylog(a)

Xo=1, X;=N, and y=1.

3. The Caseof 0 and 1 Effort Choices

We start our analysis with a simpler mode, in which the chaice of effort level is only between the

minimum eff ort (a=0) and the maximum effort (a=1). The study o such a simple modd nat only enables

usto derive a closed form solution, which itsdf is interesting, but also provides us with a reference moddl

to be compared later with the general ore.

Because y;=aa.,***a, and a isether O or 1, it does nat pay for the organization to implement

(ay,***,a;) inwhich some of asare 0 and adhersare 1. Interesting results can be derived when the

organizationimplements (1,e++,1). In such a case, y;=1, no cumulative lossin total managerial

effectiveness Write g(1)=g, the disutili ty of working. The maximization problem can be written as™

19 The solution to the discrete formulation is contained in Appendix A, which has qualitatively the same

properties as in Propositions 1 and 2.



3.1 max ON-g | {sx}dt

ST

st X=xJog(s)

Xo=1 and x;=N.

Technically, thisis an "open-final-time" and "fixed-end-point" optimal control problem with ore
state variable (x,) and ore cortrol variable (s). TheHamiltonianis
H(t) = -gsx + pxlog(s),
where p, is the multiplier for equation X=xJog(s). Thefirst order condtion yields
P = gs - plog(s), and
-gX; + pXd/s = 0.
We derive from the above equations
(32 p:=9gs, and
(3.3 p/p; = 1-log(s).
Comhbining (3.2) and (3.3), we obtain
§/s = 1-log(s), or
(logs)) +log(s) = 1.
The solutionto this first order differential equationis
(3.4 log(s/e) = Ce",
where C is a constant to be determined by the boundary condtiors.
In a t-independent autonamous problem such as the present one, the transversality condtions for an

"open-final-time" problemis



(3.5) H(t) = 0.
Comhbining (3.2), (3.4) and (3.5) yidds
C=0.

Finally, using the boundary condtions x,=1 and x;=N, we obtain

Proposition 1. Assume workers are sufficiently productive: 8>ge.** Then the optimal hierarchy has the
following properties:

(i) the span o contral is constant: s=¢€

(i) the wage scale is also constant: w=p,=ge;

(i) the number of employeesintier t is x,=¢€;

(iv) the total number of tiers of the hierarchy is T=logN, and the marginal increase of the total number of
tiers decreases in total capital (dT/dN=1/N); and

(v) total net revenue, or thetotal return to capital, is given by V(N,0)=N(0-ge)+ge. Therefore, the
marginal return to capital is constant (dV/dN=0-ge), so is the marginal increase as the productivity

parameter O increases (dV/dO=N).

In aur modd, the endogenous wage scaleis completely egalitarian, thereis no reed to pay moreto
higher rank managers than to lower ones. Thisisin contrast with the modd of Calvo and Wellisz (1979 (a
simplified versionis given by Holmstrom and Tirole, 1988, which dbtained the result of falling wage down
the hierarchy. However, in Calvo and Welli sz, thereis a "bottleneck at the top™ resulting from the

asumption d fixed total number of tiers. In such a case, the constraint imposed by this bottleneck can be

1 If B<ge, the organization would want to implement a=0. Note that, when effort chaiceis restricted to
O andl, efficiency requiresthat a=1if 0>ganda=0if 0<g. Inefficiency only arisesif g<0<ge, when the
organization daes nat want to implement a=1 bu it is efficient to doso.
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relaxed to some extent by lowering monitoring time, or, increasing the span d cortrol, at thetop leves,
while at the same time adjusting wages upward to maintain incentives. Their result can be reproduced in

our modd as foll ows.

Proposition 2. Define c=0/(ge), and assume workers are sufficiently productive: c>1. Thenwhen T is
fixed and N is allowed to very, the hierarchy wil be acjusted to e point so thet:

(i) the span of control decreases: s= (e)ce(T-t)

(i) the wage also decreases: Wt:(ge)ce(T't)

T -
(iii ) the number of employessin tier t is x=(€)c® (1'et); and

T
(iv) the maximum number of workers absorbed is N=(e")c® ™.

