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Abstract

This paper studies incentives and loss of control in a hierarchy model which combines and

generalizes the models of Willi amson, Calvo-Welli sz and Keren-Levhari.  In our model of the hierarchy,

the levels of effort from managers and workers, the wage scales, the span of control and, in particular, the

total number of tiers are all endogenous.  Using optimal control techniques, we show that in the optimal

hierarchy the wage scales and effort levels decrease as one moves down the hierarchy.  As the hierarchy

expands with no technological progress, workers exert less effort and are paid less, top managers work

harder and are paid more and the wage distribution becomes increasingly skewed.



     1 The li terature on hierarchy is divided into at least two distinct fields: "team theory" and "incentive
theory."  Studies are further differentiated by the approach of the "grand contract," which includes the
above cited papers and this paper, and the approach of the "network of contracts," which includes Tirole
(1986), Melumad, Mookherjee and Reichelstein (1989) and McAfee and McMill an (1990).
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1.  Introduction

Hierarchy is a typical organizational form of business firms, not-for-profit organizations,

governments, as well as centrally-planned economies.  Hierarchical organizations differ from the market. 

In the market, buyers and sellers trade with each other on a more-or-less equal footing.  In a hierarchy,

employees at different hierarchical levels are vertically related: the superior has authority over his

subordinates and the subordinate provided information to, and followed instructions from, his superiors.

We study a model of hierarchy which combines and generalizes the models of Willi amson (1967),

Calvo and Welli sz (1978, 1979), and Keren and Levhari (1979).  Among many important economic

problems of hierarchical organizations, the paper focuses on the one of incentives.1  In the hierarchy that

we study, subordinates may shirk on the job or divert their effort to their own interests when effort is not

observed by their superiors.  To mitigate such a problem, the superior spends time in monitoring the effort

exerted by his immediate subordinates.  The final output of the hierarchy is determined by a production

function which is cumulative in the efforts of workers and managers at all l evels.

The organizational design problem is to determine the number of hierarchical tiers, the span of

control (i.e., the number of subordinates under the same superior) and the wage scales in the hierarchy,

taking as given the amount of capital and the state of technology.  The economic tradeoffs are rather

complex, but the basic idea is the following:  The benefit of having fewer hierarchical tiers is that there is a

smaller cumulative loss across hierarchical levels and also fewer managers to pay.  The cost is that

remaining employees have to be paid with higher eff iciency wages to induce them to work, because the

effectiveness of monitoring is reduced as the result of the increased span of control.  The idea echoes Simon

(1976)'s analysis of the tradeoff between reducing the span of control and reducing the total number of tiers



     2 Our model is technically akin to those of Keren and Levhari (1979, 1983, 1989), although their models
of hierarchy are not based on incentive considerations.

     3 Throughout the paper, we have assumed away the possibili ty of increasing returns.  However, we want
to stress the point that the problem of excessive bigness does not go away, even if we had allowed for
increasing returns.
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of the hierarchy.

We solve the problem of optimal hierarchy for the objective of maximizing net revenue by using

optimal control techniques, a method pioneered by Keren and Levhari (1979).2  The optimal control

techniques have proven to be quite useful, which enables us to obtain many insightful results about the

hierarchical structure.  Two main results are obtained with a specific monitoring and production

technology.  First, in the optimal hierarchy in which all managers and workers are identical ex ante, wages

fall and efforts decrease as one moves from the top to the bottom of the hierarchy.  If we interpret loss of

control as a fall i n the amount of effort exerted by managers and workers, then our result shows that loss of

control increases down the hierarchy, and suffers most at the bottom.  Second, as the size of the hierarchy

increases, both efforts and wages of managers at the top increase because their marginal product increases,

and both efforts and wages of workers fall because their marginal product declines.  Hence, the wage ratio

between the top managers and workers increases.  This result implies a greater loss of control for a bigger

hierarchy.3

We also analyze a simpler model in which effort choice is restricted to only two values, 0 and 1.  In

such a model we find that, to implement effort level 1 without cumulative losses through tiers in the

production function, the hierarchy exhibits constant wage and constant span of control across tiers. 

Furthermore, an increase in the capital stock or an increase in the productivity of workers leaves the

structure of the hierarchy unchanged except for the total number of tiers.

The paper is organized as follows.  Section 2 introduces the model.  Section 3 analyzes the simple

model with only 0 and 1 effort choice and finds the closed form solution.  Section 4 examines optimal wage



     4 Implicitly we assume that the labor supply constraint is not binding.
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scales and effort levels within a hierarchy.  Comparative statics results are derived in Section 5.  The final

section 6 discusses applications and extensions of the model.  Appendix A derives the solution to the

discrete version of the model with 0 and 1 effort choices and Appendix B contains mathematical proofs.

2.  The Model

Consider an economic organization that owns a capital stock K and uses a hierarchy to control the

production.  We can imagine that at the very bottom of the hierarchy are workers operating machines or

working on the assembly lines; they are grouped into workshops.  Several workshops are organized into a

factory, and several factories into a firm.  To simpli fy the analysis, we assume that everyone in the

hierarchy has only one superior.  Hence, the hierarchy can be represented by a tree, and the owner of the

organization is represented by the root of the tree.  Tiers of the hierarchy are denoted by subscript t when

counted from the top to the bottom and the number of employees in tier t is denoted by xt with x0=1.  The

number of employees in tier t who are subordinates of a common superior is called the span of control in

tier t-1, and is denoted by st.  The span of control is assumed to be constant in any tier, which implies that

xt=xt-1st.  We assume that the organization maximizes the revenue from the capital stock net of payments to

all employees (i.e., profit).  The objective of the managers/bureaucrats and workers is to maximize their

utili ties, w-g(a), where w is the wage paid by the organization, a is the effort devoted to the hierarchy, and

g(•) is the disutili ty from making such an effort.

