PROGRESSIVE ESTATE TAXATION*

EMMANUEL FARHI AND IVAN WERNING

We present a model with altruistic parents and heterogeneous productivity. We
derive two key properties for optimal estate taxation. First, the estate tax should
be progressive, so that parents leaving a higher bequest face a lower net return on
bequests. Second, marginal estate taxes should be negative, so that all parents face
a marginal subsidy on bequests. Both properties can be implemented with a simple
nonlinear tax on bequests, levied separately from the income tax. These results
apply to other intergenerational transfers, such as educational investments, and
are robust to endogenous fertility choices. Both estate or inheritance taxes can
implement the optimal allocation, but we show that the inheritance tax has some
advantages. Finally, when we impose an ad hoc constraint requiring marginal
estate taxes to be nonnegative, the optimum features a zero tax up to an exemption
level, and a progressive tax thereafter.

I. INTRODUCTION

One of the biggest risks in life is the family one is born into.
We partly inherit the luck, good or bad, of our parents through the
wealth they accumulate. Behind the veil of ignorance, future gen-
erations value insurance against this risk. At the same time, par-
ents are partly motivated by the impact their efforts can have on
their children’s well-being through bequests. This paper studies
optimal estate taxation in an economy that captures the trade-off
between insurance for newborns and incentives for parents.

We begin with a simple economy with two generations. Par-
ents live during the first period. In the second period each is re-
placed by a single child. Parents are altruistic toward their child,
and they work, consume, and bequeath; children simply consume.
Following Mirrlees (1971), parents first observe a random pro-
ductivity draw and then exert work effort. Both productivity and
work effort are private information; only output, the product of
the two, is publicly observable.
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Our first objective is to study the constrained efficient alloca-
tions and derive their implications for marginal tax rates. For this
economy, if one takes the expected utility for parents as the social
welfare objective, then Atkinson and Stiglitz’s (1976) celebrated
uniform-taxation result applies. It implies that the parent’s in-
tertemporal consumption choice should not be distorted. Thus,
when no direct weight is placed on the welfare of children, labor
income should be taxed nonlinearly, but bequests should remain
untaxed.

In terms of the allocation, this tax system induces the con-
sumption of parent and child to vary one for one. In this sense,
the luck of the parent’s productivity is perfectly inherited by the
child. There is no mean reversion across generations. In effect,
from the perspective of the children’s generation, their consump-
tion is manipulated to provide their parents with incentives. They
are offered no insurance against the risk of their parents’ produc-
tivity. The resulting consumption inequality lowers their expected
welfare, but this of no direct concern to the planner.

Although this describes one efficient arrangement, the pic-
ture is incomplete. In this economy, parent and child are distinct
individuals, albeit linked by altruism. In positive analyses it is
common to subsume both in a single fictitious “dynastic agent.”
However, a complete normative analysis must distinguish the
welfare of parents and children (Phelan 2006; Farhi and Werning
2007). Figure I depicts our economy’s Pareto frontier, plotting
the ex ante expected utility for the child on the horizontal axis,
and that of the parent on the vertical axis. The arrangement
discussed in the preceding paragraph corresponds to the peak,
marked as point A, which is interior point due to parental
altruism.

This paper explores other efficient allocations, represented by
points on the downward-sloping section of the Pareto frontier. To
the right of point A, a role for estate taxation emerges with two
critical properties.

The first property concerns the shape of marginal taxes: we
show that estate taxation should be progressive. That is, more for-
tunate parents with larger bequests should face a higher marginal
estate tax. Because more fortunate parents get a lower after-tax
return on bequests than the less fortunate, this induces bequests
to become more similar. Our stark conclusion regarding the pro-
gressivity of estate taxation contrasts with the well-known lack
of sharp results regarding the shape of the optimal income tax
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schedule (Mirrlees 1971; Seade 1982; Tuomala 1990; Ebert 1992;
Diamond 1998; Saez 2001).1

In terms of the allocation, as we move to the right of point
A, the consumption inequality for children falls, which increases
their expected welfare. The child’s consumption still varies with
the parent’s consumption, but the relationship is now less than
one-for-one. Consumption mean reverts across generations. In this
sense, luck is only imperfectly inherited. Children are partly in-
sured against the risk of their parents’ productivity.

The second property concerns the level of marginal taxes. We
find that estate taxation should be negative, imposing a marginal
subsidy that declines with the size of bequests. A subsidy en-
courages bequests, which improves the consumption of newborns.
This highlights that, in order to improve the average welfare of
newborns, it is efficient to combine a reduction in inequality with
an increase in average consumption. In a way, the first generation
buys inequality, to improve incentives, from the second generation
in exchange for higher average bequests.

1. Mirrlees’s (1971) seminal paper established that for bounded distributions
of skills the optimal marginal income tax rates are regressive at the top (see
also Seade [1982]; Tuomala [1990]; Ebert [1992]). More recently, Diamond (1998)
has shown that the opposite—progressivity at the top—is possible if the skill
distribution is unbounded (see also Saez [2001]). In contrast, our results on the
progressivity of the estate tax do not depend on any assumptions regarding the
distribution of skills.
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The second main objective of the paper is to derive an explicit
tax system that implements these efficient allocations. We prove
that a simple system, which confronts parents with separate non-
linear schedules for income and estate taxes, works. The optimal
estate tax schedule is decreasing and convex, reflecting our re-
sults for the sign and progressivity of the marginal tax. Thus, our
results are not simply about implicit taxes or wedges, but also
about marginal taxes in an explicit tax system. Of course, tax im-
plementations are rarely unique and our model is no exception.
For example, one other possible implementation combines labor
income taxation with a regressive consumption tax on parents.
We discuss this alternative later and argue why, in our view, our
estate tax implementation seems more natural.

We illustrate the flexibility of our basic model by extending
it in a number of directions. We start by considering more gen-
eral welfare criteria. Although our results rely on a utilitarian
welfare function for the children’s generation, the welfare crite-
rion for the parents’ generation is irrelevant. We also explore a
Rawlsian criterion for the children’s generation. To implement
the optimal allocation in this case, the estate tax can be replaced
by a no-debt constraint preventing parents from leaving nega-
tive bequests. This type of constraint is common throughout the
world. Interestingly, we show that a no-debt constraint induces
implicit tax rates that are negative and progressive, and that it
corresponds to a limiting case of our earlier estate tax results. In
other words, our estate tax results can be viewed as generalizing
the principle of noninheritable debt.

We also consider a simple extension with human capital in-
vestments. In the model, it is never optimal to distort the choice
between bequests and this alternative source of intergenerational
transfers. Thus, our estate tax results carry over, implying that
human capital should be subsidized, with a higher marginal sub-
sidy on lower investments. This is broadly consistent with actual
educational policies.

Finally, we compare estate and inheritance taxes by consid-
ering heterogeneous fertility. We show that the optimal estate tax
must condition on the number of children, whereas the optimal
inheritances tax does not. In this sense, inheritance taxes are sim-
pler. These results apply even when fertility is endogenous, as in
Becker and Barro (1988).

Our results highlight two properties of optimal marginal
tax rates on estates: they should be progressive and negative.
To determine whether there is a separate role for each of these
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features, we impose an ad hoc constraint that rules out negative
marginal taxes on estates. We show that the progressivity result
survives. In particular, the optimal marginal tax on estates is zero
up to an exemption level, and positive and increasing above this
level. Interestingly, the exemption level depends on the degree to
which the rate of return to capital responds to the capital stock.
In the limiting case where the rate of return to capital is fixed, the
exemption level tends to infinity and estate taxes converge to zero.

We close by studying an infinite-horizon version of our model.
This framework provides a motivation for weighing the welfare
of future generations. Indeed, allocations that maximize the ex-
pected utility for the very first generation are disastrous for the
average welfare of distant generations. In a related model, Atke-
son and Lucas (1992) prove an immiseration result of this kind,
showing that inequality rises steadily over time, with everyone’s
consumption converging to zero. In contrast, as shown by Farhi
and Werning (2007), with a positive weight on future generations,
a steady state exists where inequality is bounded and constant.?

Tax implementations are necessarily more involved in our
infinite-horizon setting, but our main results extend. We provide
an implementation where taxes on estates are linear, but the
rates depend on current and past labor income. When future
generations are not valued, the expected tax rate is zero, as
in Kocherlakota (2005). However, when future generations are
valued, the expected tax rate is strictly increasing in the parent’s
consumption and it is negative. This progressivity induces mean
reversion across generations and plays a key role in moderating
the evolution of inequality over generations.

