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Abstract 

This paper re-examines the theory of optimal commodity taxation in the presence 
of a linear income tax, under wage uncertainty. There are two categories of goods: 
the consumption levels in one group are committed to before the resolution of 
uncertainty and those of the other after. The paper (i) characterizes the structure of 
the optimal commodity taxes in view of the insurance they provide against random 
wage movements, (ii) proves that optimal taxation requires a mix of differential 
commodity taxes and a uniform lump-sum tax, and (iii) demonstrates that the 
post-uncertainty goods should face a positive tax rate which is higher than the tax 
rate on the pre-committed goods. 
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I .  Introduct ion  

This  p a p e r  r e - e x a m i n e s  the  t h e o r y  of  op t ima l  c o m m o d i t y  t axa t ion  in the  
p r e s e n c e  of  a l inea r  i n c o m e  tax,  when  the  r e tu rns  to l a b o r  a re  unce r t a in .  In 
the  p rocess ,  it r ed i scovers  a m a j o r  ro le  for  c o m m o d i t y  taxes  as i n s t rumen t s  
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for optimal tax po l i cy -  a role that has seriously been challenged in the 
li terature (Atkinson and Stiglitz, 1976; Atkinson, 1977; Deaton,  1979; 
Deaton  and Stern, 1986). The paper also sheds light on a controversial 
public policy debate,  and puts forth a new argument in support of 
subsidizing housing. This is most interesting in the light of all the literature 
criticizing the implicit housing subsidies embedded in the US and UK tax 
systems. (For  a survey of this literature, see Rosen, 1985). 

The literature on optimal taxation has for the most part ignored the 
question of uncertainty. Given the large body of that literature, it is rather 
surprising to find so few papers dealing with this question. 1 Moreover,  with 
one exception, none of these papers is concerned with the problem of 
optimal commodity taxation. The exception is Hamilton (1987) who shows, 
in a two-period model with wage uncertainty, that interest income taxation 
may enhance welfare by encouraging investment in human capital 
formation. 2 Our paper is another attempt to narrow this gap. 

Eaton and Rosen's (1980a) pioneering work serves as the starting point of 
our  study. It examines the structure of an optimal linear income tax in a 
community of identical consumers when there is uncertainty regarding the 
wage. In this setting, in the absence of uncertainty, the only tax instrument 
that would be utilized is the lump-sum element of the linear income tax. In 
the presence of uncertainty, on the other  hand, a wage tax is also used as it 
reduces the riskiness of wage income. The wage tax thus works as an 
insurance mechanism ensuring a lesser tax payment in the event of a lower 
income. 

As in Eaton and Rosen (1980a), we consider an economy consisting of 
identical consumers where the returns to labor are uncertain. We depart 
from Eaton and Rosen's framework, however, in two important ways. First, 
we consider a broader  set of tax instruments. Rather  than restricting the tax 
instruments to a linear income tax, we allow the government to also levy 
differential commodity taxes. Our setting includes the linear income tax as a 
special case which is obtained by taxing all commodities at a uniform rate. It 
therefore  allows us to directly address the celebrated claim that, under 
certain restrictions on preferences, a linear income tax is a sufficient tool for 

1 These are: Eaton and Rosen (1980a,b,c), Varian (1980), Diamond et al. (1980), Persson 
(1983), Hamilton (1987), Koskela (1987), Richter (1987), Mazur (1989), Mirrlees (1990), 
Kaplow (1991) and Lundholm (1992). Stiglitz (1975), while not explicitly discussing optimal 
taxation, can also be given an interpretation along the lines of Eaton and Rosen (1980a). 

2 Varian (1980) also comes close. His is, in essence, a two-good model with exogenous labor 
supply and stochastic income where consumers are identical. He addresses the question of 
optimal taxation that arises because of the stochastic nature of income. However,  the only tax 
instrument that he allows, in addition to a uniform lump-sum tax, is a tax on one good (second 
period consumption) only. 
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optimal taxation. The original claim is due to Atkinson and Stiglitz (1976). 
It has been generalized by Atkinson (1977), Deaton (1979) and Deaton and 
Stern (1986). 

The second crucial difference between our framework and that of Eaton 
and Rosen lies in our recognition that consumption may take place before as 
well as after the resolution of uncertainty. Eaton and Rosen (1980a), and 
Mirrlees (1990), allow consumption to take place only after the resolution of 
uncertainty. 3 This is rather curious in the light of Mirrlees' own justification 
of the uncertainty framework. He writes "People  deciding what labour to 
supply are uncertain what labour income their efforts will produce,  par- 
ticularly when the results are delayed, as with training and career choices" 
(p. 34, emphasis added).  Surely, a delay must also mean some early 
consumption. Our model,  like Eaton and Rosen's, is a single-period model. 
We thus short-circuit the timing problem by distinguishing among the 
commodit ies on the basis of commitment: The consumption levels of one 
category must be committed to before the resolution of the uncertainty and 
the other  consumption levels after. 