Production Technology.  We assume a fixed capital-worker ratio and denote it by k.  By doing so,

we assume away the problem of substitution between capital and workers and make the model tractable. 

For the given capital stock K, the inelastic demand for workers is equal to N=K/k, N>1.4  The effort of

employees in tier t is denoted by at, which is constant in any tier, but may differ across tiers.  We employ a



     5 Willi amson (1967) assumes that yt=a- t, where 0<a- <1 is a constant.  The production function used here
is a natural generalization of Willi amson's.  One interpretation of the production function is plan
implementation.  Managers at the top first formulate a strategic plan which they want to implement. 
During the process of disaggregation, managers in each tier add details into the plan by using their own
information and knowledge before they instruct the next tier.  After many tiers of disaggregation and
manipulation, the final detailed plan is implemented by the workers.  Therefore, effort devoted by each level
affects the final plan and, hence, the product of the entire hierarchy.

     6 Simon (1976) recognized that "the scarce resource is not information, it is the processing capacity to
attend to information."  In our model, the scarce resource is time.

4

recursive production technology similar to the one used by Willi amson (1967), Beckmann (1977) and

Rosen (1982), in which an intermediate product called "managerial effectiveness" is produced.  In any tier

t, the intermediate product yt-1 from the immediate superior is used as an input and combined with effort at

to produce yt for the immediate subordinate.  This process can be written as a function yt=Ft(yt-1,at).  For

simplicity, a simple functional form of Ft is assumed so that yt=yt-1at, where 0 � at
� 1 and at=1 is the

maximum effort attainable.  The initial input y0=1 is assumed, so yt=atat-1•••a1.
5  The output of each fully

effective worker (that is, when yT=1) is assumed to be 
�
>0, the gross output of the hierarchy is therefore

�
NyT, which is also the gross revenue as we normalize the price equal to 1.

Monitoring and Rewards.  The managers in the hierarchy also play supervisory roles: collecting

information and monitoring the inputs and outputs of their subordinates.  We follow Calvo-Welli sz (1978,

1979) in modelli ng these activities.  The superior monitors the efforts of his subordinates directly, and this

monitoring requires only time and no effort.  When the subordinate is checked by his superior, his effort is

known precisely.  When the subordinate is not checked, the effort is not known at all to the superior. 

Because the superior has only limited time available, he can only check his subordinates with some

probabili ty P<1.  In general, P is a decreasing function of the span of control: the more subordinates the

superior monitors, the smaller the probabili ty of the subordinate being checked.  For simplicity, we shall

assume that P=1/s, which corresponds to the case when the superior has to spend all of his time checking

one of his subordinates.6



     7 Given the quasi-linear utili ty function u=w-g(a), without the limited liabili ty constraint the "first best"
can be achieved even though monitoring is imperfect (P<1), as long as P is not zero.  Limited liabili ty is
also a realistic assumption which reflects limited resources that agents possess.

     8 In order for such a scheme to be optimal, we must rule out the following scheme which always
implements the first best effort level eff iciently:

pay w if a� a* is known;
pay 0 if a<a* is known, or if a is not known.

This is because the incentive compatibili ty constraint becomes
pw - g(a*) �  0 - g(a),

for any a<a*.  That is, pw=g(a*).  Since w is paid only with probabili ty p, and the individual rationali ty
constraint is binding: pw-g(a*)=0.  However, the above scheme is applicable only when the workers can
prove they are monitored, otherwise the superior has an incentive to claim he did not monitor and always
pays 0. 
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Suppose the wages can't be negative, which represents the limited liabili ty constraint.7  To

implement effort level a* from his subordinates, the superior considers the following family of incentive

schemes:8

pay w if a� a* is known, or if a is not known; and

pay 0 if a<a* is known.

The incentive compatibili ty condition requires

w-g(a*) � P•0+(1-P)•w-g(a), for all a<a*,

which yields the "eff iciency wage" w=g(a*)/P.  With P=1/s, the wage function is therefore given by

wt=g(at)st.

Hence, the employee's welfare is u=g(at)st-g(at).  When the reservation utili ty of the employee is 0, u also

represents an economic rent (due to imperfect monitoring) earned by the employee.

The optimization problem of the organization can be summarized as

(2.1) max � NyT - � T
1 { g(at)stxt}

   st, at, T

s.t. xt=xt-1st



     9 In our model, the owner of the organization can't achieve the "first best" by stopping monitoring and
asking each agent to pay a fixed rent p because such a contract is not enforceable.  Since the wages can't be
negative as we have assumed so far, w= � a-p � 0, or p � � a.  Furthermore, because a is not observable
without monitoring, neither is output � a.  Then the agent always has an incentive to claim that output is
low and thus refuse to pay p.
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yt=yt-1at

x0=1, xT=N, and y0=1.

For the given N and � , the organization faces the following tradeoffs in determining the hierarchy: 

Reducing the total number of tiers, T, decreases cumulative losses across hierarchical levels (because in

general at<1) and therefore increases the total revenue.  But the span of control has to be increased, and

therefore the probabili ty that a subordinate is checked is reduced so that the wage must be increased to

satisfy the incentive compatibili ty constraint.  This is costly.  On the other hand, reducing the span of

control would increase the effectiveness of monitoring and hence reduce the wages, but the total number of

tiers must be increased, which increases cumulative losses and reduces the gross revenue.  Furthermore, the

organization wants higher efforts at to increase the total revenue NyT, but it has to pay more for higher at.
9

Although the discrete formulation of the problem can be solved completely in a simple case (see

Appendix A), it is rather diff icult to tackle the problem in general.  Following Keren and Levhari (1979),

we employ the following continuous approximation.  Taking logarithm on both sides of

xt=xt-1st=stst-1 ••• s1x0

yields

log(xt)=� t
0log(s	 ),

which has a continuous analog

log(xt)= 
 t
0log(s� )d� ,

or



     10 The solution to the discrete formulation is contained in Appendix A, which has quali tatively the same
properties as in Propositions 1 and 2.
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x• t=xtlog(st).