Although our approach is normative, it is interesting to com-
pare our prescriptions with actual policies. There are both similar-
ities and differences. On the one hand, progressivity of marginal
tax rates is, broadly speaking, a feature of actual estate tax policy
in developed economies. For example, in the United States be-
quests are exempt up to a certain level, and then taxed linearly
at a positive rate. Our paper provides the first theoretical justi-
fication, to the best of our knowledge, for this common feature of
policy. On the other hand, the explicit marginal tax on estates is
typically positive or zero, not negative. One interpretation is that
our normative model stresses a connection between progressive

2. The model in Atkeson and Lucas (1992) and Farhi and Werning (2007) is
an endowment economy with a single consumption good where taste shades affect
the marginal utility of consumption. In some cases, one can show that similar
conclusions apply in a Mirrlees setting with labs as we have here (see Section VI.C).
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and negative marginal tax rates that may be overlooked in current
thinking on estate tax policy. However, the comparison with ac-
tual policies is more nuanced. First, a large fraction of bequests
may lie below the exemption level and face a zero marginal tax
rate. Second, as explained above, restrictions on debt inheritabil-
ity constitute an implicit marginal subsidy on bequests. Finally,
educational policies constitute an explicit subsidy to intergenera-
tional transfers.

It is worth stressing that, although we find that marginal
estate taxes should be progressive, we do not attempt to derive
the overall progressivity of the tax system, nor the extent of re-
distribution within the first generation. In particular, we do not
characterize the shape of labor income taxes. In principle, the re-
distributive effect of a more progressive estate tax could be coun-
terbalanced by adjusting the income tax schedule.?

Cremer and Pestieau (2001) also study optimal estate taxa-
tion in a two-period economy, but their results are quite different
from ours. In particular, they find that marginal tax rates may
be regressive and positive over some regions. These results are
driven by their implicit assumption that parental consumption
and work are complements, departing from the Atkinson—Stiglitz
benchmark of separability, which is our starting point.* Kaplow
(1995, 2000) discusses estate and gift taxation in an optimal tax-
ation framework with altruistic donors or parents. These papers
make the point that gifts or estates should be subsidized, but as-
sume away unobserved heterogeneity and are therefore silent on
the issue of progressivity.

Our work also relates to a number of recent papers that have
explored the implications of including future generations in the
welfare criterion. Phelan (2006) considered a planning problem
that weighted all generations equally, which is equivalent to not
discounting the future at all. Farhi and Werning (2007) considered
intermediate cases, where future generations receive a geometri-
cally declining weight. This is equivalent to a social discount factor
that is less than one and higher than the private one. Sleet and
Yeltekin (2006) have studied how such a higher social discount

3. Indeed, our proofs use such a readjustment to describe a set of feasible
perturbation that leaves work incentives unchanged.

4. In the main body of their paper, Cremer and Pestieau (2001) study a model
without work effort, with an exogenous wealth shock that is privately observed by
parents. However, in their appendix, they develop a more standard Mirrlees model
with the assumption that parental consumption and work are complements.
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factor may arise from a utilitarian planner without commitment.
However, none of these papers consider implications for estate
taxation.

II. PARENT AND CHILD: A Two-PERIOD ECcONOMY

In our two-period economy a continuum of parents live during
period ¢ = 0. Each parent produces a single descendant, or child,
that lives in period ¢ = 1. Parents work and consume, whereas
children simply consume. Each parent is altruistic toward his or
her child.

At the beginning of period ¢ = 0, parents first learn their pro-
ductivity 6y, and then produce ng efficiency units of labor. This
requires ng/6p units of work effort. The utility of a parent with
productivity 6 is given by

1 vo(0o) = ulco(6p)) — h (%?) + Bv1(6o),

with 8 < 1. The child’s utility is simply
(2) v1(0) = ulc1(6p)).

The utility function wu(c) is increasing, concave, and differen-
tiable and satisfies Inada’s conditions ©/(0) = oo and #/(o0) = 0;
the disutility function A(n) is increasing, convex, and differen-
tiable. In addition, we denote by 72 the possibly infinite maximum
number of hours worked. Combining equations (1) and (2) gives
vo(6o) = ulco) + Buler) — hng/6p).

In addition to production, there is an endowment ey of goods
in period 0 and an endowment e; of goods in period 1. Moreover,
goods can be transferred between periods t = 0 and ¢ = 1 with a
linear savings technology with rate of return R > 0. An allocation
is resource feasible if

o0

K + / co(B0) dF(6y) < eo + / no(60) AF(60),
0 0

/ c1(60)dF(6) < e1 + RK;,
0
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where K; is capital. Combining these two inequalities yields the
present-value resource constraint

o0 1 o0
3) / colbo) dF (60) + 3 / c1(80) dF(6)
0 0
<eo+ l61 + / no(6o) dF(0y).
R ),

We assume that productivity is privately observed by the par-
ent. By the revelation principle, we can restrict attention to direct
mechanisms, where agents report their productivity and receive
an allocation as a function of this report. An allocation is incentive
compatible if truthful revelation is optimal:

@ uleo@)) + pulcr(6o) — h (%ﬁ“)
9/
> ulco(6)) + pule1(6y)) — h <n°9(0°)> V6o, 6}

An allocation is feasible if it satisfies the resource constraint (3)
and the incentive constraints (4).
Next, we define two utilitarian welfare measures:

[e¢]

VO E/ Uo(@o)dF(@o) and V1 E/ vl(Q())dF(Qo).
0 0
Note that
Vo = / (ulco(60)) — h(n(60)/60)) AF (8) + BVA,
0

so that the utilitarian welfare of the second generation, V7, enters

that of the first generation, Vj, through the altruism of parents.

In addition to this indirect channel, we will allow the welfare of

the second generation, V7, to enter our planning problem directly.
Consider the following planning problem:

max V)

subject to the resource constraint (3), the incentive-compatibility
constraints (4), and

(5) Vl > K1~
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The planning problem is indexed by V. For low enough val-
ues of V;, constraint (5) is not binding, and the planning problem
then maximizes parental welfare V, subject to feasibility. Let
V" be the corresponding level of welfare obtained by the second
generation in the planning problem when constraint (5) is not
imposed. This corresponds to the peak on the Pareto frontier illus-
trated in Figure I. Constraint (5) is not binding for all V; < V}.
The second generation obtains a finite level of welfare V because
they are valued indirectly, through the altruism of the first gener-
ation. For values of V; > V7, constraint (5) binds and the solution
corresponds to the downward sloping section in the figure.

III. THE MAIN RESULT: PROGRESSIVE ESTATE TAXATION

In this section we derive two main results for the two-period
economy laid out in the preceding section. For any allocation with
interior consumption, define the implicit estate tax 7(6y) by

(6) (1 + (80 (co(6p)) = BRU (c1(60)).

This identity defines a distortion so that the intergenerational
Euler equation holds. Similarly, we can define the implicit inher-
itance tax £(6y) by

(7 U (co(6p)) = BR( — £(6p))id' (c1(6p)).

Each of these wedges can be expressed as a function of the other:
£(6y) = 11(5(00)0) or t(6p) = 120(09)0). In the exposition, we choose to fo-
cus mostly on the implicit estate tax. We first derive properties
for this implicit tax. We then construct an explicit tax system that

implements efficient allocations.

IIT.A. Implicit Tax Rates

To derive an intertemporal-optimality condition, let v be the
multiplier on constraint (5) and i be the multiplier on the resource
constraint (3), and form the corresponding Lagrangian,

L= / [00(60) + vu1(60)] dF(60)
0

- M/ [co(60) + c1(60)/ R — no(60)] dF (6o),
0
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so that the planning problem is equivalent to maximizing L sub-
ject to incentive constraints (4). Suppose an allocation is opti-
mal and has strictly positive consumption. Consider the following
perturbation, at a particular point 6. Let c{(6p) = co(6p) + ¢ and
define c{(6p) as the solution to u(c§(6o)) + Bulci(6p)) = ulco(fo)) +
Bulc1(0y)). This construction ensures that the incentive con-
straints are unaffected by ¢. A first-order necessary condition is
that the derivative of L with respect to ¢ be equal to zero. This
yields

BR 1 B Ri
w(co6p)  u/(c1(ho)) "

’

which shows that c¢(6y) and ¢1(6p) are increasing functions of each
other. Incentive compatibility implies that utility from consump-
tion, u(co(6y)) + Bulc1(8y)), is nondecreasing in productivity 6y. It
follows that consumption of both parent and child, ¢¢(6y) and ¢1(6p),
are nondecreasing in 6.

This equation can be rearranged in the following two useful
ways:

€] <1 - Rﬁu’(cl(Qo))) u'(co(69)) = BRU (c1(6p))
and
9 u'(co(6p)) = ,3R<1 - %iu’(CO(Go))> ' (c1(6p)).

Our first result regarding taxes, derived from equation (8)
with v =0, simply echoes the celebrated Atkinson—Stiglitz
uniform-commodity taxation result for our economy.

PrOPOSITION 1. The optimal allocation with V; < V} has a zero
implicit estate tax t(6y) = 0 for all 6,.

Atkinson and Stiglitz (1976) showed that if preferences over a
group of consumption goods are separable from work effort, then
the tax rates on these goods can be set to zero. In our context,
this result applies to the consumption (c¢, ¢1) and implies a zero
implicit estate tax.