This particular way of looking at the problem distinguishes amongst 
commodities on the basis of the timing of consumption and not on the basis 
of their physical characteristics. However,  in many instances the two 
characteristics are closely linked. Durable goods in general, and housing in 
particular, are consumed for many periods subsequent to their purchase. 
One often buys a house prior  to the realization of an uncertain future 
income through a mortgage. This is also true of automobiles. In a world of 
uncertainty,  given the rather high transaction costs involved in the resale of 
these goods, one may consider them as goods where consumption levels are 
commit ted to before the resolution of uncertainty. 

Within this framework,  we first characterize the structure of optimal 
commodity taxes on both categories of goods. We prove that optimal 
taxation requires a mix of differential commodity taxes and a uniform 
lump-sum tax. Intuitively, this result is due to the insurance that taxation of 
post-uncertainty (but not pre-committed) goods provides. As in Eaton and 
Rosen (1980a), the need for insurance implies that taxation is welfare 
enhancing. At the same time, commitment implies that one does not need 
insurance for all goods, as pre-committed goods require no insurance. 
Consequently,  differential commodity taxes become useful in that they allow 
an individual to insure himself differently for different goods. The result is 
quite robust; it does not go away by imposing restrictions on preferences as 

3 Varian (1980), Diamond et al. (1980) and Hamilton (1987), on the other hand, have 
explicit two-period models in which first-period consumption takes place before, and the 
second-period consumption after, the resolution of uncertainty. 
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long as consumers are risk averse. Commitment in the presence of uncer- 
tainty thus reclaims the lost role of commodity taxes as instruments of 
optimal tax policy. 4 

We also prove that goods whose consumption levels are committed to 
after the resolution of the uncertainty (goods with the insurance property), 
should face a positive tax rate which is higher than the tax rate on goods in 
the other category. This result underscores the role that differential 
commodity taxation plays as a source of insurance. In the absence of 
insurance markets, a risk averse person concerned about the possibility of 
becoming 'poor' tends to 'under-consume' the goods to which he has to 
commit to, and to 'over-consume' the post-uncertainty goods (all relative to 
a situation where full insurance is available). A policy of taxing post- 
uncertainty goods induces the individual to consume less of these and more 
of the pre-committed goods (which everybody consumes equally). This has 
the effect of providing an individual with some measure of insurance as it 
reduces the gap between total after-tax expenditures in cases of bad and 
good states of the world. It also allows the individual to achieve this 
reduction by changing his consumption of different goods differently. 5 

2. The economy 

The economy consists of a large number of identical individuals. Each 
person, when deciding on the allocation of his time between labor and 
leisure, faces uncertainty about the returns to his labor. The uncertain wage, 
w, is continuously distributed over some interval. The goods the person 
purchases and consumes fall into two categories: (i) goods with levels of 
consumption which must be committed to, along with labor supply, prior to 
the resolution of the uncertainty (purchases of housing and other consumer 
durables) and (ii) goods with levels of consumption which become known 
after the resolution of uncertainty (purchases of non-housing and other 
non-durable goods). There are rn goods in the first category and n goods in 
the second, with m and n/> 1. The vector of goods in category (i) is denoted 
by y -= (Yl, Y2 . . . .  , Ym) and in category (ii) by x ~ -  ( x 1 ,  x 2 . . . . .  Xn). Labor 
supply is denoted by L and the time endowment is normalized to one. 

4 Of  course,  differential commodi ty  taxation may be useful even without commitment .  
However ,  as shown by Atkinson and Stiglitz (1976), Atkinson (1977), Dea ton  (1979) and 
Dea ton  and Stern (1986), this form of taxation may be unnecessary with certain restrictions on 
preferences.  

5 This  is, in spirt, similar to Richter 's  (1987) a rgument  for rate differentiation in inheritance 
taxation.  He  argues that progression should be higher the larger the non-expected componen t  
of  one ' s  income (the higher the insurance motive). 
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2.1.  T h e  ind iv idua l  

Assume preferences are separable in _x, y_ and L, and are represented by 

U = u(x) + ~b(y) + q~(1 - L ) ,  (1) 

where U is twice continuously differentiable, (strictly) increasing in x and y 
and (strictly) decreasing in L. Moreover, to ensure risk aversion, assume 
that u is strictly concave. Denote the non-wage income by G, the price of x k 
by Pk and the price of Yi by q i .  6 The individual's budget constraint, which 
must hold for every w, is given by 

pkXk(w)  + ~ qiYi = w L  + G . (2) 
k - I  i - I  

The individual's decision problem may be decomposed into two parts: He 
chooses L and y in the first stage and x in the second stage. Of course, in 
the first stage, the individual will take into account his (optimal) second 
stage decisions regarding x. 