Similarly,

y• t=ytlog(at).

This gives the general problem in continuous form as

    
  T
(2.2) max � NyT  -  �   { g(at)stxt} dt

    �  0
   st, at, T

s.t. x• t=xtlog(st)

y• t=ytlog(at)

x0=1, xT=N, and y0=1.

3.  The Case of 0 and 1 Effort Choices

We start our analysis with a simpler model, in which the choice of effort level is only between the

minimum effort (a=0) and the maximum effort (a=1).  The study of such a simple model not only enables

us to derive a closed form solution, which itself is interesting, but also provides us with a reference model

to be compared later with the general one.

Because yt=atat-1•••a1 and at is either 0 or 1, it does not pay for the organization to implement

(a1,•••,aT) in which some of a's are 0 and others are 1.  Interesting results can be derived when the

organization implements (1,•••,1).  In such a case, yT=1, no cumulative loss in total managerial

effectiveness.  Write g(1)=g, the disutili ty of working.  The maximization problem can be written as10
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�
 T

(3.1) max � N - g �   { stxt} dt�
 0

st, T

s.t. x• t=xtlog(st)

x0=1 and xT=N.

Technically, this is an "open-final-time" and "fixed-end-point" optimal control problem with one

state variable (xt) and one control variable (st).  The Hamil tonian is

H(t) = -gstxt + ptxtlog(st),

where pt is the multiplier for equation x• t=xtlog(st).  The first order condition yields

p• t = gst - ptlog(st), and

-gxt + ptxt/st = 0.

We derive from the above equations

(3.2) pt = gst, and

(3.3) p• t/pt = 1-log(st).

Combining (3.2) and (3.3), we obtain

s• t/st = 1-log(st), or

(log(st))' + log(st) = 1.

The solution to this first order differential equation is 

(3.4) log(st/e) = Ce-t,

where C is a constant to be determined by the boundary conditions.

In a t-independent autonomous problem such as the present one, the transversali ty conditions for an

"open-final-time" problem is 



     11 If � <ge, the organization would want to implement at � 0.  Note that, when effort choice is restricted to
0 and 1, eff iciency requires that at � 1 if � >g and at � 0 if � <g.  Ineff iciency only arises if g< � <ge, when the
organization does not want to implement at � 1 but it is eff icient to do so.
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(3.5) H(t) = 0.

Combining (3.2), (3.4) and (3.5) yields

C=0.  

Finally, using the boundary conditions x0=1 and xT=N, we obtain

Proposition 1.  Assume workers are suff iciently productive: � >ge.11  Then the optimal hierarchy has the

following properties:

(i) the span of control is constant: st=e;

(ii ) the wage scale is also constant: wt=pt=ge;

(iii ) the number of employees in tier t is xt=et;

(iv) the total number of tiers of the hierarchy is T=logN, and the marginal increase of the total number of

tiers decreases in total capital (dT/dN=1/N); and

(v) total net revenue, or the total return to capital, is given by V(N, � )=N( � -ge)+ge.  Therefore, the

marginal return to capital is constant (dV/dN= � -ge), so is the marginal increase as the productivity

parameter �  increases (dV/d� =N).

In our model, the endogenous wage scale is completely egali tarian, there is no need to pay more to

higher rank managers than to lower ones.  This is in contrast with the model of Calvo and Welli sz (1979) (a

simpli fied version is given by Holmstrom and Tirole, 1988), which obtained the result of falli ng wage down

the hierarchy.  However, in Calvo and Welli sz, there is a "bottleneck at the top" resulting from the

assumption of fixed total number of tiers.  In such a case, the constraint imposed by this bottleneck can be
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relaxed to some extent by lowering monitoring time, or, increasing the span of control, at the top levels,

while at the same time adjusting wages upward to maintain incentives.  Their result can be reproduced in

our model as follows.

Proposition 2.  Define c= � /(ge), and assume workers are suff iciently productive: c>1.  Then when T is

fixed and N is allowed to vary, the hierarchy will be adjusted to the point so that:

(i) the span of control decreases: st=(e)ce
(T-t)

;

(ii ) the wage also decreases: wt=(ge)ce
(T-t)

;

(iii ) the number of employees in tier t is xt=(et)ce
T

(1-e
-t

); and

(iv) the maximum number of workers absorbed is N=(eT)ce
T

-1.

Proof:  This is the same optimal control problem as above but with a "fixed-final-time" and "open-end-

point" so that the transversali ty condition becomes

(3.6) pT= � .

Combining (3.6) with equation (3.2) yields

sT= � /g.  

Substituting this into equation (3.4) to determine constant C:

C=eTlog( � /ge).

The rest of the proof is routine. �

Indeed, when T is assumed fixed, the result of decreasing wages depends entirely on the decreasing

span of control (since wt=gst), which is in turn a response to the "bottleneck at the top tiers."  But as soon

as T is made a choice variable, the "bottleneck at the top" can be relaxed in a more eff icient way by



     12  Propositions 1 and 2 show distinct structures of the optimal hierarchy by taking different procedures
in the maximization.  Note that the value of the objective has no limit when both T and N go to infinity.

     13 If g is bounded at a=1, the boundary solution a=1 is possible for large � , and we are back to Section
3.  On the other hand, if a>1 is allowed, it can be shown that the solution will explode.

     14 Since g� �  as a� 1, it can be shown that � � �  as a� 1 as well .  Hence, it is impossible to have a
constant or a monotonically decreasing � .
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increasing the number of tiers instead of lowering monitoring time and raising wages at the top levels.12  To

restore the decreasing wage result under endogenous number of tiers, we need to turn to our general model.