The Euler equation u/(cy) = BRu/(c1) implies that dynastic
consumption is smoothed. As a result, the optimum features
perfect inheritability of welfare across generations. For exam-
ple, if the utility function is CRRA u(c) =c¢!=?/(1 — ), then
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¢1(60) = (BR)7 co(6), or equivalently

1
log c1(6y) — logco(6p) = . log(BR).

Thus, the consumption of parent and child vary, across dynasties
with different 6y, one for one in logarithmic terms. Making the
child’s consumption depend on the parent’s productivity 6y pro-
vides the parent with added incentives. The child’s welfare is not
valued directly in the planning problem. As a result, they are used
to providing incentives. From their point of view, no insurance for
the risk of their parent’s productivity is provided.

In contrast, when V; > V¥, so that v > 0, then equation (8)
implies that the ratio of marginal utilities is not equalized across
agents and the marginal estate tax must be nonzero. Indeed, be-
cause consumption increases with 6, estate taxation must be pro-
gressive: the implicit marginal estate tax rate t(9y) increases with
the productivity 6, of the parent.

PROPOSITION 2. Suppose V ; > V;* and that the optimal allocation
has strictly positive consumption. Then the implicit estate tax
is strictly negative and increasing in the parent’s productivity
90:

(10) ﬂ%)=—Riwwﬂ%»

The proposition provides an expression for the implicit estate
tax that relates it to the child’s consumption. The progressivity of
the estate tax is implied by the fact that ¢1(6y) is increasing in 6,.
From equation (9) one can also derive the following formula for
the implicit marginal inheritance tax £(6p):

7(6p) 1lv
——— = —— —u/(co(6p)).
T+t  pu 0
This alternative expression is sometimes useful.
Returning to the CRRA example, equation (9) now implies
(12)

1 1 1
logc1(6p) — logco(6p) = — log (1 + —Kco(é’o)“’) + —log(BR).
o B u o

(11) 2(6o) =

Aslong as v/u > 0, the right-hand side of equation (12) is strictly
decreasing in co(6p). Thus, the child’s consumption still varies
with that of the parent, but less than one for one in logarithmic
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terms. In this way, the intergenerational transmission of welfare is
imperfect, with consumption mean reverting across generations.
Mean reversion serves to reduce inequality in the second gen-
eration’s consumption. When the expected welfare of the second
generation is considered in the planning problem, insurance is
provided to reduce inequality.

The progressivity of the implicit estate tax reflects this mean
reversion. Fortunate parents, with higher productivities, must
face a lower net-of-tax return on bequests, so their dynastic con-
sumption slopes downward. Likewise, poorer parents, with lower
productivities, require higher net-of-tax returns on bequests, so
their dynastic consumption slopes upward.

Another intuition is based on interpreting our economy with
altruism as an economy with an externality. In the presence of ex-
ternalities, corrective Pigouvian taxes are optimal. One difference
is that, typically, externalities are modeled as being a function of
the average consumption of a good, such as the pollution produced
from gasoline consumption. As a result, the corrective Pigouvian
tax is linear. In contrast, in our model the externality enters non-
linearly, resulting in an optimal tax that is also nonlinear. To see
this, think of ¢; as a good that the parent enjoys and chooses,
but that happens to have a positive externality on the child. Be-
cause the externality is positive, a Pigouvian subsidy is called for.
However, according to the utilitarian welfare metric, the exter-
nality is not a function of aggregate consumption | c¢1(69) dF(6p).
Instead, it equals [ u(c1(69)) dF(6p). Because the utility function
u(cy) is concave, the externality is stronger for children with lower
consumption. Indeed, the subsidy is directly proportional to u/'(c1).
This explains the progressivity of the implicit tax t(6p).

Private information is not crucial for our results. In our model,
private information creates inequality in the utility parents obtain
from consumption goods, u(cg) + Bulcy). Our results would also
obtain if such inequality were simply assumed, or possibly derived
for other reasons.

II1.B. Explicit Tax Implementations

An allocation is said to be implemented by a nonlinear
labor income tax T?(ng) and estate tax TOb®d) if, for all 6y,
(c0(60), €1(6p), np(6p)) solves

max (u(co) + Bulcy) — h(g—g))

€0,C1,M0
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subject to

co+b <eq+ng—TOb) — T (ny),
c1 <e1+ Rb.

The first-order condition for this problem, assuming T'%(d) is dif-
ferentiable, gives

(1+ TYB)/(co) = BRU (c1).

To find a candidate tax schedule, we match this first-order condi-
tion with equation (8) and use the budget constraint to substitute
out ¢; = e1 + Rb, to obtain

(13) TY(b) = —R21/(e1 + RD).
nw

For any arbitrary value T'°(0), this gives T%(b) = T'%(0) + ﬁu(el) —
wuler + Rb)).% Indeed, this candidate does implement the optimal
allocation. The proof, contained in the Appendix, exploits the fact
that marginal tax rates are progressive. As a result, the parent’s
problem is convex in the bequest choice, ensuring that the first-
order condition, which we used above to define marginal taxes, is
sufficient for the parent’s optimal bequest choice.

PROPOSITION 3. Suppose that V; > V;* and that the optimal allo-
cation has strictly positive consumption. Then the optimal
allocation is implementable with a nonlinear income tax and
an estate tax. The estate tax T'? is strictly decreasing and
convex.

Under this implementation, parents face negative marginal
tax rates simply because T'° is decreasing. In equilibrium, parents
with higher productivity face higher tax rates because they choose
to leave larger bequests and 7' is convex. Note that b + T'%(b) is
not monotone and has a minimum where T?(b) = —1; parents
never leave bequests below b.

For a given utility function u(c) and return R, the optimal
estate tax schedule T'° belongs to a space of functions indexed by
a single parameter v/u. It is interesting to note that this space of

5. Note that our implementation features one degree of freedom in the level
of income and estate taxes. Marginal tax rates are entirely pinned down by the
optimal allocation, which is unique. However, only the sum of the income and estate
tax schedules, T7(0) + T'%(0), is determined. Thus, the model does not uniquely pin
down the sign of average estate taxes, nor the revenue generated by the estate
tax.
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functions is independent of the distribution of productivity F(6y)
and the disutility of function 4.5 Of course these primitives may
affect the relevant value of v/, which pins down the tax function
from this space.

A higher value of v/u gives higher marginal taxes T?(b).
Interestingly, it has no impact on the ratio 7%(b)/T?(b), a mea-
sure of local relative progressivity. For any value v/u, explicit
marginal taxes T?(b) have a full range because T?(b) = —1
and limg_, o, T?(b) = 0 (assuming Inada conditions for u(c)). How-
ever, in equilibrium, the range of implicit marginal taxes 7(6y) =
T b/(%) is typically more confined, because parents may stay
away from entire sections of the 7'°(b) schedule. In particular, as
long as the allocation has consumption bounded away from zero
for parents, so that inf ¢¢(6y) > 0, equilibrium implicit taxes t(6y)
are bounded away from —1.

Inheritance Taxes. It is also possible to implement the alloca-
tion using inheritance taxes paid by the child. Here, the difference
between an estate and inheritance tax is minor, but a starker con-
trast emerges with the extensions considered Section IV.D. An
allocation is implementable by nonlinear income and inheritance
taxes, TY(ng) and ’f’b(Rb), if (co(09), €1(80), no(By)) maximizes the
utility for a parent with productivity 6y subject to

co+b <eq+ny—Tng),
c1 <ei+ Rb— TY(Rb).

Proceeding similarly, the first-order condition is now
u(co) = BR(1 — TY(Rb)U (c1),

so that matching this expression with equation (8) leads to a dif-
ferential equation,

T (Rb)

14 —_——
(1 1—TY(Rb)

= —R—u/(ey + Rb — T(Rb)),

I
with any arbitrary value 7°(0). As it turns out, one can show that
with this inheritance tax, the budget set of affordable (cy, c1, ng)
is identical to that affordable with the proposed estate tax im-
plementation. Thus, parents choose the same allocation in both

6. In contrast, the tax on labor is very sensitive to the specification of these
elements (Saez 2001).
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implementations and Proposition 3 implies that this allocation is
the optimum.

Interestingly, both 7'° and 7'® are defined avoiding reference
to the allocation as a function of productivity 6y. Thus, unlike 7(6y)
and t(6p), these tax schedules do not directly depend on the opti-
mal allocation ¢((6y) or c1(6y), except indirectly through the ratio
of the multipliers v/u.