Proof: Thisisthe same optimal control problem as above but with a "fixed-final-time" and "open-end
point" so that the transversality condtion becomes
(3.6) pr=0.
Comhbining (3.6) with equation (3.2) yields
s=01/g.
Substituting this into equation (3.4) to determine constant C:
C=¢€log(6/ge).

Therest of the prodf is routine. l
Indeed, when T is assumed fixed, the result of decreasing wages depends entirdly onthe decreasing
span o control (since w,=gs,), which isin turn a response to the "bottleneck at the top tiers." But as oon

as T ismade a chaice variable, the "bottleneck at the top™" can be relaxed in a more dficient way by
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increasing the number of tiersinstead of lowering monitoring time and raising wages at the top levels.> To

restore the decreasing wage result under endogenous number of tiers, we need to turn to cur general modd.

4. Wages and Effortsin an Optimal Hierarchy

In the general modd, the chaice of effort leve is continuous between 0 and 1. Hencethe
managerial eff ectivenessy; isin general between 0 and 1 (O<y;<1), which makes the simple modd in the
previous sction only a boundary case. Thefollowing assumptionwill be maintained throughaut the paper

to insure an interior solution:

Assumptions. (i) g(0)=0 and ¢a)-+= asa-1;*
(if) gisdifferentiable andis grictly increasing and strictly convex; and
(ii)) ¢ is differentiable and is grictly and monaonically increasing, where £(a)=ag'(a)/g(a) is the dagticity of

disutili ty.**

We use the Maximum Principle to solve the general problem (2.2). The Hamiltonian is
H(t)=-g(a)sx+pxlogs)+ayloga),
where p, and q are multipliers for the correspondng equations of motion. The transversality condtionfor
the t-independent autonamous problem with "open-final-time' requires

H(t)=0.

12 Propositions 1 and 2 show distinct structures of the optimal hierarchy by taking dff erent procedures
in the maximization. Note that the value of the objective has nolimit when both T and N go to infinity.

131f gisbounded at a=1, the boundary solutiona=1 is possble for large 6, and we are back to Section
3. Ontheother hand, if a>1 is allowed, it can be shown that the solutionwill explode.

14 Since g~ as a-1, it can be shown that £~~ asa-~1 aswell. Hence, it isimpossbleto have a
constant or amonaonically decreasing €.
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Thisyidds the following set of first order condtions

(4.1) p/p=1-logs)

4.2) %/x=log(s)

(4.3) /g=-log(a)

(4.4) y/y=loga)

(4.5 p=9(a)s

(4.6) E(a)Px=ay:

(4.7) 1-loy(s)=E(a)log(@)

aswedl as the boundary condtions

Xo=1, X;=N, ON=¢ and y,=1.

Proposition 3. The optimal hierarchical organization has the following properties:
(i) wages decreasein t: W<0;
(i) effort levels also decreasein t: §<0; and

(iii ) the span o cortrol is always greater than e s>e.

Proof: Using equations (4.1) to (4.7) and the wage equationw,=g(a)s.

The decreasing wage means that, within the hierarchy, the superior is paid more than his
subordinates, despite the fact that they areidentical in ability andin preferences. Therefore, position
counts in the hierarchy. By introducing a "lossof-cortrol" feature acrosshierarchical levels ala
Willi amson (1967) into the Calvo and Wélli sz modd, we are able to restore a Calvo and Wdli sz type result

12



about the decreasing wage schedule e/en though the total number of tiersis endogenous. But unlike
Willi amson, who assumes that the lossof cortrol in each tier, 1-a, is constant and bounded away from O, in
our modd, thelossof control can be reduced at each tier by exerting more dfort a, which is endogenaous.
The decreasing eff ort means that under the optimal wage scales, the higher tier managers exert more df ort
and lower tier managers lesseffort, and the lossof cortrol in the hierarchy islessin the upper tiers of the
hierarchy, more in the lower tiers, and mostly at the bottom. The results of the falling wage andthe
falling effort level can be explained intuitively. The pyramidal structure of hierarchy implies fewer
employees in the upper tiers than in the lower tiers. Given that y;=a,***a;, 0<a<1, for the same leve of
aggregate dfort y;, implementing a higher eff ort from and paying a higher wage to the upper level manager
is cheaper than implementing a higher eff ort from and paying a higher wage to the lower level managers. It
follows that higher tier managers exert more dfort and earn higher wages.