4.  Wages and Efforts in an Optimal Hierarchy

In the general model, the choice of effort level is continuous between 0 and 1.  Hence the

managerial effectiveness yT is in general between 0 and 1 (0<yT<1), which makes the simple model in the

previous section only a boundary case.  The following assumption will be maintained throughout the paper

to insure an interior solution:

Assumptions.  (i) g(0)=0 and g(a) � +�  as a� 1;13

(ii ) g is differentiable and is strictly increasing and strictly convex; and

(iii ) �  is differentiable and is strictly and monotonically increasing, where � (a)=ag'(a)/g(a) is the elasticity of

disutili ty.14

We use the Maximum Principle to solve the general problem (2.2).  The Hamil tonian is

H(t)=-g(at)stxt+ptxtlog(st)+qtytlog(at),

where pt and qt are multipliers for the corresponding equations of motion.  The transversali ty condition for

the t-independent autonomous problem with "open-final-time" requires

H(t)=0.
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This yields the following set of first order conditions

(4.1) p• t/pt=1-log(st)

(4.2) x• t/xt=log(st)

(4.3) q• t/qt=-log(at)

(4.4) y• t/yt=log(at)

(4.5) pt=g(at)st

(4.6)  (at)ptxt=qtyt

(4.7) 1-log(st)= (at)log(at)

as well as the boundary conditions

x0=1, xT=N, ! N=qT and y0=1.

Proposition 3.  The optimal hierarchical organization has the following properties:

(i) wages decrease in t: w• t<0;

(ii ) effort levels also decrease in t: a• t<0; and

(iii ) the span of control is always greater than e: st>e.

Proof:  Using equations (4.1) to (4.7) and the wage equation wt=g(at)st.

The decreasing wage means that, within the hierarchy, the superior is paid more than his

subordinates, despite the fact that they are identical in abili ty and in preferences.  Therefore, position

counts in the hierarchy.  By introducing a "loss-of-control" feature across hierarchical levels à la

Willi amson (1967) into the Calvo and Welli sz model, we are able to restore a Calvo and Welli sz type result



     15 For the following classes of disutili ty functions, the span of control increases in all tiers down the
hierarchy: (i) g(a)=[a/(1-a)] " , where # $ 1; (ii ) g(a)=a% /(1-a), where # $ 1; and (iii ) g(a)=log(1/(1-a)).  The
span of control decreases in all tiers for the following g(a):

&
 a   '  t

0  (G( ( )/ ( )d(
g(a) = )  exp { *  (1/t) e     dt} ,+

 ,
where 0< - <1 and .

- log(4)/(log(a)) if a<1/2;
G(a) = /  0

1/(1-a) if a1 1/2.

Proofs are contained in Qian (1990).
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about the decreasing wage schedule even though the total number of tiers is endogenous.  But unlike

Willi amson, who assumes that the loss of control in each tier, 1-a, is constant and bounded away from 0, in

our model, the loss of control can be reduced at each tier by exerting more effort at, which is endogenous. 

The decreasing effort means that under the optimal wage scales, the higher tier managers exert more effort

and lower tier managers less effort, and the loss of control in the hierarchy is less in the upper tiers of the

hierarchy, more in the lower tiers, and mostly at the bottom. The results of the falli ng wage and the

falli ng effort level can be explained intuitively.  The pyramidal structure of hierarchy implies fewer

employees in the upper tiers than in the lower tiers.  Given that yT=a0•••aT, 0<at<1, for the same level of

aggregate effort yT, implementing a higher effort from and paying a higher wage to the upper level manager

is cheaper than implementing a higher effort from and paying a higher wage to the lower level managers.  It

follows that higher tier managers exert more effort and earn higher wages.

In comparison to the clean results of falli ng wages and falli ng effort, the properties of the span of

control are ambiguous.  Using the first order conditions, we obtain

(4.8) s• t/st=(w• t/wt)- 2 (at)•(a
•

t/at).

The first term on the right hand side is always negative, and the second term is always positive, leaving the

sign of s• t undetermined.15  Because ut=wt-g(at)=g(at)(st-1) we derive
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(4.9) u• t=g'(at)(st-1)a• t+g(at)s
•

t.

Therefore, falli ng wage in the hierarchy does not always imply falli ng welfare.  The utili ty decreases down

the hierarchy if the span of control does not increase too fast.

5.  Comparative Statics

This section investigates effects of changes in N and 3  on all endogenous variables of the

hierarchy.  The diff iculty involved in such a study, both mathematically and conceptually, is the fact that as

N or 3  changes the optimal structure of the hierarchy changes, including the total number of tiers T. 

Allowing T to be a choice variable is important in the study of hierarchies because if we had allowed T to

be fixed, the constraint on T would have introduced a bottleneck at the top tiers, an element of decreasing

returns.  

Conceptually, because T will change in response to changes in N or 3 , we need to draw

distinctions between someone who maintains the relative position in the hierarchy with respect to the top

and that with respect to the bottom.  Let tiers of the hierarchy be denoted by (superscript) 4  when counted

from the bottom to the top so that T=t+4 .  When T changes, fixing t will result in a change of 4 , and fixing

4  will result in a change of t.  Suppose the capital stock (as well as the number of workers) is doubled, and

suppose, as a result, one more tier is added to the hierarchy.  To study the effects on wages, effort and the

span of control of the person in tier 2, we must consider the following two cases separately.  In the first

case, the person remains in a position of tier 2 relative to the bottom workers ( 4 =2):  A foreman remains a

foreman in a larger hierarchy.  The foreman is not promoted from the workers' point of view; but he is

"demoted" from the point of view of the top of the hierarchy.  In the second case, the person remains in a

position of tier 2 relative to the top (t=2):  A vice president remains a vice president in a larger hierarchy. 

Although the vice president is not demoted in a larger hierarchy, he is "promoted" from the point of view of

workers.
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Mathematically, the dependency of the endogenous variables on the optimal T in the solution

makes the analysis of comparative statics diff icult.  However, it is a nice property of the model that the

endogenous variables depend on N, 5  and T only through c = 5 yT/wT, the ratio of the marginal product of

the worker to his marginal wage.