Other Implementations. We have stated our results in terms
of the implicit marginal tax rates, as well as a particular tax im-
plementation. As is commonly the case, tax implementations are
not unique. Two other implementations are worth briefly men-
tioning. First, the optimal allocation can also be implemented
by a nonlinear income tax and a progressive consumption tax,
T“1(c1), in the second period. Second, the optimal allocation can
also be implemented by combining a nonlinear income tax with
a regressive consumption tax, T'°(cg), in the first period. In this
two-period version of the model all these implementations seem
equally plausible. However, with more periods, implementations
relying on consumption taxes require marginal consumption tax
rates to grow without bound. Although, formally, this is feasible,
it seems unappealing for considerations outside the scope of the
model, such as tax evasion.” In any case, all possible implemen-
tations share that the intertemporal choice of consumption will
be distorted, so that the implicit marginal tax rate on estates is
progressive and given by 7(6p).

IV. EXTENSIONS

In this section, we consider some extensions that can address
a number of relevant issues. They also help in a comparison of
optimal policies, within the model, to actual real-world policies.

IV.A. General Welfare Functions

Our first extension is the most straightforward. In our basic
setup, we adopted utilitarian social welfare measures for both
generations. We now generalize the welfare measures considered.

7. Moreover, in a multiperiod extension where each agent lives for more than
one period, a consumption tax on annual consumption would not work, because
the progressive intertemporal distortions should be introduced only across gener-
ations, not across a lifetime.
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Define two welfare measures Wy, and W; for parents and chil-
dren, respectively, by

Wo :/ Wo(vo(6o), 60) dF(6o)
0

W, = / Wi (01(60)) F (05,
0

where vo(6p) = u(co(0o)) + Bulc1(6o)) — h(no(6p)/0p) and v1(6) =
u(c1(6p)). Assume that W; is increasing, concave, and differen-
tiable and that Wy(-, 6y) is increasing and differentiable for all 6.
The utilitarian case considered before corresponds to the identity
functions Wy(v) = v and Wi(v) = v.

Because the welfare function Wy may depend on 6y, it allows
Wo = (80)vo(6y) with arbitrary Pareto weights 7 (6y). Thus, we
only require Pareto efficiency in evaluating the welfare of the
first generation. In contrast, our results do depend on the welfare
criterion for the second generation. Importantly, the generalized
utilitarian criterion W; captures a preference for equality.

The planning problem maximizes Wy subject to (3), (4), and
Wi > W, for some W,. Using the same perturbation argument
developed for the utilitarian case, we find that if the optimal allo-
cation features strictly positive consumption, the implicit estate
tax is given by

7(60) = —RﬁW{(u(cl(eo»u’(cl(eo».

Because W; is increasing and concave, it follows that t(6y) is
negative and increasing in 6y. The estate tax is progressive and
negative. Interestingly, the marginal tax does not depend directly
on the parent’s welfare function Wy, except indirectly through the
ratio of multipliers v/u. In contrast, as the formula above reveals,
the welfare function for children W; has a direct impact on the
shape of estate taxes. In particular, for given v/u, more concave
welfare functions imply more progressive tax schedules.?

As in Proposition 3, the optimal allocation, as long as it fea-
tures strictly positive consumption, is implementable with a non-
linear income tax T and either an estate tax 7'° or an inheritance

8. Of course, the welfare function for parents Wy still plays an important role
in determining the income tax schedule and, hence, the overall progressivity of
the tax system.
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tax 7'°. The estate and inheritance tax schedules are decreasing
and convex.

IV.B. Noninheritable Debt

In most countries, children are not liable for their parents’
debts. Interestingly, our main results for estate taxation can be
seen as a generalization of this widely accepted constraint that
parents cannot borrow against their children. First, a no-debt con-
straint creates implicit marginal taxes that are progressive and
negative. This is because parents with lower productivity find the
constraint more binding. Second, when the welfare criterion for
children is Rawlsian, instead of utilitarian, a no-debt constraint
implements the optimal allocation.

When the welfare criterion for children is Rawlsian, the plan-
ning problem maximizes Wy subject to the resource constraint (3),
the incentive-compatibility constraints (4), and

(15) u1(00) = U for all 6o,

where u; parameterizes a minimum level of utility for children.
Let ¢, be the corresponding consumption level: ¢; = u~(y;).

For a high enough value of u;, the solution to this problem
features a threshold ¢, such that constraint (15) is binding for
all 6y < 6, and slack for 6y > 8. Moreover, for 6y > 6, the implicit
estate tax is zero. For 6y < 6, we have c1(0y) = ¢, so that

wic,)
w'(co(6p))

Because c¢y(6p) is nondecreasing in 6, it follows that t(6y) is non-
decreasing and nonpositive.

In our implementation, an agent of type 6, faces the borrowing
constraints

(16) 2(6y) = BR

co+b<ey+ny—Tngy),
b>0.

Under this implementation children pay a lump-sum tax 75 =
e1 — ¢y, so that when b = 0 they can consume c;.

PROPOSITION 4. Suppose that the welfare function for the chil-
dren’s generation is Rawlsian. Then the optimal allocation
can be implemented with an income tax for parents, 77, a
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lump-sum tax for the child, le , and a no-debt constraint,
b=>0.

When the debt constraint is strictly binding, b =0, the
intergenerational Euler equation holds with strict inequality,
u(co(6p)) > BRu/(¢cy). Thus, parents face an implicit estate sub-
sidy 7(8y) < 0. These parents would like to borrow against their
children, but the implementation precludes it. The lower the pro-
ductivity 6y, the lower co(6y) and the stronger is this borrowing
motive. As a result, the shadow subsidy is strictly increasing in 6y
over the range of parents that are at the debt limit.

This implementation highlights a feature of policy that is
often overlooked: In most countries, children are not liable for
their parent’s debts and this alone contributes to progressive and
negative implicit estate taxes, as in our model.

The Rawlsian case, and its no-debt constraint solution, can
be obtained as a limit case of the previous analysis. To see this,
consider a sequence of concave and continuously differentiable
welfare functions {lek} that becomes infinitely concave around
u, in the sense that

lim lim W} ,(u) = 0 and lim lim W} ,(u;) = oo.
k—oco uilu, ’ k— 00 uitu; )

In the limit, the solution with this sequence of welfare functions
converges to that of the Rawlsian case. Similarly, along this se-
quence, the estate tax schedule 7'%*(d) is convex and decreasing,
as implied by our results. However, it converges to a schedule with
an infinite tax on bequests below some threshold, effectively im-
posing a no-debt constraint, and a zero marginal tax rate above
this same threshold. In this sense, our results extend the logic of
a no-debt constraint to smoother welfare functions. An estate tax
that is progressive and negative is a smoother version of a no-debt
constraint.

We have taken the welfare function for children, Wy, as Rawl-
sian, but do not make any assumptions on the welfare function
for parents, Wy(-, 6yp). However, this does not formally consider
the case where the welfare criterion for parents is also Rawlsian,
Wo = ming,(vo(6p)). This case is more easily handled by consid-
ering the dual problem of minimizing the net present value of
resources subject to the constraint that the utility vo(6y) of ev-
ery parent be above some bound v,. A very similar analysis then
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shows that Proposition 4 also applies when the welfare criterion
for parents is Rawlsian. The details are contained in the Appendix.

IV.C. Educational Subsidies

In our model, bequests were the only transfer between one
generation and the next. However, in reality, educational invest-
ments are an important form of giving by parents. We now explore
the applicability of our results to these transfers by incorporating
the simplest form of human capital.

Let x denote investment and H(x) denote human capital,
where H is a differentiable, increasing, and concave function with
Inada conditions H’(0) = oo and H'(co) = 0. Each unit of human
capital produces a unit of the consumption good, so that the re-
source constraint becomes

o0 6
/0 <Co (6o) + Cl;O)) dF (6y) < eo + %

+/ (no(Qo) + HxG0) x(90)> dF(6p).
0

R
Preferences are

v (B0) = u(co (60)) — h (%f")

v1 (Bo) = U (c1(6o), H (x (6p))),

>+,3v1 (6o),

where U is differentiable, increasing, and concave in both argu-
ments and satisfies standard Inada conditions. This structure of
preferences preserves the weak separability assumption required
for the Atkinson—Stiglitz benchmark result. The assumption that
H enters the utility function U is a convenient way of ensuring
that parents do not all make the exact same choice for H.° Indeed,
we will assume that H is a normal good, so that richer parents
invest more.

Following the same perturbation arguments as in Section ITI
one finds that the formula for the implicit estate tax is unaffected
and given by

(do) = —RﬁUq(cl(eo), H(60))

9. Similar results would hold if instead H entered the parent’s utility function
directly.
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as long as the optimal allocation features strictly positive con-
sumption.