In comparison to the clean results of falling wages and falli ng eff ort, the properties of the span o
cortrol are ambiguous. Using the first order condtions, we obtain
(4.8) §/s=(W/wy)-E(a)+(a/a).
Thefirst term ontheright hand side is always negative, and the secondterm is always positive, leaving the

sign d & undetermined.’® Because u=w,-g(a)=g(a)(s-1) we derive

15 For the following classes of disutili ty functions, the span of control increasesin all tiers down the
hierarchy: (i) g(a)=[a/(1-a)]*, where > 1; (i) g(a@)=a'/(1-a), where A>1; and (iii) g(a)=log(1/(1-a)). The
span o control decreases in all tiers for the following ga):

[@ [ 6 G@m®
g@=rexp{ | (lft)eJ dt},
where O<e<1 and
( - log(4)/(log@)) if a<l/2;
G = |
L 1/(1-a) if a>1/2.

Prodfs are contained in Qian (1990.
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(4.9) U=g(a)(s-1a+g(a)s.
Therefore, fallingwagein the hierarchy daes nat always imply fallingwefare. The utility decreases down

the hierarchy if the span o cortrol does nat increase too fast.

5. Compar ative Statics

This ctioninvestigates eff ects of changesin N and 0 onall endogenaus variables of the
hierarchy. Thedifficulty invdved in such a study, both mathematically and conceptually, is the fact that as

N or 6 changes the optimal structure of the hierarchy changes, including the total number of tiers T.

Allowing T to be a chaice variableisimportant in the study d hierarchies because if we had allowed T to
be fixed, the constraint on T would have introduced a bottleneck at the top tiers, an ement of decreasing
returns.

Conceptually, because T will changein response to changesin N or 0, we need to draw
distinctions between someone who maintains the relative position in the hierarchy with respect to the top
and that with respect to the bottom. Let tiers of the hierarchy be denated by (superscript) T when counted
from the bottom to the top so that T=t+t. When T changes, fixingt will result in a change of T, andfixing
T will result in achangeof t. Suppose the capital stock (as well as the number of workers) is doubled, and
suppose, as aresult, one moretier is added to the hierarchy. To study the df ects onwages, eff ort andthe
span o control of the personin tier 2, we must consider the foll owing two cases sparately. Inthefirst
case, the personremains in a position d tier 2 relative to the bottom workers (t=2): A foreman remains a
foremanin alarger hierarchy. Theforeman is nat promoted from the workers' point of view; but heis
"demoted" from the point of view of thetop of the hierarchy. In the secondcase, the personremainsin a
position d tier 2 relativeto thetop (t=2): A vice president remains a vice president in a larger hierarchy.
Althoughthe vice president is nat demoted in a larger hierarchy, heis "promoted” from the point of view of
workers.

14



Mathematically, the dependency of the endogenous variables onthe optimal T in the solution
makes the analysis of comparative statics difficult. However, it is a nice property of the mode that the
endogenous variables depend onN, 0 and T only through ¢ = Oy/wy, theratio o the marginal product of

theworker to his marginal wage.

Lemma 1. Let &, w', ands’, 0<t<T, bethe solutionto the optimal hierarchy. Then,

(i) a = h(ce);

(i) s" = exp{ 1-¢(a’)log(@)}; and

(i) w* = g(@)s’,

where h=¢*. Furthermore, c>1, that is, the marginal product of the worker is greater than the marginal

wage paid to the worker.

Proof: SeeAppendx B.

We may write &(c), s°(c) andw?(c) for all T such that 0<t<T. Accordingto Lemmal, c(N,0)
provides the organization with sufficient information for determining the wage w*, the span of control s°
andthe dfort a" for any tier t. Also because of Lemma 1, the comparative statics exercises can be broken
into two parts and the chain rule of diff erentiation can be applied: Thefirst is comparative statics about c,

and the secondis that about the endogenous variables.

Lemma 2. For any c and t, O<<T:

(i) da’/dc = a'/(c®(a)) > O;

(i) ds’/dc = -s'g(a’)[log(@) + L/d(a")]/c = -§/c; and
(i) dw/dc = -wg(a)log(@’)/c > 0.