Lemma 1. Let a6 , w 6 , and s6 , 0 7 8 7 T, be the solution to the optimal hierarchy.  Then,

(i) a6  = h(ce6 );
(ii ) s6  = exp{ 1- 9 (a6 )log(a6 )} ; and 

(iii ) w 6  = g(a6 )s6 ,
where h=9 -1.  Furthermore, c>1, that is, the marginal product of the worker is greater than the marginal

wage paid to the worker.

Proof: See Appendix B.

We may write a6 (c), s6 (c) and w 6 (c) for all 8  such that 0 7 8 <T.  According to Lemma 1, c(N, 5 )

provides the organization with suff icient information for determining the wage w 6 , the span of control s6
and the effort a6  for any tier 8 .  Also because of Lemma 1, the comparative statics exercises can be broken

into two parts and the chain rule of differentiation can be applied:  The first is comparative statics about c,

and the second is that about the endogenous variables.

Lemma 2. For any c and 8 , 0 7 8 <T:

(i) da6 /dc = a6 /(c: (a; )) > 0;

(ii ) ds; /dc = -s; < (a; )[log(a; ) + 1/ : (a; )]/c = -s• ; /c; and

(iii ) dw ; /dc = -w ; < (a; )log(a; )/c > 0.
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Proof: Differentiation and using s• t/st== (at)•[log(at)+1/ > (at)]. ?

For any c and N, we define T(c,N) such that

@
 T(c,N)

(5.1) A   log(sB (c)) dC  D  log N,E
 0

and yT(c,N) such that

@
 T(c,N)

(5.2) log yT(c,N)  D   A  log(aB (c)) dC .E
 0

Note that for c= F yT/wT, T(c,N)=T and yT(c,N)=yT.  T(c,N) and yT(c,N) have the following properties:

Lemma 3. For any c,

(i) G T(c,N)/ G N = 1/(Nlog(s0)) > 0;

(ii ) G yT(c,N)/ G N = (yT(c,N)log(a0))• G T(c,N)/ G N < 0; and

(iii ) G T(c,N)/ G c = { log(sT)/log(s0) - 1} /c.

Proof: Differentiation of (5.1) and (5.2) and using Lemma 2(ii ). H

Using these properties, we are able to prove the following crucial lemma:

Lemma 4. For c= I yT/wT, dc/dN < 0 and dc/dI  > 0.
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Proof: See Appendix B. J

5.1.  Wages and Efforts

We first study the changes of wages and efforts for a particular person in the hierarchy in response

to an increase of capital stock while keeping productivity K  fixed.  Propositions 4 and 5 below show that

results from the case of "counting from the bottom" (using a superscript L ) and the case of "counting from

the top" (using a subscript t) are in sharp contrast.

Proposition 4. For any person remaining in tier L , 0 M L <T, when the capital stock increases, the optimal

hierarchy will be adjusted so that:

(i) his effort level decreases (daN /dN<0); and

(ii ) his wage payment also decreases (dw N /dN<0).

The results are true in particular for the workers ( L =0): daT/dN<0 and dwT/dN<0.

Proof: Using the chain rule of differentiation and applying Lemma 2 and Lemma 4. J

Intuitively, the marginal product of a worker ( K yT) falls as a result of an increase in N (to be

proved in Proposition 7), therefore, the worker's effort as well as wage fall too.  Proposition 4 actually

applies to all people who occupy those positions that are frequently referred to the relative distance to the

bottom of the hierarchy.  For examples, workers, foremen, project managers, etc.  If an organization

expands without any productivity improvement, anyone who remains in the same position relative to the

bottom without promotion receives a lower wage than before.

Proposition 5. For any person remaining in tier t, 0 M t<T, when the capital stock increases, the optimal
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hierarchy will be adjusted so that:

(i) his effort level increases (dat/dN>0); and

(ii ) his wage payment also increases (dwt/dN>0).

The results are true in particular for managers at the top (t=0): da0/dN>0 and dw0/dN>0.

Proof: See Appendix B. O

Corollary.  The wage ratio between the top managers and workers increases as the hierarchy expands,

assuming a constant productivity parameter P .

Since the marginal product of the top managers (which is P NyT) increases as a result of an increase

in N (to be shown in Proposition 7), the efforts from the top managers should be expected to increase, so

should their wages.  Proposition 5 applies to all people who occupy those positions that often link to the

relative distance to the top of the hierarchy, for example, the vice president of a firm.  Top managers in a

larger organization exert more effort, and get more pay than their counterparts in a smaller organization.

Since du0/dN=g'(a0)(s0-1)(da0/dN)+g(a0)(ds0/dN), a larger size of the organization gives the top

managers higher utili ty provided ds0/dN is not too negative.  It follows that the top managers have a buil t-in

(endogenous) incentive to maximize size.  This results can be related to several li terature.  First, it relates to

theories of the managerial firm à la Baumol (1967) and others.  We have here an endogenous explanation

of managerial size maximization based on eff iciency wage model of hierarchy (with endogenous number of

tiers).  Second, it relates to the more recent li terature on mergers and acquisitions.  Third, it is also

consistent with the observation of the so-called "expansion drive" from leaders or managers in socialist

economies (Kornai, 1980).

In the way we buil t the model, all the people in the hierarchy are identical ex ante.  Proposition 3



     16 Since u0/uT=[g(a0)/g(aT)]•[(s0-1)/(sT-1)], the utili ty ratio between the top managers and workers
increases as the hierarchy expands provided (s0-1)/(sT-1) does not decrease too fast.
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says that in an optimal hierarchy with N fixed, people holding a higher position in the hierarchy should be

paid more than people at a lower position.  The above Corollary says more:  As N increases, the wage ratio

between the top managers and the bottom workers increases, and the distribution becomes less egali tarian.16

What happens if Q  increases with N fixed?  This will i ncrease the effort as well as the wage

payment to the person who maintains a relative position in the hierarchy either to the top or to the bottom

(so to the person in between, by Proposition 3).  In such a case, workers are paid more not because their

responsibili ty is higher as a result of promotion, but because they are more productive.