Turning to the implicit tax on human capital, consider the
following perturbation. Fix some 6. Increase investment x¢ (6y) =
x (0o) + ¢, leave parental consumption unchanged c; (6y) = co, and
set c] (fp) so that utility is unchanged:

U (¢ (60), H (x° (60))) = U (c1(60) , H (x (60))) -

This perturbation leaves utility for both the parent and the child
unchanged, but impacts the resource constraint. This leads to the
following first-order condition:

(17) R = H'(x(0) (1 | Unter6o), H(x(l%)))> |

Ue,(c1(60), H(x(6p)))

This equation equalizes the rate of return on saving, R, to that on
human capital, which features the purely monetary component,
H'(x), as well as a term due to the appreciation for human capital
in utility. Equation (17) is also the first-order condition of

(18) Vi(e)=maxU(cy, Hx)) st. c1—e1+Rx— H(x)<e.
C1,X

The quantity ¢; — H(x) is the financial bequest received by the
child, and x is human capital investment. Equation (17) implies
that it is optimal not to distort the choice between these two forms
of transfer from parent to child. In what follows, we assume that
financial bequest and human capital investment are both normal
goods. That is, the optimal ¢; — e; — H(x) and x in the maximiza-
tion (18) are increasing in e.

We consider an implementation with three separate
nonlinear tax schedules: a nonlinear income tax schedule 77, a
nonlinear estate tax 7'°, and nonlinear human capital tax 7'*. The
parent maximizes

u(co) — h(ng/6p) + BU (c1, H(x))
subject to

co+b+x <eg+ny—TYng) — TODB) — T*(x),
c1 <e1+ Rb+ H(x).

As shown above, the choice between bequests and human
capital should be undistorted. This requires equalizing marginal
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estate and human capital tax rates, which suggests looking for
candidate tax schedules with

c1(0) —ey — H(x(é))) _ (0).

Tx/(x(e)) — Tb/ ( =

The next proposition establishes that this construction indeed
works.10

PRrROPOSITION 5. Assume that financial bequests and human capi-
tal investment are normal goods in (18) and that the optimal
allocation features strictly positive consumption. There exist
three separate nonlinear tax schedules 77, T'?, and T* that
implement the optimal allocation. In addition, 7% and T'* are
decreasing and convex. Moreover, the marginal tax rates on
bequests and human capital investment are equalized.

Many countries have policies toward education and other
forms of human capital acquisition that are broadly consistent
with these prescriptions. Governments help finance human cap-
ital investments. Typically, basic education is provided for free,
whereas higher levels of education and other forms of training
may be only partially subsidized. Furthermore, higher levels of
education have an important opportunity cost component, which
is not typically subsidized. In sum, these policies subsidize hu-
man capital investments, but provide a smaller marginal subsidy
to those making larger investments.

Alternative arguments for subsidizing education have relied
on a “good citizen” externality. As we explained in Section III, our
economy with altruism can be interpreted as an economy with an
externality. However, the “externality” in this case runs through
the average welfare of the second generation, rather than through
civic attitudes. Thus, we emphasize completely distinct issues. In-
terestingly, educational subsidies are often defended by appealing
to “equality of opportunity.” Our model captures a desire for equal-
ity by the central role played by the utilitarian welfare of the next
generation.

The generality of the results in Proposition 5 should not be
overstated. Our simple model relies on strong assumptions. For

10. Ifhuman capital does not enter utility, equation (17) reduces to H'(x(6p)) =
R. Thus, the optimum requires all parents to make the exact same human capital
investment. Such an allocation cannot be implemented with three separate tax
schedules. An implementation that does work in this case is to tax total wealth
jointly, so that the child pays taxes as a function of total wealth Rb + H(x).
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example, it ignores labor supply choices by children, as well as
uncertainty, heterogeneity, and private information with respect
to human capital returns. No doubt, in its current form, Proposi-
tion 5 is unlikely to survive all such extensions. Nevertheless, our
model provides a simple benchmark that delivers sharp results,
illustrating a mechanism that is likely to be at work in richer
environments.!!

IV.D. Estate versus Inheritance Taxes

In this section, we allow fertility differences across house-
holds and show that our results are robust. Moreover, this richer
setup allows interesting comparisons of estate and inheritance
taxes.

Exogenous Fertility Differences. We first assume that fertility
is exogenous. Let m denote the number of children in a household.
with joint distribution for fertility and productivity F(6o, m). We
assume that m is observable.

Preferences are as in Becker and Barro (1988). A parent
with productivity and fertility given by (6y, m) has utility w(cg)—
h(ny/6y) + Z;-”:l Bmulcy, j), where B, is an altruism factor that may
depend on m. Optimal allocations will be symmetric across chil-
dren within a family, so that ¢; ; = ¢; for all ;.

The welfare measures are

VO = / 00(90, m) dﬁ'(@o, m) V1 = / mvl(eo, m) dﬁ'(@o, m),
0 0

With 00(90) = u(Co(Q(), m)) + mﬂmu(cl(Qo, m)) — h(no(eo)/eo) and U1(90,
m) = ul(c1(6p, m)).

We assume child rearing costs of « > 0 per child. The present-
value resource constraint becomes

(19) /(M%m+m0+%m%m»dﬁ%m
0

1 o0 .
5%+Ea+/rmwmmmwmx
0

11. Some recent treatments of optimal taxation in environments with endoge-
nous human capital incorporating some of these features include Kapicka (2006,
2008) and Grochulski and Piskorski (2010). These papers focus on taxation within
a lifetime.
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The incentive-compatibility constraints are

(20) ulco(Bg, m)) + mBpulc1(6y, m)) — h (no(ee(;, m))

no(6), m)

> ulco(y, m)) + mBulc1(6y, m)) — h ( o

) vYm, 6y, 96.
Note that m is on both sides of the inequality, reflecting the fact
that mis observable. The planning problem maximizes V subject
to (19), (20), and V; > V,, for some V.

The same variational argument used before can be applied
conditioning on (6y, m), giving the following expression for the im-
plicit estate tax if the optimal allocation features strictly positive
consumption:

21) (6o, m) = —R%u’(cl(Go, m)).

In this context, it is not possible to implement the optimal
allocation with a nonlinear income tax 7™ and an estate tax
T that is independent of the number of children m. To see this,
suppose parents faced such a system. Parents choose an estate of
total size b and divide it equally among children to provide them
each with consumption ¢; = e; + Rb/m. But then families with
different numbers of children m and the same estate b would face
the same marginal tax rate, contradicting equation (21), which
says that the marginal tax rate should be a function of child con-
sumption c¢1, and, thus, lower (i.e., a greater subsidy) for the larger
family.

It is possible to implement the optimal allocation if the es-
tate tax schedule is allowed to depend on family size m, so that
parents face a tax schedule 7> However, because the implicit
tax in equation (21) depends on 6y and m only through c1(6y, m),
it is possible to do the same with an inheritance tax that is in-
dependent of family size m. In this implementation, a parent
with m children faces the budget constraint co + 37" b; + mu <

eo + no — TY"™(ng). Each ghild is then subject to the budget con-
straintc; ; < e; + Rb; — T'°(Rb;). The proof of the next proposition
is omitted, but proceeds exactly like that of Proposition 3.2

12. We also explored an extension where parents care more about one child
than the other; we omit the details but discuss the main features briefly. In this
model, we assumed parents had two children indexed by j € {L, H} and let the

altruism coefficient for child j be 8/, with ¥ > L. The preference for one child
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PROPOSITION 6. Suppose that the optimal allocation features
strictly positive consumption. Then there exist two separate
nonlinear tax schedules, a income tax 77 that depends on
family size and an inheritance tax 7'® independent of family
size, that implement the optimal allocation. In addition, i
is decreasing and convex.

Endogenous Fertility Choice. Consider now endogenous fer-
tility choice, as in Becker and Barro (1988). Normative models
with endogenous fertility may raise some conceptual problems,
such as taking a stand on the utility of an unborn child. We are
able to sidestep this issue by solving a subproblem over (co(6p),
¢1(60y), no(6y)) for any given m(6y).

Most of the economy’s elements are the same as in the
exogenous fertility case. Utility, social welfare measures, and
the resource constraint are exactly the same, except for tak-
ing into account that the joint distribution over (69, m) has sup-
port on the locus (6, m(6y)). The only difference is that the
incentive-compatibility constraint becomes

(22)  ulco(6p)) + mBo) Bmisyc1(00)) — h (Méﬁo))
no(@é)
0o

> ulco(6y)) + ml0) By ulc1(6y)) — h ( ) Y60, 0y
to reflect the fact that fertility m is chosen, just like consumption
co, c1 and labor n. The planning problem maximizes V, subject
to (20), (22), and V; > V,, for some V ;.

For each 6y, the same perturbation argument over consump-
tion applies, with no change in n(6y) or m(6y). As a result, the
optimal allocation features the same implicit taxes on estates.

The implementation also works just as in the exogenous fertil-
ity case. As long as the optimal allocation features strictly positive
consumption, it can be implemented with an income tax that de-
pends on m and an inheritance tax that is independent on the
number of children m. This might seem surprising given that
inheritance taxes or subsidies are bound to affect the trade-off

over another may reflect the effects of birth order, gender, beauty, or physical
or intellectual resemblance. Our results are easily extended to this model. Once
again, the model favors inheritance taxes over estate taxes because with an estate
tax, the marginal tax on the two children would be equalized, even when their
consumption is not. However, just as in equation (21) marginal tax rates should
depend on the child’s consumption.
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between the quantity and the quality of children. The key insight
is that the impact of progressive inheritance taxes on fertility
choice can be undone by the income tax 7", which depends on
both income ny and the number of children m.13

V. IMPOSING POSITIVE MARGINAL ESTATE TAXES

Our model delivers two prescriptions: marginal taxes should
be progressive and negative. To study the role of the former with-
out the latter, we now impose an ad hoc restriction that rules out
negative marginal tax rates. This requires adding the inequality
constraints

(23) u'(co(6p)) < BRu'(c1(69)) V6o

to the planning problem. Although the constraint set is no longer
convex, the first-order conditions are still necessary for optimality
and can be used to obtain formulas for the optimal implicit tax on
estates.

As long as the optimal allocation features strictly positive
consumption, equation (11) for the implicit marginal estate tax
becomes

7(6) 1v ,

1760 max {0, 5 ’uu (00(90))} .
Of course, this implies that t(6y) =0 for all 6y. Thus, when
marginal tax rates are restricted to be nonnegative, the constraint
binds and they are optimally set to zero. This illustrates a con-
nection between our two results, the progressivity and negativ-
ity of marginal tax rates. The former is not optimal without the
latter. However, we now show that such a tight connection de-
pends crucially on the simplifying assumption of a linear savings
technology.

Suppose instead that if K3 goods are invested at ¢ = 0 then
G(K7) goods are available at ¢t = 1, with G weakly concave and

13. The argument runs as follows. Think of the parent’s problem in two stages.
In the second stage, given a choice for (m, n), the parent maximizes over bequests
bj = b. In the first stage, the parent chooses over (m, n). Now, the results from
the preceding section apply directly to the second stage. In particular, the opti-
mal choice of bequests will be independent of §y and depend only on (m, n). Now,
as for the first stage, the income tax schedule 7'%""(n) can tax prohibitively any
combination of (m, n) that is not prescribed by the optimal allocation. Combining
both observations, the parent faces a problem in the first stage that is essentially
equivalent to the incentive constraints.
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twice differentiable. Constraint (3) must be replaced by

f c1(60) dF (6)
0

o0

< +G (eo + [ matow arien - | c0<eo)dF<eo)) ,
0 0

where Ki = eq + [ no(6)dF(6o) — [, co(6o) dF(6p) > 0. Addition-
ally, instead of taking R as a parameter in the nonnegativity con-
straint (23), we must impose R = G'(Kj).

Letting ¢(69)dF(6y) denote the multiplier on inequality (23),
and assuming that the optimal allocation features strictly positive
consumption, the first-order conditions now imply

7(6o)

24) 1+ t(8y)

= max {0» —lzu’(co(é’o)) -B SN / 9(6)
B A

dF 6y} .
u/(co(6p)) (0)}

The new term in condition (24) reflects the fact that an increase in
7(0y), which discourages bequests for a parent with productivity
09, now has a spillover effect on all parents. When one parent
lowers bequests, this contributes to lowering aggregate capital
K7, which in turn raises the pretax return R = G'(K;) and relaxes
the new constraints (23) for all 6y. This effect is present only if
G'(Ky) < 0.

The new term is positive and independent of 6. The next
proposition follows immediately from these observations.

PRrROPOSITION 7. Consider the planning problem with the addi-
tional constraint that 7(6y) > 0 for all 6y and the more gen-
eral savings technology G(K;) and suppose that the optimal
allocation features strictly positive consumption. Then there
exists a threshold 6; such that for 7(6y) = 0 for all 6 < 6, and
(6p) is strictly positive, increasing in 6, for all 6, > 6;.1*

To gain some intuition for this result it is useful to discuss
briefly the extreme case of an economy with no savings technology.
This corresponds to the limit where G(K) is infinitely concave. In
an economy with no savings technology, we can still consider a

14. In general, aslong as G” < 0, a nontrivial threshold, F(6;) < 1,is possible.

Indeed, no matter how close to zero G” is, if the optimal allocation has c¢1(6y) — oo
as 6y — oo and if /(¢) — 0 when ¢ — oo, then we necessarily have F@5) < 1.
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market where parents can borrow and save with pretax return
R. Given taxes, market clearing determines a pretax return R.
Parents care only about the after-tax return R(1 — z(6p)). Thus,
the overall level of marginal taxes is irrelevant in the following
sense. If we change (1 — t(6y)) proportionally across 6y, then the
new equilibrium pretax level of R changes by the inverse of this
proportion, so that the after-tax return is unchanged; thus, the
allocation is completely unaffected. By this logic, only the differ-
ence in marginal taxes across agents affects the allocation. As a
result, progressive taxation is still optimal, but the level of taxa-
tion is not pinned down.!® In particular, imposing 7(6y) > 0 is not
constraining: an equilibrium with high R achieves the same after
tax returns R(1 — t(6y)) with positive marginal tax rates.

When the savings technology is concave, the situation is inter-
mediate between the linear technology case and the case without
a savings technology. Now, imposing t(6y) > 0 is constraining, but
this constraint is not binding for all 8,. As explained above, a
positive marginal tax on a subset of high-6; parents increases the
return R. This then raises the after-tax return on bequests for low
0o parents, even without subsidies.

The implementation is the same as before, so we omit the
details. A tax system with a nonlinear income tax and an estate
tax (or an inheritance tax) works. The estate (or inheritance) tax
schedule remains convex but is now weakly increasing due to the
new constraint on nonnegative marginal taxes. The schedule is
flat below some bequest level, associated with the threshold 6*,
but strictly increasing and strictly convex above that level.

In the basic model of Section II, assuming a linear savings
technology had no effect on any of our results. This is consis-
tent with the often made observation that only first derivatives of
technology appear in optimal tax formulae. Because of this, a lin-
ear technology is commonly adopted as a simplifying assumption
in public finance.!® It is therefore noteworthy, that, in the present
context, with the nonnegativity constraint (23), the second deriva-
tive of technology G”(K;) does appear in the tax formula (24). Of

15. In an earlier version of this paper, the model had no savings technology
throughout. Thus, the only result we reported was progressivity of estate taxation,
not the sign of marginal estate taxes.

16. For example, Mirrlees (1976, pp. 329-330) adopts a linear technology and
defends this assumption: “This is not a serious restriction. The linear constraint
can be thought of as a linear approximation to production possibilities in the
neighborhood of the optimum ... So long as first-order necessary conditions are at
issue, it does not matter ...”.
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course, this nonstandard result is driven by the nonstandard con-
straint (23), which features the first derivative R = G'(Ky).

VI. A MIRRLEESIAN EcoNoMY WITH INFINITE HORIZON

In this section we extend the model to an infinite horizon.
We state the results and sketch the proofs. A detailed analysis is
available in an Online Appendix.

VI.A. An Infinite-Horizon Planning Problem

An individual born into generation ¢ has ex ante welfare v;
with

(25) v = By qluley) — h(ng /6;) + Bogi1]
=Y B Era[ulcrys) — Plngys /6,15,
s=0

where 6; indexes the agent’s productivity type and g <1 is
the coefficient of altruism.!” We assume that types 6; are in-
dependently and identically distributed across dynasties and
generations £ = 0, 1, .... With innate talents assumed noninher-
itable, intergenerational transmission of welfare is not mechan-
ically linked through the environment but may arise to provide
incentives for altruistic parents. Productivity shocks are assumed
to be privately observed by individuals and their descendants.

We identify dynasties by their initial utility entitlement v
with distribution v in the population. An allocation is a sequence
of capital stocks {K;} and a sequence of functions {c;, n}} for each
v that represent consumption and effective units of labor as a
function of a history of reports 8! = (0, 61, ..., ;). For any given
initial distribution of entitlements ¥, we say that an allocation
ey, n}}, {K:)) is feasible if (i) {c}, n}} is incentive compatible—that
is, if truth telling is optimal—and delivers expected utility v and
(i1) it satisfies the resource constraints

(26) Ci+ K1 =F(K, N) ¢=0,1,...,

17. We assume that the utility function satisfies the Inada conditions #/(0) =
00, u/(00) =0, K (0) =0, and A'(77) = co, where 7 is the (possibly infinite) upper
bound on work effort.
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where C; = [ Y, ¢/ (0) Pr(6") dy(v) and N; = [ Y, ni(6") Pr(6")
dy(v) are aggregate consumption and labor, respectively.!®

Given ¢ and V, efficient allocations minimize the required
initial capital stock K, over feasible allocations ({c},n}};{K:})
that verify a sequence of admissibility constraints requiring that
average continuation utility across the population for every future
generation be higher than V. This is a Pareto problem between
current and future generations. Let V* = (w(0) — E[A(72/6)])/
(1 — B) be the welfare associated with misery.

When V = V* the admissibility constraints are slack and
future generations are taken into account only through the altru-
ism of the first generation. This is the case studied by Atkeson
and Lucas (1995) and Kocherlakota (2005). When V > V*, the
admissibility constraints are binding at times.