Formally, the individual's optimization problem can be stated as follows. 
In the second stage, after the resolution of the uncertainty, the individual 
has 

I = - w L  + G -  ~ qiYi (3) 
i=1 

to spend on XkS. He solves a standard consumer problem under certainty 
and chooses x to maximize u(x_) subject to having an income equal to I. This 
optimization problem yields the demand functions 

x k = 2k(p_, I ) , k  = 1 , 2  . . . . .  n ,  (4) 

where P_==-(P~,P2 . . . . .  Pn) .  Substituting from (4) into u(x) gives the 
indirect utility function corresponding to u: 

v = v(p_, I )  =- u( i1(p_,  I ) ,  22(p_, I ) , . . .  , 2,(p_, 1 ) ) .  (5) 

Note that 2kS and v are the standard (ordinary) demand and indirect 
utility functions possessing all the traditional properties. Specifically, we 
have 

0v 
- c~ , ( 6 a )  

Ol 

do 
Op k Ct2k, k = 1, 2, . . . , n , (6b) 

U n l e s s  o t h e r w i s e  s t a t e d ,  k a l w a y s  r u n s  f r o m  1 to  n a n d  i f r o m  1 to  m .  
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where  a deno tes  the marginal  utility o f  income.  
In  the first stage,  w and thus I, are r a n d o m  variables. We denote  the 

probabi l i ty  distr ibution funct ion of  w by F(w) and use E for  the expecta t ion 
opera to r .  The  p rob lem of  the individual is to choose  y and L to maximize 

V =  E[v(12, I )]  + ~b(y_) + ~o(1 - L ) ,  (7) 

with I defined by (3). Assuming  an interior solution,  the first-order 
condi t ions  are 

OV 
OL = E ( a w )  - q~'(1 - L )  : 0 ,  (8a) 

0y, = - q ~ E ( a )  + 0y, 0 ,  i =  1 ,2  . . . . .  m .  (8b) 

Eqs.  ( 8a ) - (8b )  along with Eq.  (3) de te rmine  the supply of  L and the 
d e m a n d  for  yis as funct ions o f  q, 12 and G: L =L( f f ,12 ,  G)  and Y i =  
Yi(q ,  E, G) .  (O f  course,  the funct ional  forms for  L and Yi also depend  on 
the probabi l i ty  distr ibution of  w). Next ,  substituting for  L and yi s in (3) 
yields I = I (w,  q, 12, G) ,  which is then substi tuted in (4) to give the d e m a n d  
funct ions  for  XkS: X~ = Xk(W, q, t2, G) "7 Note that  before  the resolut ion of  the 
uncer ta in ty  xks are r a n d o m  variables while L and y~s are not.  

Finally,  we can substi tute the d e m a n d  and supply funct ions into (7) to 
ob ta in  the m a x i m u m  value of  V, deno ted  by V*, as a funct ion of  ~/, 12 and G 

V* = V*(~/, 12, G ) .  (9) 

This funct ion is a ma jo r  ingredient  in the opt imal  taxat ion p rob lem 
cons idered  below. It has several interesting propert ies  which are easily 

s der ived using the enve lope  theorem;  they are 

7 Formally we have: xk(w, q, g, G) -= xk(P_, l(w, ~t, P_, G)). 
a The individual's problem can be formulated more succinctly as a one-stage problem of 

choosing ,t(w), Z and L to maximize E[u(,~(w)) + ~b(y) + ~o(1 - L)]. The first-order conditions 
of this problem include Eqs. (8a)-(8b). One can then 

V* =V*(q,/?, G) -~ max {E[u(,t(w))] + ~b(y) + ~0(1 - L) such that 
,I(w),)J,L 

q,y/- =0}, 
k = l  i = 1  

where its differentiation, upon application of the envelope theorem, yields equations (10a)- 
(10c). 

We have opted for an explicitly two-stage statement of the problem, as this allows us later to 
prove lemma 1 and proposition 3 in quite a straightforward way. 
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OV* 
OG - E ( c O '  (lOa) 

OV* 
Oq i Yi E ( a ) ,  (10b) 

aV* 
~pk - -E(,~xk). (10c) 

2.2. Compensated  demand funct ions  

The concept  of compensa ted  demand has a natural counterpart  in our 
setting, which we use extensively below. However ,  in the presence of 
uncertainty,  we must first define what we mean by a compensated demand 
function and study its properties,  as they somewhat  differ from those 
obta ined under  certainty. 

Define the expenditure function 

e(~,p,V), (::) 

as the minimum level of non-wage income for which the consumer can 
achieve a level of expected utility V if prices are q and/ ) .  This function can 
be obtained by inverting the indirect utility function defined by Eq. (9) so 
that  e(q,  p,  V * ) =  G.  9 The compensated  demand functions are then defined 
as 

LC(q, fi, V*) -~ L(q, e, e(q,/~, V*)), 

y~(q,/~, V*) -= Yi(q,/~, e(q,/~, V*)), 

x~(w, q,V*)=-xk(w, q,p, e(q, g, V*)). 

(12a) 

(lZb) 

(12c) 

In words, we substitute the expenditure function into the ordinary demand 
functions to derive the corresponding compensated demands.  ~° 

Next,  we derive the following relationships by totally differentiating (9) 
with respect to qi and Pk, for a given value of V*, and using (10a)-(10c) and 
(12a)-(12c) 

9 Since E(ce)> 0, (10a) implies that V* is strictly increasing in G. 
:o Alternatively, one can proceed as follows. By fixing V in (7), say at V*, and substituting 

for I from (3), one may define G implicitly as a function of V*, ~/,/~, L and ,v. Minimizing this 
function with respect to L and y~s gives the compensated demand functions for L and y~s. 
Substituting these values back in the implicit function for G gives the expenditure function. 
Derivations of x~s follow immediately. 
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Oe 
C 

t?qi --  Yi , (13a) 

Oe E(ax2)  
m 

0Pk E(o0 
(13b) 

Note  that (13a) is identical to the standard relationship that is obtained in 
the absence of uncertainty. This, however,  is not true for (13b) since E(ax~) 
is no,t, in general,  equal to E(a)E(Xk) (see our discussion at the end of 
Section 3). 