Proposition 6. For any person remaining in tier R , 0 S R <T (counting from the bottom), or remaining in tier

t, 0 S t<T (counting from the top), when the productivity of a fully effective worker increases, the optimal

hierarchy will be adjusted so that:

(i) his effort level increases (daT /dQ >0, and dat/dQ >0); and

(ii ) his wage payment also increases (dw T /dQ >0, and dwt/dQ >0).

The results are true in particular for workers ( R =0) and for the top managers (t=0): da0/dQ >0, daT/dQ >0,

dw0/dQ >0 and dwT/dQ >0.

Proof: Using the chain rule of differentiation and applying Lemma 2 and Lemma 4 yield daT /dQ >0 and

dw T /dQ .  Differentiating U (at) = ceT-t with respect to Q  and applying Lemma 4 and using V T/ V Q =0 yield

dat/dQ >0 and dwt/dQ >0. W

5.2.  Total Number of Tiers and Total Managerial Effectiveness
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Proposition 7. (i) As the total amount of capital increases, the total number of tiers of the hierarchy

increases (dT/dN>0); and

(ii ) as the productivity parameter X  increases, the total number of tiers of the hierarchy increases (dT/dX >0)

if and only if the span of control at the bottom is larger than that at the top (sT>s0).

Proof: Differentiating Y (at) = ceT-t with respect to N and applying Proposition 5 together with Lemma 4

imply dT/dN>0.  Using the chain rule of differentiation and applying Lemma 3(iii ) and Lemma 4 give

dT/dX >0. Z

Proposition 8. (i) An increase in N leads to a decline in the total managerial effectiveness (d(yT)/dN<0);

and

(ii ) the total managerial effectiveness increases as the productivity of a fully effective worker increases

(d(yT)/dX >0).

Proof: See Appendix B. Z

Proposition 8 indicates an increasing loss of control over the entire economy as N grows. 

Intuitively, as the capital stock increases and more tiers are added, the aggregate of effort, yT, should

decrease, since each a is less than 1.  On the other hand, when technological progress leads to an increase in

X , the total managerial effectiveness increases.  The reason is that when the hierarchy is more productive,

the owner has more resources to spend on implementing higher effort from every employee.

5.3.  Returns to Capital



     17 Concavity of V(N) can be understood as follows.  Consider the situation in which the optimal
hierarchy is spli t into s0 smaller hierarchies while everything else is kept the same.  Now productivity is
higher because of less number of tiers and savings of wages being paid to the s0 supervisors.  Re-
optimization of the s0 smaller hierarchies increase productivity even more.  Therefore, the rate of return to
capital must go up by making the hierarchy smaller.

     18 Suppose [  is doubled.  If the hierarchy is kept the same as before, output will be doubled while the
wage bill will be the same, so the net output will be more than doubled.  Re-optimization increases the net
output even more.  Therefore, V is a convex function of [ .
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Proposition 9. (i) The total return to capital is V(N, [ ) = N( [ yT-wT)+w0, which is an increasing function

of the capital stock.  In fact, the envelope theorem holds: dV/dN = [ yT-wT > 0; and 

(ii ) the marginal return to capital, declines as the economy expands, that is, d2V/dN2<0.  Therefore, V(N, [ )

is an increasing and concave function of N.17

Proof: See Appendix B.

Concavity of N means that the organization exhibits decreasing returns to scale.  The "fixed factor"

is the limited time the owner of the organization has.  If the owner of the organization had unlimited time, it

would set up a two tier "hierarchy" and check everyone with probabili ty one.  In such a case, the first best

would be implemented and the organization would exhibit constant returns to scale.  When the owner has

only limited time for monitoring, it has to face the following dilemma: on the one hand, it is in his interest to

expand the organization without any limit (since dV/dN>0); on the other hand, the organization becomes

less and less eff icient, and the marginal return to each additional unit of capital shrinks.

Proposition 10. (i) The total return to capital is an increasing function of the productivity parameter [ , and

the envelope theorem also holds: dV/d[  = NyT;

(ii ) net revenue is a convex function in the productivity parameter [ , that is, d2V/d[ 2>0,18 and
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(iii ) the marginal return to capital increases as the productivity parameter of a fully-effective worker \
increases, that is d2V/dNd\ >0.

Proof: See Appendix B.

The result of the convexity of the net revenue function in the productivity parameter should be

compared with our reference model with 0 and 1 effort levels: the marginal increase in net revenue due to

the increase in the productivity parameter \  is constant there (dV/d\ =N, by Proposition 1(v)).  This is

equally true if monitoring is perfect (i.e., P=1): the marginal increase in total net revenue due to the

increase in the productivity parameter \  equals a constant Na*, where a* is the effort level under perfect

monitoring.  Hence the increase in \  makes loss of control less severe, and moreover, its role is magnified

through the hierarchical levels.

6.  Applications and Extensions

Organizations of Capitalist Firms and Socialist Economies.  One motivation of the present study

is comparisons of hierarchical structures of capitalist firms and socialist economies.  In our view, one

difference between the centrally-planned economy and a market economy is the difference between one

huge hierarchy and the simultaneous existence of many small an large hierarchies competing each other in

the market.

The distinctive features of the capitalist economy are the dispersed ownership of capital. 

Therefore, the size of hierarchies, which is endogenously determined by the market competition, will be

relatively small .  If the marginal cost of capital faced by a particular firm in the market is r, then in our

model the firm sets up a hierarchy with capital K* and the number of workers N*=K*/k such that the

marginal returns to capital is equal to the marginal cost:



     19 Lenin wrote in his famous book The State and Revolution (1917): "All citizens [in a socialist society]
become employees of a single countrywide state 'syndicate.'"  "The whole of society will become a single
off ice and a single factory" (underline is original).