Let 8‘1; and B'v; denote the multipliers on the resource con-
straint and the admissibility constraint at date ¢. At an interior
solution, the first-order necessary conditions for consumption and
capital can be rearranged to give

1 1 1 Vit1
27 = E - — .
@D L@ T BF K. N f[uwcv(em))] p

When v;1; = 0, this optimality condition is known as the Inverse
Euler equation.'® Consequently, we refer to equation (27) as the
Modified Inverse Euler equation. It generalizes equation (8) to
incorporate uncertainty regarding the descendants’ consumption.

VI.B. Linear Inheritance Taxes

A simple implementation proceeds along the lines of Kocher-
lakota (2005) and features linear taxes on inherited wealth.
Consider an efficient interior allocation {c}(6?), n/(6")}. The tax im-
plementation works as follows. In each period, conditional on the
history of their dynasty’s reports #~! and any inherited wealth,
individuals report their current shock 6;, produce, consume, pay

18. We assume that the production function F(K, N) is strictly increasing and
continuously differentiable in both of its arguments, exhibits constant returns to
scale, and satisfies the usual Inada conditions.

19. This condition is familiar in dynamic Mirrleesian models (Diamond and
Mirrlees 1978; Rogerson 1985; Golosov, Kocherlakota, and Tsyvinski 2003; Al-
banesi and Sleet 2006).
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taxes, and bequeath wealth subject to the budget constraints

(28)

c:(0") 4+ b:(0") < Wyn? (@) — T (9") + (1- ft”(ét))Rt,l,tbt,l(Gt_l),
where W; = Fy(K;, N;) is the wage, R;_1; = Fg(K;, N;) is the in-
terest rate, and initially b_; = Kj. Individuals are subject to two
forms of taxation: a labor income tax T,'(4*) and a proportional
tax on inherited wealth R, ; ;b, 1 at rate £/(6%).2°

The idea is to devise a tax policy that induces all agents to be
truthful and to bequeath b; = K;. Following Kocherlakota (2005),
set the linear tax on inherited wealth to

1 (e 40")
BR:1: w(ci(6Y)
Choose the labor income tax so that the budget constraint holds
with equality,

T (0") = Wnd(0") + (1 — 12 (0)) R_1,K, — cl(6") — Ky1.

20 =1-

These choices work because for any reporting strategy, the agent’s
consumption Euler equation holds. Because the budget con-
straints hold with equality, this bequest choice is optimal re-
gardless of the reporting strategy. The allocation is incentive
compatible by hypothesis, so it follows that truth telling is op-
timal. Resource feasibility ensures that the markets clear.

The assignment of consumption and labor at in any period de-
pends on the history of reports in a way that can be summarized
by the continuation utility v,(6?~!). Therefore, the inheritance tax
(071, 0,) can be expressed as a function of v,(#*~!) and 6,; abus-
ing notation, we denote this by %;(v;, 6;). Similarly write ¢; 1(v;)
for c;’_l(Gt‘l). The average inheritance tax rate 7;(v;) is then de-
fined by 7:(v;) = ), ©(vs, 0) Pr(8). Using the modified inverse Euler
equation (27), we obtain

Vt

(29) T (V) = — w(ci—1(vy)).

Me-1

20. In this formulation, taxes are a function of the entire history of reports,
and labor income n; is mandated given this history. However, if the labor income
histories n’ : ® — R’ being implemented are invertible, then by the taxation prin-
ciple, we can rewrite T' and 7 as functions of this history of labor income and avoid
having to mandate labor income. Under this arrangement, individuals do not make
reports on their shocks, but instead simply choose a budget-feasible allocation of
consumption and labor income, taking prices and the tax system as given. See
Kocherlakota (2005).
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Formula (29) is the exact analog of equation (11). Note that
in the Atkeson—-Lucas benchmark where the welfare of future
generations is taken into account only through the altruism of
the first generation, the average inheritance tax is equal to zero,
exactly as in Kocherlakota (2005). Both the negative sign and the
progressivity of average inheritance taxes derive directly from the
desire to insure future generations against the risk of being born
to a poor family.

VI.C. Discussion: Long-Run Inequality and Estate Taxation

We now turn to the implications of our results for the dy-
namics of inequality. For this purpose, it is useful to organize the
discussion around the concept of steady states. We specialize to
the logarithmic utility case, u(c) = log(c). This simplifies things
because 1/u/(c) = ¢, which is the expression that appears in the
first-order optimality condition (27).

A steady state consists of a distribution of utility entitlements
y¥* and a welfare level V* such that the solution to the planning
problem features, in each period, a cross-sectional distribution of
continuation utilities v; that is also distributed according to y*. We
also require the cross-sectional distribution of consumption and
work effort and consumption to replicate itself over time. As a
result, all aggregates are constant in a steady state. In particular,
K; = K*, N; = N*, R, = R*, etc.

Consider first the case where V = —oco. Suppose that there
exists an invariant distribution ¢, and let R be the associated
interest rate. The admissibility constraints are slack and v; =0,
giving the standard Inverse Euler equation,

1
(30) HCRES WIE:t[(:;;l(efH)].

Integrating over v and 6/, it follows that C;.; = BR*C;, which is
consistent with a steady state only if SR* = 1. However, equa-
tion (30) then implies that consumption is a positive martingale.
By the Martingale Convergence Theorem, consumption must con-
verge almost surely to a finite constant. Indeed, one can argue that
¢; — 0 and v; - —00.2!1 We conclude that no steady state exists in

21. This follows because consumption ¢; is a monotonic function of v;; ;. How-
ever, if v, 1 converges to a finite value, then the incentive constraints must be slack.
This can be shown to contradict optimality when A'(0) = 0 as we have assumed
here.
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this case, which echoes the immiseration result in Atkeson and
Lucas (1992).

Now suppose that V > —oo. In a steady state, the admissibil-
ity constraints are binding and u;/v; is equal to a strictly positive
constant. To be compatible with some constant average consump-
tion ¢, equation (27) requires R* < 1/ and can be rewritten as

Eifetii] = BR* e} + (1 — BRY)E.

Consumption is an autoregressive process, mean reverting to-
wards average consumption ¢ at rate BR* < 1. Just as in the two
period case, the intergenerational transmission of welfare is im-
perfect. Indeed, the impact of the initial entitlement of dynasties
dies out over generations and lim;_, o, E;c; j; — ¢. Indeed, one can
show that a steady state may exist with bounded inequality. More-
over, at the steady state there is a strong form of social mobility in
that, regardless of their ancestor’s welfare position v;, the proba-
bilistic conditional distribution at ¢ for v, ; of distant descendants
converges to ¥ * as j — oo.

VII. CONCLUDING REMARKS

Our analysis delivers sharp results for the optimal estate tax.
We explored a number of extensions. We conjecture that the mech-
anism we isolate here will remain important in other settings.

We close by briefly mentioning two important issues omitted
in the present paper. First, in our model, the lifetimes of par-
ents and children do not overlap. If this simplifying assumption is
dropped, inter vivo transfers would have to be considered along-
side bequests. Second, the focus in this paper was entirely nor-
mative. However, in an intergenerational context, questions of
political economy and lack of commitment arise naturally. Farhi
and Werning (2008) explore such a model and find that taxation
remains progressive but that the marginal tax may be positive.

APPENDIX

A. Proof of Proposition 3

Equation (13) implies that T'° is decreasing and convex and
that

(31) TY (R Y(c1(6p) — e1)) = t(6o).
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Furthermore, because cy(6y) and c¢1(6y) are nondecreasing in 6, it
follows from incentive compatibility that there are functions éy(n)
and é1(n) such that éy(n¢(6p)) = co(9y) and é1(ry(6p)) = c1(6p).

Let N = {n: 36, s.t. n = ny(6y)} be the equilibrium set of labor
choices, in efficiency units. Next, define the income tax function
as

TY(n) = n+ ey — é(n) + R ey — é1(n) — TR (é1(n) —e1)),
ifne Nand T?(n) = o ifn ¢ N.
We now show that the constructed tax functions, 77(n) and
T®(b), implement the optimal allocation. Clearly, parents cannot

choose n ¢ N. For any given n € N, the parent’s subproblem over
consumption choices is

Vin) = IEI%X{M(CO) + Bulc1)},

subject to co + R 1(c1 —e1) + T®(R ey —e1)) < n— T¥(n). Using
the fact that T'? is convex, it follows that the constraint set is
convex. The objective function is concave. Thus, the first-order
condition

(1+ TR ey —e))u(co) = BRu/(c1)

is sufficient for an interior optimum. Combining equations (6)
and (31), it follows that éy(n), é1(n) are optimal. Hence V(n) =
u(éo(n) + pu(é1(n)).

Next, consider the parent’s maximization over n given by

m%vx{V(n) — h(n/6y)}.

We need to show that ng(6y) solves this problem, which implies
that the allocation is implemented, because consumption would
be given by é(no(6g)) = co(6p) and é1(ng(6y)) = c1(6p). Now, from the
preceding paragraph and our definitions it follows that

no(fo) € arg rrrlle%c{V(n) — h(n/6o)}
& no(by) € arg I’ILIEBZ.\?({U(C‘AO(H)) + Bu(é1(n)) — h(n/6y)}
N argmglx{u(co(é)) + Bulc1(0)) — h(ng(0)/60)}.

Thus, the first line follows from the last, which is guaranteed
by the assumed incentive compatibility of the allocation, condi-
tions (4). Hence, ny(6y) is optimal and it follows that (co(6y), c1(6p),
no(6y)) is implemented by the constructed tax functions.
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B. Proof of Proposition 4

We can implement this allocation with an income tax 7% (n),
an income tax T, =e; —¢;, and a no-debt constraint mandating
that b > 0.

Exactly as in the proof of Proposition 3, we can define the func-
tions ép(n) and é1(n) such that éo(ng(8y)) = co(6p) and é1(np(6p)) =
c1(0p). Let N = {n:36y s.t. n = ny(6y)} be the equilibrium set of
labor choices, in efficiency units. Next, define the income tax
function as

TY(n) =n+ey — éo(n) + R e, —c1(n),

ifne Nand T?(n) = o ifn ¢ N.
Clearly, parents cannot choose n ¢ N. For any given n € N,
the parent’s subproblem over consumption choices is

Vin) = rclgag({u(CO) + Bulc1)}

subject to
co+(1—¢c))/R<n—-T%n)

c1 > C1.

This is a concave problem with solution (éy(n), é1(n)), so that
V(n) = u(éo(n)) + Buléi(n)).
The parent’s maximization problem over n is

W(6o) = rlef}f{v(n) — h(n/6)}.

We need to prove that ng(6y) solves this problem, that is, that
no(6p) € argm:}l@({V(n) — h(n/6y)}
ne
& ny(6y) € arg mazl\;({u(éo(n)) + Bu(é1(n)) — h(n/6y)}
ne
& 6y € arg meax{u(co(e)) + Bu(c1(0)) — h(np(0)/6p)}.
Thus, the first line follows from the last, which is guaranteed
by the assumed incentive compatibility of the allocation, condi-
tions (4). Hence, ny(6y) is optimal and it follows that (co(6y), ¢1(6p),

nyp(6p)) is implemented by the constructed tax functions and the
no-debt constraint.
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C. Proof of Proposition 5

We can separate the planning problem into two steps: first,
solve the optimal allocation in terms of the reduced allocation
{co(6), e(6p), no(By)}; second, solve c1(6y) and x(6y) using the pro-
gram (18). The reduced allocation {cy(6y), e(6y), no(6y)} is the solu-
tion of the planning program

max / [u(co(60)) — R(no(60)/60) + BVi(e(89))] dF (o)
0

subject to the resource constraint

o0 8 oo
/ [Co (6o) + e(RO)] dF (6o) < eo +/ no(60)dF(6p),
0 0
the incentive compatibility constraints
6
u(co(60) + BVi(e(6)) — b (M)

o
no(6;)
o

> ulco(6y)) + BVile(0y) — h ( ) V6. 65

and the promise-keeping constraint
/ Vie(0) dF (@) = V.
0

This problem is the exact analog of our original planning problem
with ¢1 (0g) replaced by e (6y) and child utility u(c1 (6p)) replaced
by V1 (e (6p)). Therefore we know that cq (6y) and e (6y) are increas-
ing in 6. We also know that c¢1(6y) —e1 — H(x(6p)) and x (6y) are
increasing in 6.

We use the generalized inverse of x(6), namely x l(x)=
inf{0y, x(6y) < x}, to define

T¥(x) = t((x)"1(x))

and set any value T*(x*) for the intercept at some x* > 0.
We use the generalized inverse of (c; —e; — H(x))(6), namely
(c1 —e1 — H(x))"1(2) = inf{6y, (c1 — e1 — H(x))(6p) < 2}, to define

TY(b) = t((c; — e; — H(x)) " (Rb))

and set any value 7'°(0) for the intercept at b = 0.
Note that by the monotonicity of 7(6), x(6), and (c; —e; —
H(x))(®), the functions T'%, and T'* are convex.
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Recall that cy(6y), ¢1(6p), x(6p), and n(fy) are increasing func-
tions of 6y. Moreover, these functions are constant on the same
intervals, if such an interval exists. As a result, exactly as in
the proof of Proposition 3, we can define the functions éy(n),
¢1(n) and £(n) such that é,(ny(6p)) = co(fo), ¢1(no(6p)) = c1(6p) and
£(no((6p)) = x(8p). Let N = {n:36y s.t. n = ny(6y)} be the equilib-
rium set of labor choices, in efficiency units. Next, define the in-
come tax function as

TY(n) = n+ ey — &(n) — éo(n) + R ey + H&(n)) — c1(n))
—T%(é1(n) — ey — H&(n)))/R) — T*(z(n)),

ifne Nand T?Y(n) = o ifn ¢ N.

We now show that the constructed tax functions implement
the allocation. Clearly, parents cannot choose n ¢ N. For any given
n € N, the parent’s subproblem over consumption choices is

V(n) = max{u(cy) + BU (c1, H (x))}

subject to co+ R 1(c; —ey — H(x)) +x + T%(c; — Hx))/R)+ T*
(x) < n—TY(n). This problem is convex, the objective is concave,
and the constraint set is convex, because T'° and T'* are convex.
It follows that the first-order conditions

B BR U, (c1, H (x))
1+ TYc1—er—Hx)  wlco)
1— B Ug(c1, H (x))

14+ T (x) w(co)

1

are sufficient for an interior optimum. It follows from the con-
struction of the tax functions 7'® and T'* that these conditions
for optimality are satisfied by éo(n), é1(n), £(n). Hence V(n) =
u(Co(n)) + pU (E1(n), H(x(n))).

Next, consider the parent’s maximization over n given by

max{V(n) — h(n/6y)}.
We need to show that ny(6y) solves this problem, that is, that
no(6p) € argmgvx{V(n) — h(n/6y)}
& np(by) € arg mgvx{u(éo(n) + BU(é1(n), H(&(n))) — h(n/6p)}
N = argmeax{u(co(e)) + BU(c1(6), H(x(0y))) — h(no(6)/600)}.
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Thus, the first line follows from the last, which is guaranteed
by the assumed incentive compatibility of the allocation. Hence,
no(6y) is optimal and so it follows that the optimal allocation
(co(B0), c1(6p), no(6y), x(6p)) is implemented by the constructed tax
functions.

D. Proof of Result with Rawlsian Welfare Function for Parents

The corresponding planning problem is to maximize miny,
(vo(6p)) subject to the resource constraint (3), the Rawlsian con-
straint for children (15), and the incentive-compatibility con-
straints (4). The problem is that there is no representation
of the objective function Wy = ming,(vo(6y)) of the form Wy =
f0°° Wo(vo(60), 0) dF(6). This difficulty is easily overcome by not-
ing that the planning problem is concave. There is a one-to-one
correspondence between the solutions of this problem and those
of the dual problem of minimizing

o0 1 o0
/ col60) dF(00) + / c1(60) dF(60)
0 0

subject to the Rawlsian constraint for parents
(32) vo(Bo) > v, for all 6y,

the Rawlsian constraint for children (15), and the incentive-
compatibility constraints (4). The dual problem is more tractable
because the objective function is differentiable. Exactly as above,
it can be shown that there exists 6, > 0 such that equation (15) is
binding for all 6y < 6,,. Then for all 6y > ), the implicit estate tax
is zero. When 6y < 0,), the implicit estate tax is given by (16). The
rest of the analysis follows. The dual problem also allows us to
tackle the case where v, = u;, which would lead to a welfare func-
tion that is Rawlsian both across and within generations. There
again, Proposition 4 applies.

E. Proof of Equation (24)

Let ¢(00)dF(6y) denote the multiplier on inequality (23). The
first-order conditions can then be rearranged to obtain the implicit
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marginal estate tax rate:

‘C(@o) _ 1v ,
m = —E;u (co(60))
n #(0o) BRe" (ulco(00))) + B~ e (ule1(6p)))

A c'(uco(6p)))
/! K
- @ / Be'(wlco(00))d(60) AF (6,

where the function c(u) is the inverse of the utility function
u(c), implying that ¢’(u) > 0 and ¢”’(v) > 0, R = G'(K7) and K; =
eg + fooo no(eo)dF(Q()) — fooo Co(@o)dF(@o). Together with ‘L’(Qo) > 0,
¢(0g) > 0 and the complementary slackness condition v(6y)t(6y) =
0, this implies the formula in the text.

HARVARD UNIVERSITY AND TOULOUSE SCHOOL OF ECONOMICS
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