Finally, from (12a)-(12c) and (13a)-(13b) we can derive the following 
'Slutsky type'  decompositions H 

Oy~ Oyi + y Oy i (14a) 
Oqi Oqi OG ' 

C c Oyj Oyj E(ax~) Oyj 
- -  + - -  - -  (14b) 

Opk Opk E(a )  O G '  

with similar expressions for x~ and L ¢. Not surprisingly, the decompositions 
of derivatives with respect to P k ' S  differ from the standard expressions. 

3.  T h e  g o v e r n m e n t  

The government 's  tax instruments consist of commodity taxes and a linear 
income tax with a lump-sum element. Denote  the tax rate on Yi by ~i and on 
x k by t~. Assume all producer  prices are constant and normalized at one. 
Continue to use qi and Pk to denote consumer prices so that we have 
qi = 1 + ~i and Pk = 1 + t k. As to the income tax parameters,  we use G to 
denote  the lump-sum element of the linear tax system. Given that a full set 
of commodity taxes are being used, the tax rate on the wage is superfluous 
and can be set at zero without imposing any restrictions. The per-capita tax 
revenue requirement  is R0, where R 0 t> 0. The government 's  problem is to 
set r~s, tks and G to maximize the (indirect) utility of a representative 
individual, subject to a tax revenue constraint. More formally, it solves 

m a x  V * ( q ,  e ,  G )  ( 1 5 )  
"ri,tk,G 

I I Unless otherwise stated, j always runs from 1 to m and s from 1 to n. 
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subject to 

~ziy  i + ~ t k E(Xk) = G + R 0 , (16) 
i = l  k = l  

where the population is assumed to be large enough for the realized means 
of the random variables to be equal to their expected values. Note that yis 
and XkS in (16) are given by the individual's demand functions which, as 
shown in Section 2, depend on/~, q and G. 

Assuming an interior solution, the first-order conditions are 

O V * [ ~ O Y i  / O X k ' X ]  
o ~ + A  z,-~-  + E t~ E I , , ~ - )  - 1 = 0 ,  

k 

(17a) 

OV* [ Oy, E( OXk ] ] j = l , 2 , . . . , m ,  

(17b) 

0v* [ 0yi (0Xk)] 
s = l , 2  . . . . .  n ,  

(17c) 

where A is the Lagrangean multiplier associated with the government's 
budget constraint. The optimal tax rates may then be found by solving (17a) 
for h and substituting in (17b)-(17c), making use of (10a)-(10c) and 
(14a)-(14b) in the resulting expression and simplifying. This is summarized 
in proposition 1 where coy(-,-) denotes covariance. 

Proposition 1. The optimal commodity taxes are characterized by 

r i - - +  tkE =0  
• aqs \ aqj ] ' 

(18a) 

0y; E(0x;) cov( ,x,  
(18b) 

The system of equations (18a)-(18b) determines the optimal tax rates Tis 
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and tkS. 12 The equations show how the optimal tax rates strike the right 
balance between efficiency cost of taxation and the benefit of insurance in 
presence of commitment.  Each left-hand side term in (18a) measures the 
change in welfare brought about by a change in 5. taking into account the 
fact that the additional tax revenue affects the lump-sum term G. 13 
Similarly, each left- minus right-hand side term in (18b) measures the net 
impact of a change in t s. 

The left-hand side of Eqs. (18a)-(18b) have a familiar flavor. Each one 
measures the change in welfare associated with the substitution effects 
created by an increase in one of the tax rates. This is similar to the excess 
burden terms in traditional optimal taxation models. Of course, not every 
single term necessarily reflects a cost (as opposed to a benefit). As is usual in 
a second-bes t  setting, a tax increase in one of the commodities can very well 
reduce the existing distortions for the others. 14 

The right-hand side of (18b) includes a covariance term. Such terms are 
quite common in the optimal income tax literature and usually capture the 
redistributive benefits of taxation. In our setting, there is no redistribution 
per se since individuals are identical ex-ante and the government is 
concerned with expected utility. Still, because of the uncertainty, the tax on 
xs provides some measure of insurance which is nothing else than (ex-post) 
redistribution among individuals. The benefit of such insurance is measured 
by - c o v ( a ,  Xs) =-- E(a)E(x~) - E ( a X s ) .  To see this, note that the direct effect 
of an increase in t~ is, from (10c), to reduce expected utility by E(ax~). 
However ,  this also permits, from (16), an increase in G equal to E(x,) and, 
thus, an increase of E(a)E(Xs) in expected utility. Moreover,  with u being 
strictly concave, a is a decreasing function of income. Accordingly, the 

~2 Assuming these equations are linearly independent. 
13 To be precise, it is equal to 

Oy~ / Ox k \ 
1 -  E, dr* 

E(a) d~ ' 

with 

dV* OV* OV* OG + - -  
d'c i 0% OG Ü~-j 

To see this, totally differentiate (16) with respect to ~ and simplify to get an expression for 
OG/OTj; use this and the expressions for OV*/OG and OV*/O~, from (10a)-(10b), to derive an 
expression for dV*/d%, then simplify while making use of (14a)-(14b). Note also that 
Ei "ri(Oyl/OG) + E k t k E(Oxk/OG) is, as usual, the income effect due to the change in the excess 
burden of the existing taxes in the system. 

~4 In fact, it appears that because of the presence of uncertainty and lack of insurance, all the 
substitution terms on the left-hand sides of (18a)-(18b) have ambiguous signs. 
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insurance benefit te rm - c o v ( a ,  xs) will be positive if x s is a normal  good. In 
this case, the individual consumes more  x~ and pays more  taxes in a good 
state of nature than in a bad one. We have the opposite result if the good is 
inferior; but it is clear that at least one of the xss must be a normal  good. 

While insurance explains the covariance term that appears  in (18b), 
commi tmen t  explains why there is no covariance term in (18a). Everyone  
spends the same amount  of resources on yjs. Thus taxing yjs cannot provide 
any insurance per se as it affects everyone in the same way. 

To further  understand the roles that insurance and commitment  play in 
the make-up  of optimal taxes consider the following special cases. Assume 
there is no uncertainty so that there is no need for insurance. In that case 
cov(a ,  Xs) = 0 for all s so that z i = t k = 0 is the only solution to (18a)- (18b)J  ~ 
This is not surprising. It is well known that without uncertainty, and with 
identical individuals, the optimal tax policy is to set the tax rates equal to 
zero and to collect the entire tax revenue through the lump-sum tax G. 

With uncertainty,  on the other hand, T i --~" t k = 0 is no longer a solution to 
the first-order conditions. Distort ionary taxes may thus be superior to a 
lump-sum tax because they provide some insurance to the individual. Note 
that the need for insurance arises regardless of commitment .  Assume the 
individual need not commit  to consumption of any goods. Eqs. (18a)-(18b) 
will then be symmetric  with a covariance term appearing everywhere on the 
right-hand side. It is again obvious that zero tax rates are no longer a 
solution to the first-order conditions. However ,  there will then exist certain 
restrictions on preferences 16 that call for optimal tax rates to be uniform. 

Commi tmen t  introduces a fundamental  asymmetry  between Eqs. (18a) 
and (18b). It will become apparent  in the next section that this asymmetry  
calls for the optimal tax rates to be non-uniform (even with the restrictions 
on preferences discussed in the literature). Intuitively, this is due to the 
insurance that taxation of post-uncertainty (but not pre-commit ted)  goods 
provide.  With commitment ,  uniform commodity  taxation continues to 
dominate  lump-sum taxation; it provides insurance by shifting aggregate 
expenditures f rom good to bad states of nature. However ,  this is n o t  optimal 
when consumption of some commodit ies  is determined before and some 
after  the resolution of uncertainty; the former  goods require no insurance. 
Differential  commodi ty  taxes become useful in that they allow an individual 
to insure himself differently for commit ted and non-commit ted goods. 

t5 The same is true if preferences are linear in x,s so that individuals are risk-neural. In that 
case, a would be independent of w and all covariance terms would be equal to zero. 

16These are the restrictions discussed by Atkinson and Stiglitz (1976), Atkinson (1977), 
Deaton (1979) and Deaton and Stern (1986). 
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4 .  T h e  u s e f u l n e s s  o f  c o m m o d i t y  t a x e s  

The initial doubt about the usefulness of commodity taxes was cast by 
Atkinson and Stiglitz (1976) who showed that in a number of special cases, 
differential commodity taxation is unnecessary given an optimal linear 
income tax. Subsequently, Atkinson (1977) showed that the result is also 
true with Stone-Geary preferences over leisure and goods; while Deaton 
(1979) generalized it to the case where preferences are weakly separable 
between leisure and goods, and where the subutility for goods is such as to 
ensure linear Engel curves. These results are based on a community with 
identical tastes but different skills. More recently, Deaton and Stern (1986) 
generalize the result further by allowing a bit of taste differentiation on the 
part of the individuals (the case of linear and parallel Engel curves). 

This section re-examines the issue of the usefulness of commodity taxes. 
We prove that with uncertainty, optimal tax rates are non-uniform, thus 
demonstrating that differential commodity taxation enhances welfare over 
and above an optimal linear income tax. We establish this result by showing 
that if the optimal tax rates within each category of goods are the same, 
they must differ between categories. This proves that we can never have 
equal optimal tax rates on all goods. The proof of this, and some later 
claims, will be made easier if we first establish the following two lemmas. 

Lemma 1. (i) A change in qj must necessarily affect the compensated supply 
of labor. That is, 

OL c 
¢ 0 .  (19) Oqj 

(ii) We have 

ay~ /OL ~ 
• - -  - - > 0  ( 2 0 )  ~/ q' Oqi /  3q, " 

The proof is given in the Appendix. 

Lemma 2. (i) The following relationship holds for all values of q and e: 

cgY~i E(OXk] OL c 
~i qi-~qi+ Z \Oqj/=--~qj E(w)" (21) 

(ii) The following relationship holds at the optimal values of the tax rates: 

ay~ + ~ aL C 
~i Oqi ~ E(O~xkl\ aqj / = ~ E(w) . (22) 
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Proof. To obtain (21) it is sufficient to take the expected value of the 
budget constraint (2) then differentiate it with respect to qj and make use of 
(13a). To derive (22), simply substitute (18a) into (21) while recalling that 
q~=l+~-~ a n d p k = l + t  k. [] 

We are now in a position to state and prove the following proposition: 

Proposition 2. The optimal tax rates are non-uniform. 

Proof. A necessary condition for the optimal tax rates to be equal is that 
7i = ~- and t k = t, for all i and k. Assume first that t = 0. Clearly in that case, 
~-g = 0 is not a solution to Eqs. (18a)-(18b). Now assume t ~ 0. Multiplying 
(22) by 1 + t and subtracting (21) from the resulting expression yields 

( t -  ~-) ~ Oy~i OLC 
• Oqj = t ~ E ( w ) ,  (23) 

which must be satisfied at the optimal values of the tax rates. Since t ~ 0, it 
immediately follows from lemma 1 that r ~ t. Hence the optimal tax rates 
cannot  be equal. [] 

Proposition 2 proves that optimal taxation requires a mix of differential 
commodity taxes and a uniform lump-sum tax. It is important to point out 
that we have not imposed any additional restrictions on preferences to prove 
this proposition. The result thus holds for the class of  utility functions 
characterized by (1) which includes all types of preferences for which uniform 
taxation is optimal in the absence of  uncertainty. Commitment  in the 
presence of uncertainty thus reclaims the lost role of commodity taxes as 
instruments of optimal tax policy. 

The conclusion that restrictions on preferences cannot make commodity 
taxes redundant  may best be understood by considering what such restric- 
tions achieve in the traditional certainty models. Consider, for example, 
Cobb-Douglas  preferences. Atkinson and Stiglitz (1980) have shown, in the 
context of a certainty model where individuals have identical tastes but 
differ in earning abilities, that with these preferences optimal commodity 
taxes are uniform. They explain their result this way: "Where  individuals 
consume goods in the same proportion,  it is not possible to use indirect 
taxes to r ed i s t r i bu t e - t hey  impose the same percentage burden on 
everyone"  (1980, p. 389). In our setting, however, restrictions on prefer- 
ences cannot do the trick. Given commitment,  individuals will not consume 
goods in the same proportion: While the expenditures on xks are a constant 
fraction of ex-post income irrespective of the actual realization of the wage, 
the expenditures on yis are not. They are determined beforehand and are 
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thus independent  of realized income. It is this property that drives our result 
and reclaims for commodity taxes their lost role. 

The foregoing discussion leads one naturally to ask if any concrete results 
may be obtained concerning the magnitudes of the tax rates that apply to 
the two categories. Our earlier insurance argument suggests intuitively that 
xks (goods whose consumption levels become known after the resolution of 
uncertainty and thus are, beforehand,  random) should be taxed absolutely 
as well as relative to yis (goods whose consumption levels are committed to 
before the resolution of uncertainty and as such serve no obvious insurance 
purpose).  However ,  at this level of generality, it would be impossible to 
obtain such categorical results. With m goods in one category and n in the 
other ,  there will be many different types of interaction between them. It is 
quite likely that these interactions will mask, and even overshadow, the 
insurance property that we have been discussing and trying to isolate. 

What  is needed,  in order  to concentrate on the interaction between the 
two categories, is to abstract away from the interactions within the 
categories. This is achieved most easily by assuming that there is only one 
good in each category (m = n = 1). With more than one good per category, a 
meaningful comparison appears to be possible only if there is one tax rate 
for each category. This may be achieved in two ways. First, one can restrict 
preferences in such a way that optimal tax policy implies that goods within 
each category should be taxed uniformly. For example, one can prove that 
when preferences are Cobb-Douglas  (so that commodity taxation is un- 
necessary in the traditional model),  optimal taxation calls for goods within 
each category to be taxed uniformly. (See Cremer and Gahvari,  1994). 
Second, instead of restricting preferences, one can ensure uniform taxation 
within categories by restricting the type of taxes that are available to the 
government.  

It will become clear below that either avenue will yield the same set of 
results. However ,  the exposition will be made simpler if we begin our 
discussion by ignoring the last possibility. We can then come back to it at the 
end of the section. We are now in a position to prove two further 
propositions. 

Proposi t ion 3. I f  n = m = 1, or i f  the opt imal  tax pol icy  implies that xks and 
y~s are taxed un i formly  at rates t and r, then t >! O. 

Proof .  We show that if a tax policy involves t < 0  it can always be 
dominated by an alternative tax policy. Denote  the variables under the 
initial policy by an overbar and assume {<  0. Replace the initial tax rates by 
t = r = 0 and adjust the lump-sum term according to 

G = G - i - ~  E(2k) - ~ ~ )7 i (24) 
k i 
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so that the expected tax revenue remains unchanged regardless of the 
individual's actual choice under the new policy. Now because both policies 
yield the same expected tax revenue, the new policy will be better  if  it allows 
the consumer  to achieve a higher level o f  expected utility. We show that this is 
the case even if  he continues to choose f~ (i = 1,2 . . . . .  m) and £.w 

Under  the above assumption, it is easily seen from (3), (24), and t = z = 0 
that I is related to i via 

l (w)  = [ (w)  - { ~  E(dk). (25) 
k 

Moreover ,  under the initial policy, we have that [ - -  (1 + t-) E k £ k. Taking 
the expectation of this expression and substituting into (25), we can rewrite 
it as 

{ 
l (w)  = [(w) - ~ E( i (w) ) .  (26) 

Next,  given that the individual is choosing {,, 371, -~2 and Ym under both 
policies, it follows from (7) that the change in his expected utility can be 
calculated by comparing Ely(1 + {, 1 + {, . . . .  1 + {, [)] under the old tax 
regime to E ly ( l ,  1 . . . . .  1, I)] under the new regime. But, the zero homo- 
geneity of v implies that 

Ely(1 + i, 1 + i, . . . .  1+  t-, D] = E [ v ( 1 ,  1 . . . . .  1 , - ~ +  { ) ] .  

This together with (26), relating I linearly to ] /(1 + t~ and indicating that 
I(w) has the same mean as [(w) / (1  + t-) but a lower variance, and the fact 
that the individual is risk averse implies that the expected utility under the 
new tax regime has increased. [] 

This result is intuitive and very interesting. As has been argued before,  
the reason for imposing commmodity taxes in our model is to provide 
insurance. As insurance is provided through xks only, one intuitively expects 
these goods to be taxed and not subsidized, as 

The insurance argument also suggests that xks should be taxed at a higher 
rate than yis. This follows because the sole reason for taxing yis is to 
counteract  the substitution effects of the tax on xks. Proposition (4) confirms 
this intuition. 

t7 This is sufficient for our purpose. Of course, he can do even better under the new policy if 
these variables are also adjusted. 

~ We will show below that t must in fact be strictly positive. 
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Proposition 4. I f  n = m = 1, or if the optimal tax policy implies that XkS and 
yi  S are  taxed uniformly at rates t and 7, then t > 7. 

Proof. From part (ii) of lemma 1 we have 

Oy~ / O L  c 
~ q i - - / - - > O .  

• Oqj / Oqj 

Replacing qi with 1 + r, substituting from (23) and simplifying yields 

(1 + ~-)t 
E(w) > 0 

t - -7"  

It then follows from (27) and proposition 3 that t > 7. [] 

(27) 

We can also use proposition 4 to show that t is in fact strictly positive, and 
not just non-negative as proved in proposition 3. If t = 0 it follows from 
proposit ion (4) that z < 0. This in turn implies that G < 0. However ,  this 
cannot  happen,  given risk aversion and the need for insurance. The result is 
summarized in the following corollary. 

Corollary. I f  n = m = 1, or if the optimal tax policy implies that xks and yis 
are taxed uniformly at rates t and 7, then t > O. 

The implications of proposition 4 and the above corollary are far reaching 
and most interesting. Recall our earlier discussion of the nature of the 
commodities that constitute our two categories. As was discussed then, 
goods whose consumption levels are committed to before the resolution of 
uncertainty (y/s) are goods such as housing purchases and consumer 
durables; while the other category (xks) consists of non-housing and non- 
durable purchases. Our findings thus have the interesting implication that 
the purchases of housing and other durables should be subsidized relative to 
non-housing and non-durable goods. This is a most interesting implication in 
light of all the literature criticizing the implicit housing subsidies that are 
embedded  in the US and the UK tax systems (see Rosen, 1985). 

Finally, we observed in our discussion preceding proposition (3) that one 
way to ensure that there is a single tax rate per category is to restrict the set 
of tax instruments. We are now in a position to discuss the implications of 
this possibility. Consider again the case where m and n are >1 and 
preferences are represented by (1). Assume further that the tax instruments 
available to the government  consist of a single tax rate per category. Setting 
up the government 's  problem as in Section 3, one can easily show that the 
optimal (restricted) tax rates will now be characterized by a set of two 
equations similar to (18a)-(18b) with ~-is being replaced by 7 and tks by t. It 
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will then also be simple to see that the proofs of propositions 3 and 4, and 
the corollary continue to go through. This is summarized as proposit ion 5. 

Proposi t ion 5. I f  the tax rates on xks and yi s are restricted to be uni form at 

rates t and ~', then optimal  taxation calls f o r  t > 0 and t > .c. 

5. Concluding remarks 

The paper  has re-examined the theory of optimal commodi ty  taxation in a 
f r amework  which explicitly allows for uncertainty. Two important  lessons 
have emerged.  The first is that differential commodi ty  taxes do have a role 
to play as instruments of optimal  tax p o l i c y -  an optimal linear income tax 
will not suffice. The result is quite robust; it does not go away by imposing 
restrictions on preferences as long as consumers are risk averse. This is quite 
significant, particularly in the light of recent at tempts to demonstra te  that 
commodi ty  taxes are, under some circumstances, unnecessary in the pres- 
ence of an optimal linear income tax. 

The second lesson is that goods with consumption levels which are 
de termined prior to the resolution of uncertainty (housing purchases) should 
face a tax rate which is lower than the tax rate on goods with consumption 
levels determined after (purchases of non-housing goods). This provides an 
argument  in favor of housing subsidies. 

The lessons have been drawn on the basis of several assumptions: wage 
uncertainty,  commitment ,  linear commodi ty  taxes and a uniform l u m p - s u m  
tax as the only available tax instruments,  and the separability of preferences.  
The  paper  has throughout  emphasized the importance of uncertainty and 
commitment .  Uncertainty calls for taxation to provide insurance while 
commi tmen t  implies that optimal tax rates are non-uniform (with pre- 
commit ted  goods taxed at a lower rate). We may now briefly examine the 
significance of the other  assumptions to our results. 

The paper  has assumed that in addition to consumption of some goods, 
individuals also commit  to labor supply. However ,  our results apply equally 
to the cases where the uncertainty environment  modelled does not call for 
labor supply to be pre-commit ted.  All the results of the paper  remain valid 
in both situations. ~ 

L,, To show this, simply follow the steps of Sections 2 and 3 of the paper and observe that 
dropping the pre-commitment assumption will change only the specification of the individual's 
first-order condition for the labor supply [Eq. (8a)]. Note in particular that the specification of 
the government's problem and its solution remain intact. We have assumed pre-commitment to 
labor for conformity with Eaton and Rosen (1980a). Persson (1983), on the other hand, 
assumes no pre-commitment. He also points out the equivalence of the two approaches. 
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The observation that pre-commitment to labor supply is not important,  
while pre-commitment  to goods is, should not be surprising. The point is 
that if an individual commits to consumption of a particular good, he will be 
spending a fixed amount  of money on it regardless of his future realization 
of wage. Hence taxing such a good raises the same amount  of revenue from 
everyone and will serve no insurance purpose. This is not the case with 
taxation of pre-committed labor. With the wage being uncertain, a wage tax 
serves as a source of insurance whether or not one pre-commits to labor 
supply .20 

As may be expected, our results depend on the availability of tax 
instruments. We have ruled out a general income tax including taxation 
contingent on w. If labor supply is pre-committed,  this latter type of 
taxation may in fact be feasible. In this case, any differences in individuals' 
realized incomes must be due to the wage realization as everybody chooses 
the same level of labor supply. It follows that if incomes are observable, 
realized wages must also be observable. Taxation contingent on w will thus 
be lump-sum and first-best efficient. (This possibility has been discussed in 
Lundholm,  1992). 

The results of the paper also depend on the separability of preferences 
between committed and non-committed goods. Without separability, the 
characterization of the optimal tax rates will be more complicated. How- 
ever,  if it were not for separability, the question of the ineffectiveness of 
commodity  taxes would not even arise. Note that it is the separability 
between committed (including labor supply) and non-committed goods that 
is important  here. The separability of labor supply and the rest of the 
pre-committed goods is not crucial. 21 

Finally, it must be pointed out that the paper has not addressed two 
particularly important  issues. First, we have left open the question of the 
usefulness of commodity taxes in the presence of a general income tax. We 
plan to examine this issue in a sequel to this paper. Second, we have not 
discussed the question of randomness in prices. This is particularly im- 
portant  for pre-committed goods such as housing. The type of uncertainty 
we have modelled varies among individuals, thus ruling out randomness in 
prices. This is a very interesting question requiring a different modelling 
strategy; it is left for future research. The direct versus indirect tax 
controversy is far from settled. 

2o It must also be pointed out that if labor supply were supplied exogenously, the tax system 
can be used to provide full insurance without creating any welfare costs. As in Eaton and Rosen 
(1980a), this may be done by levying a 100% wage tax coupled with lump-sum cash payments. 
Obviously, with full insurance, differential commodity taxation will not be useful. 

2~ In fact, we use this particular form of separability- as stipulated in Eq. ( 1 ) -  in the paper 
only in the proof of lemma (1). Given the lemma, all the results of the paper hold for 
preferences that are separable only between committed and non-committed goods. 
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Appendix 

Proof of  lemma 1. 
(i) The proof is by contradiction. First, substitute L '  and y~ for L and y~ in 
the first-order conditions (8a)-(8b) ,  differentiate with respect to qj ( j  = 
1, 2 . . . . .  m) and simplify to get 

E w - ~  ~i qi Oq/ q~"+E~w -0 i - )10q/"  

O q j  - O q j  ' 

l = 1 . . . . .  j -  1, j +  1 . . . . .  m ,  (A2) 

c3o~ c OL ~ 
. Oqj=qJ E \ W o l  / + E( . ) .  (A3) 

Now suppose OLC/Oqi = 0. Substituting into (A1)- (A3)  and simplyfing yields 

O Y___2L 
c 

~ = O, (A4) 
• qi Oqj 

C 

~i OYi 
0,  ~ q / : -  0 ,  l = l , . . . , j - - l , j + l , . . . , m ,  (A5) 

6J, Oy~ = E ( u ) .  (A6) 
• Oqi 

Assuming equations (A4)- (A5)  are linearly independent 22 they imply 

Oy'l Oy~ OyC 
. . . . .  0 ~  Oqj aqj Oqj 

so that from (A6), E ( a ) =  0, which is not the case. 

22 Linear independence is needed only for one j. If this is not satisfied, the Hessian matrix 
associated with tO must always be singular. 
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(ii) This result is immediate from (A1) and the facts that q~"<0 and 
Oa/Ol < 0 (from concavity of u). 
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