     20 It follows that there are potential gains from privatization (or making ownership decentralized),
simply because the resulting decentralization reduces the amount of capital per "firm."

23

dV(N*, ] )/dN = rk.

In contrast, under state-ownership in centrally-planned economies the entire economy becomes

virtually one firm that uses a single hierarchy.19  In this framework, the problem with socialist economies is

that of "bigness:" with all capital owned centrally, production is organized by a hierarchy that is necessarily

long and ineff icient.20

Ability in Hierarchy.  Our model can be extended into several directions.  One possibili ty is the

introduction of agents with different abili ties.  Abili ty can affect both the production and monitoring

processes.  For example, if the production function is modified to yt=yt-1(at) ^ , where _ >0, a smaller _
represents a higher abili ty of the manager for reducing loss of control.  On the other hand, with a

generalized monitoring technology P=min{ ` /s,1} , a high ̀  manager is able to monitor more eff iciently and

therefore a lower eff icient wages are required for his subordinates.  Placing high abili ty agents in the higher

tiers may introduce interesting effects on efforts and wages in an optimal hierarchy, which deserves further

study.
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Appendix A.  The Case of 0 and 1 Effort Choices in a Discrete Model

The discrete problem is

min  a T
1 stxt

   st, xt, T

s.t. xt=xt-1st

x0=1 and xT=N.

Upon substituting for st=xt/xt-1, this problem becomes

min  a T
1 xt

2/xt-1

   xt, T

s.t. x0=1 and xT=N.

We solve this problem in two steps.21  First, for fixed T, minimization with respect to x1, ..., xT requires

2xt
3 = xt-1 xt+1

2,

or 2st = st+1
2,

or ln st+1 = [ln 2 + ln st ] /2.

Upon solving this difference equation for ln st, we obtain

ln st+1 = ln 2 + (1/2)t (ln s1 - ln 2).

Since ln xt =  a t
1 ln sb ,

ln xt = t ln 2 + 2 (ln s1 - ln 2)(1 - 2-t).

Using boundary condition xT = N, we obtain

ln xt = ln 2t + (1 - 2-t)(ln N - ln 2T)/(1-2-T).

Secondly, we determine the optimal T.  Substituting the above expression, the minimand becomes
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c T
1  exp [2 ln xt - ln xt-1]

= 4(A-1)(N/A)A/(A-1), 

where A=2T.  This expression is minimized at (N/A*)A*/(A*-1) = 1, or equivalently, at A*=N.  Then for this

optimal T (neglecting the integer constraint on T), we obtain:

Proposition A.1.  Assume workers are suff iciently productive: d >4g.  Then the optimal hierarchy has the

following properties:

(i) The span of control is constant: st=2;

(ii ) The wage scale is also constant: wt=2g;

(iii ) The number of employees in tier t is xt=2t;

(iv) The total number of tiers T(N) = (ln N) /(ln 2) for all N e 2, and dT/dN = 1/[N ln 2]; and

(v) Total net revenue is V(N) = N d  - 4g(N-1) and the marginal return is constant: dV/dN = d -4g.

We can similarly derive the solution to the discrete version of the problem for fixed T:

Proposition A.2.  Define c= d /(4g) and assume workers are suff iciently productive: c>1.  Then when T is

fixed, the hierarchy will be adjusted to the point so that:

(i) The span of control decreases in t: st=2cA2
-t
;

(ii ) The wage also decreases in t: wt=2gcA2
-t
;

(iii ) The number of employees in tier t is xt=2tcA(1-2
-t

); and

(iv) The maximum number of workers absorbed is N=AcA-1.

The difference between this solution and the one obtained in the continuous model (Propositions 1

and 2) is e being replaced by 2 in (i)-(iv) and by 4 in (v) and c.
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Appendix B.  Mathematical Proofs

Proof of Lemma 1.

Adding up (4.1) and (4.2), we get

w• t/wt + x• t/xt = 1, or

(B.1) d(wtxt)/dt = wtxt.

The solution to this differential equation is

(B.2) wtxt = c1e
t,

where c1 is a constant.  Using the boundary conditions x0=1 and xT=N, we obtain,

(B.3) c1 = w0 = wTe
-TN.

On the other hand, adding up (4.3) and (4.4), we have

q• t/qt + y• t/yt = 0,

which gives

(B.4) qtyt = c2,

where c2 is a constant.  Using the boundary condition qT= f N, we obtain

(B.5) c2 = q0 = qTyT = f NyT.

By equation (4.6), and using (A.2)-(A.5) above, we get

(B.6) g (at) = (qtyt)/(wtxt) = c2/(c1e
t) = ( f yT/wT)e

T-t, or

(B.7) ah  = h(ceh ),
which proves (i).  Parts (ii ) and (iii ) are similarly derived from equations (4.7) and (4.5).

Finally, assumptions on g imply

g'(a) > g(a)/a,

that is, g (a)>1 for all a.  In particular, c = f yT/wT = g (aT) > 1. i



29

Proof of Lemma 4.

Differentiating wTc = j yT with respect to N yields

[wT + c•(dwT/dc)]•(dc/dN) = j •[( k yT/ k c)•(dc/dN) + ( k yT/ k N)], or

(B.8) [wT + c•(dwT/dc) - j •( k yT/ k c)]•(dc/dN) = j •( k yT/ k N).

Similarly, we derive

[wT + c•(dwT/dc)]•(dc/dj ) = j •[( k yT/ k c)]•(dc/dj ) + ( k yT/ k j )} + yT.

Note that yT(c,N) is not a function of j , that is, k yT/ k j =0, hence,

(B.9) [wT + c•(dwT/dc) - j •( k yT/ k c)]•(dc/dj ) = yT.