15



Proof: Differentiation and using 5/s=¢(a)°[log(a)+1/®(a)].1A

For any ¢ and N, we define T(c,N) such that

[‘ T(c,N)
(5.1) | log(s*(c)) dr = logN,
1
and Y, such that
[‘ T(c,N)
(5.2) 109 Yren) = J| log(a*(c)) d.

0

Note that for c=0y/wr, T(c,N)=T and yr.n=Yr. T(C,N) and y;, have the following properties:

Lemma 3. For any c,

(i) 3T (c,N)/oN = 1/(Nlog(s,)) > O;

(i) OYreny/ON = (Yren)l09(@p))*dT(c,N)/ON < 0; and

(iii) T (c,N)/ac = {log(sp)/log(sy) - 1} /c.

Proof: Differentiation d (5.1) and (5.2) and using Lemma 2(ii ).l

Using these properties, we are able to prove the following crucial lemma:

Lemma 4. For c=0y/wy, dc/dN < 0 and c&/do > 0.
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Proof: SeeAppendx B.l

5.1. Wages and Efforts

We first study the changes of wages and eff orts for a particular personin the hierarchy in response
to anincrease of capital stock whil e keging productivity 0 fixed. Propositions 4 and 5 below show that
results from the case of "counting from the bottom™ (using a superscript t) and the case of "counting from

the top™ (using a subscript t) arein sharp contrast.

Proposition 4. For any personremainingin tier T, 0<t<T, when the capital stock increases, the optimal
hierarchy will be adjusted so that:

(i) his effort level decreases (da’/dN<0); and

(i) his wage payment also decreases (dw*/dN<O0).

Theresults aretruein particular for the workers (t=0): da;/dN<0 and dv;/dN<O.

Proof: Usingthe chain rule of differentiation and applying Lemma 2 and Lemma 4.1

Intuitively, the marginal product of aworker (Oy;) falls asaresult of anincreasein N (to be
proved in Proposition 7), therefore, the worker's effort as well as wage fall too. Proposition 4 actually
applies to al people who accupy those positions that are frequently referred to the rdative distance to the
bottom of the hierarchy. For examples, workers, foremen, project managers, etc. If an arganization
expands without any productivity improvement, anyore who remains in the same position relative to the

bottom without promotion receives a lower wage than before.

Proposition 5. For any personremainingin tier t, 0<t<T, when the capital stock increases, the optimal
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hierarchy will be adjusted so that:
(i) his effort leve increases (da/dN>0); and
(i) his wage payment also increases (dw,/dN>0).

Theresults aretruein particular for managers at the top (t=0): day/dN>0 and dwvy/dN>0.

Proof: SeeAppendx B.l

Corollary. Thewageratio between the top managers and workers increases as the hierarchy expands,

asuming a constant productivity parameter 0.

Since the marginal product of the top managers (whichis ONy;) increases as a result of an increase
in N (to be shown in Proposition 7), the df orts from the top managers should be expected to increase, so
should their wages. Proposition 5 appliesto all people who accupy those positions that often link to the
relative distance to the top of the hierarchy, for example, the vice president of afirm. Top managersin a
larger organization exert more dfort, and gt more pay than their counterparts in a smaller organization.

Since duy/dN=g'(a,)(sy-1)(da/dN)+g(a,) (dsy/dN), alarger size of the organization gves thetop
managers higher utility provided dsy/dN is nat too regative. It follows that the top managers have a built-in
(endogenaus) incentive to maximize size. This results can be related to several literature. Firgt, it relatesto
theories of the managerial firm ala Baumol (1967 and dhers. We have here an endogenous explanation
of managerial size maximization based onefficiency wage modd of hierarchy (with endogenaous number of
tiers). Second it relates to the more recent literature on mergers and acquisitions. Third, it isalso
consistent with the observation d the so-called "expansion dive" from leaders or managers in socialist
econamies (Kornai, 1980.

In theway we built the modd, all the peoplein the hierarchy areidentical ex ante. Proposition 3
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says that in an gptimal hierarchy with N fixed, people hdding a higher positionin the hierarchy should be
paid more than people at alower position. The above Corollary says more: As N increases, the wage ratio
between the top managers and the bottom workers increases, and the distribution becomes lessegalitarian.*®
What happensif 0 increases with N fixed? This will i ncrease the dfort as well as the wage
payment to the person who maintains a relative position in the hierarchy either to the top or to the bottom

(so to the personin between, by Proposition 3). 1n such a case, workers are paid more nat because their

responsibility is higher as a result of promotion, but because they are more productive.

Proposition 6. For any personremainingin tier T, 0<t<T (counting from the bottom), or remainingin tier
t, 0<t<T (counting from the top), when the productivity of afully eff ective worker increases, the optimal
hierarchy will be adjusted so that:

(i) his effort level increases (da’/d6>0, and da/d0>0); and

(i) his wage payment also increases (dw*/d9>0, and dv,/d0>0).

Theresults aretruein particular for workers (t=0) and for the top managers (t=0): da,/d0>0, da;/d0>0,

dw,/d6>0 and dw;/d6>0.

Proof: Usingthe chain rule of differentiation and applying Lemma 2 and Lemma 4 yield da’/d9>0 and

dw’/de. Differentiating&(a) = ce™ with respect to 6 and applying Lemma 4 and using dT/36=0 yield

da/d9>0 and dv,/d9>0.1

5.2. Total Number of Tiersand Total Managerial Effectiveness

18 Since uy/Ur=[g(a)/g(a)]*[(s-1)/(sr-1)], the utility ratio between the top managers and workers
increases as the hierarchy expands provided (s,-1)/(sr-1) does nat decrease too fast.
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Proposition 7. (i) Asthetotal amount of capital increases, the total number of tiers of the hierarchy
increases (dT/dN>0); and
(i) as the productivity parameter 0 increases, the total number of tiers of the hierarchy increases (dT/d9>0)

if and orly if the span o control at the bottom is larger than that at the top (si>5y).

Proof: Differentiating&(a) = ce"™ with respect to N and applying Proposition 5 together with Lemma 4
imply dT/dN>0. Usingthe chain rule of diff erentiation and applying Lemma 3(iii ) and Lemma 4 give

dT/do>0.1

Proposition 8. (i) Anincreasein N leads to a declinein the total managerial eff ectiveness(d(y-)/dN<0);
and
(i) the total managerial eff ectivenessincreases as the productivity of a fully eff ective worker increases

(d(y;)/d6>0).

Proof: SeeAppendx B.l

Proposition 8 indicates an increasing lossof control over the entire econamy as N grows.
Intuitively, as the capital stock increases and moretiers are added, the aggregate of effort, y-, should
decrease, since ech aislessthan 1. On the other hand, when techndogical progressleads to an increasein
0, thetotal managerial effectivenessincreases. Thereasonis that when the hierarchy is more productive,

the owner has more resources to spend onimplementing Hgher effort from every employee

5.3. Returnsto Capital
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Proposition 9. (i) Thetotal returnto capital is V(N,0) = N(Oy-wq)+w,, which is an increasing function
of the capital stock. In fact, the eavelope theorem hdds: dV/dN = Oy-w; > 0; and
(i) the marginal return to capital, declines as the esonamy expands, that is, d?V/dN?<0. Therefore, V(N,0)

is an increasing and concave function o N.*’

Proof: SeeAppendx B.

Concavity of N means that the organization exhibits decreasing returns to scale. The "fixed factor"
is the limited time the owner of the organization res. If the owner of the organization hed unlimited time, it
would set up atwo tier "hierarchy"' and check everyone with probability one. In such a case, the first best
would be implemented and the organization would exhibit constant returns to scale. When the owner has
only limited time for monitoring, it has to face the following dlemma: onthe ore hand, it isin hisinterest to
expand the organization without any limit (since dv/dN>0); onthe other hand, the organization becomes

lessand lessefficient, and the marginal return to each addtional unit of capital shrinks.

Proposition 10. (i) Thetotal return to capital is an increasing function d the productivity parameter 0, and
the envelope theorem also hdds: dv/dO = Nyx;

(i) net revenueis a convex function in the productivity parameter 6, that is, d?v/d6%>0,'8 and

7 Concavity of V(N) can be understoodas follows. Consider the situation in which the optimal
hierarchy is glit into s, smaller hierarchies while everything elseis kept the same. Now productivity is
higher because of lessnumber of tiers and savings of wages being paid to the s, supervisors. Re-
optimization d the s, smaller hierarchies increase productivity even more. Therefore, the rate of return to
capital must goup by making the hierarchy smaller.

18 Suppose 0 is doubled. If the hierarchy is kept the same as before, output will be doubled while the
wage bill will be the same, so the net output will be more than daubled. Re-optimization increases the net
output even more. Therefore, V isa convex function d 0.
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(iii ) the marginal return to capital increases as the productivity parameter of a full y-eff ective worker 6

increases, that is d®V/dNdO>0.

Proof: SeeAppendx B.

Theresult of the convexity of the net revenue function in the productivity parameter shauld be
compared with aur reference mode with 0 and 1 effort levels: the marginal increase in net revenue due to
the increase in the productivity parameter 0 is constant there (dV/dO=N, by Proposition 1(v)). Thisis
equally trueif monitoringis perfect (i.e., P=1): the marginal increase in total net revenue dueto the
increase in the productivity parameter 0 equals a constant Na', wherea' isthe dfort level under perfect
monitoring. Hencetheincreasein © makes lossof control less gvere, and moreover, its role is magnified

through the hierarchical levels.

6. Applications and Extensions

Organizations of Capitalist Firms and Socialist Economies. One motivation d the present study
is comparisons of hierarchical structures of capitalist firms and socialist econamies. In our view, one
diff erence between the centrall y-planned econamy and a market econamy is the diff erence between ore
huge hierarchy and the simultaneous existence of many small an large hierarchies competing each ather in
the market.

The distinctive features of the capitalist econamy are the dispersed ownership of capital.
Therefore, the size of hierarchies, which is endogenously determined by the market competition, will be
relatively small. If the marginal cost of capital faced by a particular firmin the market isr, then in our
mode the firm sets up a hierarchy with capital K* and the number of workers N"=K"/k such that the
marginal returns to capital is equal to the marginal cost:
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dV(N",0)/dN = rk.

In contrast, under state-ownership in centrall y-planned econamies the etire econamy becomes
virtually ore firm that uses a singe hierarchy.*® In this framework, the problem with socialist econamies is
that of "bigness" with all capital owned centrally, productionis organized by a hierarchy that is necessarily
longand inefficient.?

Ability in Hierarchy. Our modd can be extended into several directions. One possbility isthe
introduction d agents with dfferent abilities. Ability can aff ect both the production and monitoring
processs. For example, if the production functionis modified to y=y,,(a)®, where >0, a smaller
represents a higher abili ty of the manager for reducing lossof control. On the other hand, with a
generalized monitoring techndogy P=min{ y/s,1}, a high y manager is able to monitor more dficiently and
therefore a lower efficient wages are required for his subordinates. Placing Hgh abili ty agents in the higher
tiers may introduce interesting eff ects on eff orts and wages in an gptimal hierarchy, which deserves further

study.

9 enin wrotein his famous book The Sate and Revolution (1917): "All citizens [in a sociali st society]
become enployees of a sinde countrywide state 'syndicate.™ "Thewhde of society will become a single
officeand a singe factory" (underlineis original).

201t foll ows that there are potential gains from privatization (or making ovnership decentrali zed),
simply because the resulting decentrali zation reduces the amount of capital per "firm."
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Appendix A. The Caseof 0 and 1 Effort Choicesin a Discrete M odéel

Thediscrete problemis
min 1 s
So Xe T
st. X=X 1S
Xo=1 and x;:=N.
Upon substituting for s=x/X..;, this problem becomes
min 3T %Xy
Xi, T
st Xo=1 and x;=N.
We solve this problem in two steps.?* First, for fixed T, minimization with respect to x,, ..., X; requires
2% = Xeq X1t
or 2s = 8.t
or Ins,,=[In2+1Ins]/2.
Upon solving this diff erence equationfor In s, we obtain
Ins;;=IN2+ (1/2)'(Ins, -In2).
Sincelnx, = X{Ins,
Inx,=tIn2+2(Ins, - In2)(1- 2.
Using boundary condtionx; = N, we obtain
Inx,=In2"+ (1-2%(InN -In27)/(1-27).

Secondy, we determinethe optimal T. Substituting the above expresson, the minimand becomes

21| thank Martin Hellwig for showing me this prodf.
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21 exp[21InX, - InX]
= 4(A-1)(NJAYVED,
where A=2". This expressonis minimized at (N/A")*/**D = 1, or equivalently, at A’=N. Then for this

optimal T (neglecting the integer constraint on T), we obtain:

Proposition A.1. Assumeworkers are sufficiently productive: 0>4g. Then the optimal hierarchy has the
following properties:

(i) The span o cortrol is constant: s=2;

(i) Thewage scaleis also constant: w,=2g;

(ii) The number of employeesin tier t is x=2";

(iv) Thetotal number of tiers T(N) = (InN) /(In 2) for all N>2, and dTI'/dN = 1/[N In 2]; and

(v) Total net revenueis V(N) = NO - 4g(N-1) and the marginal return is constant: dV/dN = 0-4g.
We can similarly derive the solution to the discrete version d the problem for fixed T:

Proposition A.2. Define c=0/(4g) and assume workers are sufficiently productive: c>1. Thenwhen T is

fixed, the hierarchy will be adjusted to the point so that:
(i) The span o cortrol decreasesin t: s=2cA2_t;

(i) Thewage also decreasesin t: Wt=chA2-t;
(iii) The number of employessin tier tis xt=2tcA(1'2_t); and

(iv) The maximum number of workers absorbed is N=A"L,

The diff erence between this lution and the one obtained in the continuous model (Propositions 1
and 2) isebeingreplaced by 2 in (i)-(iv) andby 4 in (v) and c.
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Appendix B. Mathematical Proofs

Proof of Lemma 1.
Addngup (4.1) and (4.2), we get
WJ/W, + X/x, =1, or
(B.2) d(wx)/dt = wx..
The solutionto this differential equationis
(B.2) WX, = C,€,
wherec, is aconstant. Usingthe boundary condtions x,=1 and x;=N, we obtain,
(B.3) C, = Wo = We'N.
On the other hand, adding up (4.3) and (4.4), we have
G/C + Yy = 0,
which gves
(B.4) QY1 = Cz,
where ¢, is a constant. Using the boundary condtion g=0N, we obtain
(B.5) C, = 0o = Oyt = ONyr.
By equation (4.6), and using (A.2)-(A.5) above, we get
(B.6) £(a) = (ay)/(Wx) = ¢/ (c.€) = (Byr/wr)e™, or
(B.7) a" = h(ce),
which proves (i). Parts (ii) and (i) are similarly derived from equations (4.7) and (4.5).
Finally, assumptions on gimply
g(a >g(@/a,

that is, £(a)>1 for al a. In particular, ¢c = Oy-/w; =E&(a;) > 1.1
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Proof of Lemma 4.
Differentiating w;C = Oy with respect to N yieds
[wr + ce(dwy/dc)]+(dc/dN) = B[(3y;/ac)+(dc/dN) + (3y;/AN)], or
(B.8) [wy + co(dw4/dc) - B+(3y;/Ac)]+(dc/dN) = Be(3y/ON).
Similarly, we derive
[wr + ce(dwy/dc)]+(dc/dB) = Oe[(dy/ac)]+(dc/dD) + (Sy+/30)} + yr.
Notethat yr.y, IS nat afunction d 6, that is, dy;/06=0, hence,
(B.9) [wy + co(dw4/dc) - B+(3y-/oc)]+(dc/dB) = yr.
Because (dy+/dN)<0 (Lemma 3(ii)), it is aufficient to prove [wy + ce(dw,/dc) - B+(dy/3c)] > O.
For any N, c=0y/w; must solve
[ TEN)

max { ByreN - | (W) dt}.
c Jo

Thefirst order condtion requires

[‘ T(c,N)
0(OYren/9C) = (UN)*{ (3T/ac)s(Ww'x") + J| (6loc)(wse™Ne™) dr }.

Uing (B.3), we obtain
(B.10) B(yrn/30) = WieT(3T/AC) + (1-€)e(cwy/dc).
Substituting (4.7) into Lemma 2(iii) yields,
(B.11) (L/wr)+(dwy/dc) = [log(sy)-1]/c.
Therefore, using (B.10) and (B.11) and applying Lemma 3(jii ), we derive
(8.12) Wy + C2(AWy/d) - B+(3Yr(epy/0)
= [ wr + (c-1)+(dwy/dc) ] + &™wy [ (Lwy)+(dwy/dc) - (@T/oc) ]
= [ wr + (c-1)swye[log(sy)-1]/c ] + €'wy (Ve){ [log(sy)-1]-[log(sy)/log(s,) - 11}
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= (wr/0)o{ 1+ (c-1)+log(sy) + €"*log(sr)*[log(so)-1]/l0y(s)) }

>0.1

Proof of Proposition 5.

(i) Differentiating €(a) = ce™ with respect to N yidlds
£(@a)da/dN = e™(dc/dN) + ce™[(aT/ac)(dc/dN) + 3T/AN]
= £(a) { (U)[1+c(aT/ac)](dc/dN) + 3T/aN}.

Applying Lemma 3(iii),

(@(a)/a)+(da/dN) = (1/c)*(log(s;)/log(S))*(dc/dN) + 3T/aN.

On the other hand, from (B.8)
de/dN = { 8+(By/ON)} / {w; + co(dw/dc) - B+(By:/ac)} .

Because of (B.12) and Lemma 3(i), it is aufficient to show

(1/C)+@eNelog(s;)*(3y+/AN) + { Wy + co(cw,/dc) - Be(3y/ac)} > O.

Substituting Lemma 3 and equation (B.12), the above expressonis equal to
(Ue)(log(sr))(Byr)log@r)/log(s) + (wr/CH 1+(c-1)log(sy) + eTslog(sr)*[log(so)-1]/109(so)}
= (Uc)log(sr)e 'wr [€(ap)log(@g) + log(sy) - 1]/log(sp) + (wi/O)[1+(c-1)log(sr)]
= (Wq/c)[1+(c-1)log(sy)
>0,

where (a,)=ce" and equation (4.7) are used.

(ii) Diff erentiating 1-log(s)=(a)log(a) and log(w,)=log(g(a))+log(s) with respect to N and using

da/dN > O generate dw,/dN > 0.l

Proof of Proposition 8.
(i) Differentiating w-C = 0y, with respect to N and using Lemma 4 and Lemma 2(jii ).
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(i) Since dy;/30 =0,
dy;/d0 = (3y-/ac)(dc/dB) + dy+/dO = (dy;/dc)(dc/dO).
Because dc/d0>0, it is aufficient to show dy;/3c>0.
If oT/2c>0, from (B.10),
0(OYren/9C) = wee'(IT/AC) + (1-€T)e(dwy/dc) > 0,
by Lemma 2(iii ).

If dT/3c<0, then using Lemma 2(i),

[‘T(c,N)
(@lac)loglyy) = (dlac) J| log(@'(c)) do

0

[‘T(c,N)
= (dT/ac)-log@’) + J (1/ar)(da/dc) o

0

>0.1

Proof of Proposition 9.

(i) Using (B.2) and (B.3), we obtain

[‘T
V(N,8)  =Noy; - J {wx} dt

0

= N(Oy-wy) + W,

[‘T
Differentiating V(N) = ONy; - | {g(at)Jsxt} dt yields

0

T

dV/dN = By; + ON(dys/dN) - g(ar)sx-(dT/dN) - | (d/dN}{ g(@)sx] dt.

0
= Oyr - wy,
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using integration by part and equations (4.1)-(4.7), (B.2)-(B.5) and H(t)=0.
(i) Differentiating V(N) = N(Oy+ - wy) + w, yieds
dV/dN = (By; - wy) + N [0 (dy;/dN) - (dw/dN)] + dw,/dN
= (Byr - wy) + N (d?V/dN?) + dw,/dN.
But dV/dN = (By; - wy) implies N d?V/dN? + dw,/dN = 0, or d?V/dN? = -(1/N)(dw,/dN) < O, by

Proposition 5(ii).H

Proof of Proposition 10.
(i) Similar to the prodf of Proposition 9(i).
(i) dv/dO? = N dy;/db > 0 by Proposition 8.
(iii ) Taking a derivative of dV/dN = Oy, - w; with respect to 0, and using dy;/d0 = 0 and (B.9), we
have
d?V/dBdN = y; + Be(dy;/dO) - dw,/dO
= [wy + co(dwy/dc)-0+(3y-/oc)]+(dc/dB) - (dw-/dc - B+(dy/Ac))«(dc/dO)
= [wy + (c-1)+(dw;/dc)]+(dc/d) > 0,

by Lemma 2(iii) and Lemma 4.1
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