Because ( k yT/ k N)<0 (Lemma 3(ii )), it is suff icient to prove [wT + c•(dwT/dc) - j •( k yT/ k c)] > 0.

For any N, c= j yT/wT must solve

    l  T(c,N)

max { j yT(c,N)N   - m  (w n x n ) do } .
c     p  0

The first order condition requires

    l  T(c,N)

j ( k yT(c,N)/ k c) = (1/N)•{ ( k T/ k c)•(wTxT)  + m    ( k / k c)(wTe
-TNeT- n ) do  } .

    p  0
Uing (B.3), we obtain

(B.10) j ( k yT(c,N)/ k c) = wTe
-T( k T/ k c) + (1-e-T)•(dwT/dc).

Substituting (4.7) into Lemma 2(iii ) yields,

(B.11) (1/wT)•(dwT/dc) = [log(sT)-1]/c.

Therefore, using (B.10) and (B.11) and applying Lemma 3(iii ), we derive

(B.12) wT + c•(dwT/dc) - j •( k yT(c,N)/ k c)

= [ wT + (c-1)•(dwT/dc) ] + e-TwT [ (1/wT)•(dwT/dc) - (k T/ k c) ]

= [ wT + (c-1)•wT•[log(sT)-1]/c ] + e-TwT (1/c){ [log(sT)-1]-[ log(sT)/log(s0) - 1]}
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= (wT/c)•{ 1 + (c-1)•log(sT) + e-T•log(sT)•[log(s0)-1]/log(s0) } 

> 0. q

Proof of Proposition 5.

(i) Differentiating r (at) = ceT-t with respect to N yields

r '(at)•dat/dN = eT-t(dc/dN) + ceT-t[( s T/ s c)(dc/dN) + s T/ s N]

= r (at) { (1/c)[1+c( s T/ s c)]•(dc/dN) + s T/ s N} .

Applying Lemma 3(iii ),

( t (at)/at)•(dat/dN) = (1/c)•(log(sT)/log(s0))•(dc/dN) + s T/ s N.

On the other hand, from (B.8)

dc/dN = { u •( s yT/ s N)} / { wT + c•(dwT/dc) - u •( s yT/ s c)} .

Because of (B.12) and Lemma 3(i), it is suff icient to show 

(1/c)• u •N•log(sT)•( s yT/ s N) + { wT + c•(dwT/dc) - u •( s yT/ s c)} > 0.

Substituting Lemma 3 and equation (B.12), the above expression is equal to

(1/c)(log(sT))( u yT)log(a0)/log(s0) + (wT/c){ 1+(c-1)log(sT) + e-T•log(sT)•[log(s0)-1]/log(s0)}

= (1/c)log(sT)e
-TwT [ r (a0)log(a0) + log(s0) - 1]/log(s0) + (wT/c)[1+(c-1)log(sT)]

= (wT/c)[1+(c-1)log(sT)

> 0,

where r (a0)=ceT and equation (4.7) are used.

(ii ) Differentiating 1-log(st)=r (at)log(at) and log(wt)=log(g(at))+log(st) with respect to N and using

dat/dN > 0 generate dwt/dN > 0. q

Proof of Proposition 8.

(i) Differentiating wTc = u yT with respect to N and using Lemma 4 and Lemma 2(iii ).
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(ii ) Since v yT/ v w  = 0,

dyT/dw  = ( v yT/ v c)(dc/dw ) + v yT/dw  = ( v yT/ v c)(dc/dw ).

Because dc/dw >0, it is suff icient to show v yT/ v c>0.

If v T/ v c>0, from (B.10), 

w ( v yT(c,N)/ v c) = wTe
-T( v T/ v c) + (1-e-T)•(dwT/dc) > 0,

by Lemma 2(iii ).

If v T/ v c<0, then using Lemma 2(i),

    x  T(c,N)

( v / v c)log(yT) =  ( v / v c) y  log(az (c)) d{
    |  0

x  T(c,N)

= ( v T/ v c)•log(aT)   + y     (1/az )(daz /dc) d{|  0
> 0. }

Proof of Proposition 9.

(i) Using (B.2) and (B.3), we obtain

x  T
      V(N, w ) = N w yT   -  y   { wtxt} dt |  0

= N( w yT-wT) + w0.

     x  T
Differentiating V(N) = w NyT   - y   { g(at)stxt} dt yields

     |  0
x  T

dV/dN = w yT + w N(dyT/dN) - g(aT)sTxT(dT/dN) - y   (d/dN){ g(at)stxt} dt.|  0
      = w yT - wT,
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using integration by part and equations (4.1)-(4.7), (B.2)-(B.5) and H(t)=0.

(ii ) Differentiating V(N) = N( ~ yT - wT) + w0 yields

dV/dN = ( ~ yT - wT) + N [ ~  (dyT/dN) - (dwT/dN)] + dw0/dN

= ( ~ yT - wT) + N (d2V/dN2) + dw0/dN.

But dV/dN = ( ~ yT - wT) implies N d2V/dN2 + dw0/dN = 0, or d2V/dN2 = -(1/N)(dw0/dN) < 0, by

Proposition 5(ii ). �

Proof of Proposition 10.

(i) Similar to the proof of Proposition 9(i).

(ii ) d2V/d~ 2 = N dyT/d~  > 0 by Proposition 8.

(iii ) Taking a derivative of dV/dN = ~ yT - wT with respect to ~ , and using � yT/ � ~  = 0 and (B.9), we

have

d2V/d~ dN = yT + ~ •(dyT/d~ ) - dwT/d~
 = [wT + c•(dwT/dc)- ~ •( � yT/ � c)]•(dc/d~ ) - (dwT/dc - ~ •( � yT/ � c))•(dc/d~ )

 = [wT + (c-1)•(dwT/dc)]•(dc/d~ ) > 0,

by Lemma 2(iii ) and Lemma 4. �


