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ABSTRACT

In this paper, we consider a model with one endogenous regressor and many instrumental
variables. The instrumental variables are partitioned into two groups. The first group, which is
small, consists of instrumental variables that are considered to be clearly relevant for predicting the
endogenous variables. The second, large group, consists of instrumental variables whose relevance
is doubtful. We capture this distinction by using a random-effects estimator. The prior distribution
on the coefficients in the second group has a mean of zero and a variance to be estimated. We use an
invariant prior distribution to obtain a random-effects quasi-likelihood function. Qur random-effects
estimator is obtained by maximizing this quasi-likelihood function. The risk function is evaluated
under the original (fixed-effects) likelihood function. Due to the invariant prior, the risk function
depends upon the doubtful coefficients only through a scalar function. We apply the estimator
to the Angrist-Krueger (1991) analysis of returns to schooling using instrumental variables formed
by interacting quarter of birth with state/year indicator variables. The risk of the random-effects
estimator is generally less than the risk of the (fixed-effects) maximum-likelihood (ML) estimator.
The risk improvement is substantial when the coefficients on the doubtful instrumental variables are
all zero. The risk of the two-stage least squares (TSLS) estimator is very large for some parameter
values. We also examine the coverage rates of confidence intervals. The coverage rates of the
random-effects intervals are very close to the nominal value of .95. The TSLS intervals have very
poor coverage rates. The intervals based on the (fixed-effects) ML estimator have better coverage
rates than the TSLS intervals, but the rate can be as low as .40.
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RANDOM EFFECTS ESTIMATORS
WITH MANY INSTRUMENTAL VARIABLES!

1. INTRODUCTION

In this paper, we consider a model with one endogenous regressor and many instrumental
variables. The instrumental variables are partitioned into two groups. The first group, which is
small, consists of instrumental variables that are considered to be clearly relevant for predicting the
endogenous variables. The second, large group, consists of instrumental variables whose relevance
is doubtful. We capture this distinction by using a random-effects estimator. The prior distribution
on the coefficients in the second group has a mean of zero and a variance to be estimated.

Part of our motivation comes from Bound, Jaeger, and Baker (1995). They examine the
properties of estimators used by Angrist and Krueger (1991), henceforth AK, in the analysis of
returns to schooling using quarter of birth to form instrumental variables. A key insight of AK was
that quarter of birth might be a valid instrumental variable for the effect of years of schooling on
earnings because of the link through compulsory schooling laws. In addition to estimating models
using only three quarter-of-birth indicators as instrumental variables, AK investigate models with
instrumental variables formed from interactions between quarter of birth and year of birth, and
between quarter of birth and state of birth, giving 180 instrumental variables. Bound, Jaeger, and
Baker (1995) show that randomly generated instrumental variables, designed to match the AK
data set, give results that look remarkably similar to the results based on the actual instrumental
variables. In particular, inference based on a normal approximation to the sampling distribution of
the two-stage least squares (TSLS) estimator misleadingly suggests that the randomly generated
instrumental variables are powerful enough to reveal a precisely estimated relationship between
earnings and schooling.

Motivated by the poor approximations of standard large sample distributions, Bekker (1994)
develops an asymptotic approximation to sampling distributions based on increasing the number of

instrumental variables along with the sample size. The TSLS estimator is not generally consistent
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within his framework whereas the limited-information maximum likelihood (LIML) estimator is
consistent. Staiger and Stock (1997) develop a different asymptotic approximation based on a
vanishing correlation between the instrumental variables and the endogenous variables.

In our investigation of alternative estimators based on random effects specifications, we use
even more instrumental variables than AK, by interacting all year of birth and state of birth pairs
with quarter of birth. The first group of instrumental variables contains quarter of birth. The
second group, of doubtful or at best of limited relevance, contains the interactions of quarter of
birth with the state-year indicator variables. We use an invariant prior distribution to obtain a
random-effects quasi-likelihood function. We refer to it as a quasi-likelihood function because risk
functions will be evaluated under the original (fixed-effects) likelihood function. Our random-effects
estimator is obtained by maximizing this quasi-likelihood function. Due to the invariant prior, the
risk function depends upon the doubtful coefficients only through a scalar function. We compare the
random-effects estimator with TSLS. We also make comparisons with the (fixed-effects) maximum-
likelihood estimator. The maximum-likelihood (ML) estimator in this case is known as the LIML
estimator.

The ML estimates and random-effects quasi-ML estimates of the returns to schooling are
similar for the AK data, and somewhat larger than the TSLS estimate. We obtain confidence
intervals based on the concentrated likelihood functions. The random-effects interval is somewhat
wider than the fixed-effects interval; both of these intervals are considerably wider than the TSLS
interval, which is based on the conventional standard error for TSLS. Using data with randomly
generated instrumental variables, the random-effects confidence interval is extremely wide. The
interval based on (fixed-effects) ML, although wider than the TSLS interval, is still misleadingly
informative, because it excludes positive values for the returns to schooling.

We evaluate risk functions, under data generated according to the fixed-effects model, for the
three estimators: random-effects quasi-ML, (fixed-effects) ML, and TSLS. The loss functions are
based on squared error and absolute error, truncated to make them bounded. We fix the values for

the instrumental variables at their values in the AK data. The parameter values are centered at
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estimates based on the real data. We consider a range of values for the parameter vector, obtained
by doubling an estimated component or setting it to zero. The risk for the random-effects quasi-ML
estimator is generally less than the risk of the (fixed-effects) ML estimator. The risk improvement
is substantial when the coefficients on the doubtful instrumental variables are all zero. The risk of
the TSLS estimator is very large for some parameter values.

We also examine the coverage rates of confidence intervals. The coverage rates of the random-
effects intervals are very close to the nominal value of .95. The coverage rates of the TSLS intervals
are extremely poor, as low as .00. The fixed-effects intervals have better coverage rates than the

TSLS intervals, but the coverage rate can still be as low as .40.

2. THE MODEL

We shall work with the following model:
Yi = Xq& + Xom + Un (1)

Yo = X1& 4+ Xoms + Uy

(7)) 1x ~ w0201,
2

where Y7 and Yo are n x 1, Xy isn x j, Xoisn X k,and X = (X; X3) isn x (j + k) with full
column rank. The regression coefficients on the instrumental variables X5 satisfy a proportionality
restriction:

m =0, m=/,
where 8 is k x 1 and < is scalar. All the analysis will be done conditional on X.

Consider the least-squares regression statistics:

ro(6 &) —ornrien s —xiyw -xh)

T T2

where Y = (Y, Y3). We shall base the likelihood on the joint distribution of II = (#; #5),

which is £ x 2, and S. 7 and S are independent with

ﬁ:(ﬁ, F o N($® B, ® (X3Xy)7h), S~ Wishart(n —j - k,5),
2
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where ¢/ = (1 v) and Xy = (I, — X1(X;X1)"1X}) Xo.
Partition X5 and f:

Xof = X211 + X222,

where Xo1 is n X k1, Xog isn X p, 81 is k1 X 1, and B3 is p x 1. It is convenient to work with a

one-to-one function of 7:

# = (L@ F)& where F— (1 f12
0 F

is a nonsingular, k£ X k matrix with F'F = XéX’z. F is partitioned conformably with 8. #* and S

are independent with

P~ NGB e L), B = (g;) —Fp= (F”ﬂ}z‘:ﬁf”ﬁ?).

Let Z = (7*,S). We shall treat Z as the observation with
Z={(z1,22) : 21 € R 2 € S}
as the sample space, where S is the set of 2 x 2 positive-definite matrices. The parameter space is
O ={(7, 51,65, %) : v € R, B € R"1, 5 € R?, X € S}

So our model is {Py : 6 € ©} with
Z ~ Py for some 0 = (v, 57,55,%) € ©
where
Py =N(¢Q® B*, L ® I}) x Wishart(n — j — k, X).
The likelihood function is
F(210) = cfdet(D)]~ 2 expl- (1~ p© 6 (57 © L) (21— 9 )]
. [det(zz)](n_:})/2 exp[—%tr(Z_le)],
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where c is a constant.

Our random-effects estimator is based on an a priori distinction between the instrumental
variables in X5; and those in Xs5. The instrumental variables in X595 are of doubtful relevance
for predicting Y7, and we capture this by using a prior distribution over the values for 55 that is
centered at 0. We shall evaluate the risk of the random effects estimator under the fixed-effects
model. This risk evaluation is simplified by using an invariant prior distribution. We shall see that
with an invariant prior distribution, the (fixed-effects) risk function of the random-effects estimator
depends upon S5 only through its length.

The invariance arguments are motivated by Ferguson (1967, chap. 4). Chamberlain (2001)
develops connections between the results in this paper and the literature on linear simultaneous
equations and the literature on group invariance, the frequentist risk function, and minimax. Let
G = O(p) denote the orthogonal group of p x p matrices  with QQ’ = I,,. Define a group action

m1 on the sample space Z and a group action msy on the parameter space O:
m1:GxXZ—=>2Z, my:Gx0— 06,

where

m1(Q,2) = (I ® (Igl g))zl,zz) for Qeg,z=(21,20) € Z

m(Q,0) = (v, 61,Q63,%) for Qe€G,0=(y,56;,%) €0.

The (fixed-effects) model {FPy : § € O} is invariant under the group actions on the sample space

and on the parameter space in that
Z~Py = mi(Q,Z)~ Py,qe for Qeg,0co.
The corresponding invariance property for the likelihood function f(z|#6) is
F(mi(Q,2)]0) = f(z|m2(Q,0)).

Let the choice (or action) space A = R. Suppose that the loss function L : © x A — R is
bounded and depends upon 6 = (v, 571, 35,%) only through v. Then L(m2(Q,0),a) = L(6,a) for
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all @ € G. Define a third group action m3 on the choice space to be the identity map:
ms3:G x A— A where m3(Q,a)=a for Q€g, ac A

The loss function is invariant under the group actions on the parameter space and the choice space
in that

L(m2(Q,0),m3(Q;a)) = L(0,a) for Qeg, 06, acA

A decision rule d, which is a mapping from the sample space Z into the choice space A, is

invariant under the group actions on the sample space and the choice space if

d(ml(Qaz)) = m:;(Q,d(Z)) for Q € ga z€ Z.
Consider the risk function for an invariant decision rule: for @) € G,

R(0,d) = / L(0,d(2))f (2 | 0) d=

/ L(ma(Q, 6), ma(Q, d(2)))f (= 0) d

So the risk function of an invariant decision rule depends only upon v, 87, %, and ||85|| = /83’ B5-
The risk depends upon 35 only through its length.
Let B; ~ 1), denote that Bé‘ is a random variable with distribution v,. The prior distribution

1o depends upon the parameter . This prior distribution is invariant if
B~ = QB3 ~a

for any orthogonal matrix @, so that 1, = 19, 0 Q™! = 9, o Q. Consider using such a family of

prior distributions to construct a random-effects quasi-likelihood function:

fr (2] ) = /f(zw,ﬁf,ﬂ;,zwa(dﬁ;),
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where = (v, 7,0,%). We shall refer to this as a quasi-likelihood function because risk will be

evaluated under the original, fixed-effects, likelihood function f(z|#). Note that

/ Fma(Q,2) |7, B2 B3 )ba(dB3) = / 217 B QB )b (dBS)
=/f(zw,ﬁ;,ﬁ;,zxwaoQ)(dﬁ;)

:/f(zw,ﬁf,ﬂ;,wa(dﬂ;)-

So the random-effects quasi-likelihood function assigns equal likelihood to z and m4 (Q, z). Let d(z)
denote a decision rule that is based on f,. . For example, d(z) could be an estimator of v obtained by
maximizing f, (z| ) with respect to . Then d is an invariant decision rule: d(m1(Q, (2))) = d(z).
Hence the risk function for d depends upon 5 only through ||33]|.

We shall use the following family of invariant prior distributions: {N(0, 21I,) : 0}.
Given a value for , the distribution for B; implies a joint distribution for (Z, B;), which implies
a marginal distribution for Z, which is the basis for the random-effects quasi-likelihood function
fo (2] ), with = (1,80, ,%).

There is a special case in which maximizing the random-effects quasi-likelihood function gives
the same estimator of v as maximizing the (fixed-effects) likelihood function. In the special case,
(i) k1 = 0, so that the invariant prior applies to all of the §* coefficients, and (ii) ¥ is given. Let

(v, B*) denote the (fixed-effects) log-likelihood function, and let

"(7) = max (v, %)

denote the concentrated log-likelihood function. Reparametrize the random-effects quasi-likelihood
function in terms v and , where = (¢S 71¢ 2)71. Let , (7, ) denote the quasi-log-likelihood

function. We show in the Appendix that

So, in this special case, the (fixed-effects) ML estimate of y coincides with the random-effects

quasi-ML estimate.



Note, however, that

Suppose that the standard error reported for the ML estimate of v is the inverse of the square
root of minus the second derivative of the log-likelihood function, evaluated at the ML estimate
(with X given). Likewise, the standard error reported for the random-effects quasi-ML estimate of
v is obtained from the Hessian of the quasi-log-likelihood function, evaluated at the random-effects
quasi-ML estimate of (v, ), by inverting the Hessian and then taking the square root of minus the
(1,1) element. Then the standard error reported for the random-effects quasi-ML estimate of

will be bigger.

3. RESULTS

Our data is a subset of the census data used by AK, containing males born in either the first
or fourth quarters between 1930 and 1939. The sample size is n = 162,515. The outcome variable
Y5 is the log of weekly earnings in 1979. The treatment variable Y; is years of school completed.
The predictor variables X; consist of indicator variables based on the individual s state of birth
and year of birth. There are 509 state/year cells (fifty states plus the District of Columbia and
ten years minus one empty cell); X; = 1 if individual is from state/year cell , and equals 0
otherwise ( = 1,...,n; = 1,...,509). X5; consists of a single instrumental variable, quarter
of birth: X5; equals 1 if individual was born in the fourth quarter, and equals 0 otherwise.
The doubtful instrumental variables Xs5 consist of interactions between quarter of birth and the
state/year indicators. So Xa2 = Xo1 - X1 ( =1,...,509).

Note that the columns of X35 sum to X5;. In addition, it turns out that four of the state/year
cells have no variation in quarter of birth, so that the rank of X is 1014. We drop 5 columns of
X5 so that the remaining columns give X of full rank.

Our specification generalizes the models used by AK, who only interacted quarter of birth with

state  year dummies. This modification increases the effective number of instrumental variables
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in the fixed-effects model from 180 to 505.
We shall compare results based on TSLS with results based on (fixed-effects) maximum like-
lihood (ML) and random-effects quasi-ML. The TSLS estimator of v and its standard error are

obtained from

~ Ty - 7 -9 2 * TT* * Ak
T P P R R I

where IT* = (#F #%) and stacking the columns of IT* gives #*.

Table 1 contains the results for our subset of the AK data. The instrumental variables are
based on the indicator for birth in the fourth quarter: X»; equals 1 if individual was born in the
fourth quarter, and equals 0 otherwise. The table also contains the results for the same data, but
with the actual quarter of birth replaced by randomly generated indicators, with probability .5 on
the first quarter and .5 on the fourth quarter.

The (nominal) .95 confidence intervals for the (fixed-effects) ML and random-effects quasi-
ML estimators are obtained from the concentrated (profile) likelihood. We find lower and upper
values for 7 such that the concentrated log-likelihood function differs from its maximum value by

~1(.95) 2, where is the distribution function for a chi-square distribution with one degree of
freedom. The confidence interval for TSLS is formed from the point estimate plus or minus 1.96
times the standard error.

With the real data, the ML, and random-effects quasi-ML estimates of v are somewhat larger
than the TSLS estimate. For comparison with TSLS, we can form standard errors by dividing the
width of the confidence interval by 2 - 1.96. This gives .022 for random effects and .017 for fixed
effects; these standard errors are considerably larger than the .008 for TSLS.

Counsider the random-effects estimator when and ¥ are given, and consider the limit as

— . We show in the Appendix that the objective function for this estimator differs from the
fixed-effects concentrated log-likelihood function (given 3) by the term —pIn(¢/S~1¢) 2 (ignoring
additive terms that do not depend upon «y). This term is maximized at v = 12 11, which is the

population least-squares value corresponding to the coefficient on Y; in the least-squares regression
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of Y on (Y; X). Table 1 presents random-effects quasi-ML estimates given ( ,X) (column
four), evaluated at =103 and ¥ = $. 3 is based on the residuals from least-squares regression
of Y on X and is given below in (2). Fixing at a large value gives an estimate and confidence
interval that match the estimate and confidence interval for TSLS.

Consider the random-effects estimator when and ¥ are given, where ¢ = (1 ) and =
(¢'S71¢ 2)~!. We show in the Appendix that, in the limit as — 0, the random-effects quasi-ML
estimate given ( ,X) equals the fixed-effects ML estimate given X. Table 1 presents random-effects
quasi-ML estimates given ( ,%) (column five), evaluated at = 10~ and & = ¥. Fixing at
a small value gives an estimate and confidence interval that match the estimate and confidence
interval for fixed-effects ML.

Now consider the results from using the randomly generated quarter of birth numbers. The
TSLS estimate is .059 with a standard error of .009. The narrow confidence interval for TSLS,
even though the instrumental variables are independent of the endogenous variables, is the result
found by Bound, Jaeger, and Baker (1995). The fixed-effects confidence interval is wider but still
misleading, since it excludes positive values for 7. The random-effects interval is essentially the
whole line. (The numerical procedure used to solve for the lower and upper values of 7 searches
over the interval [—1000, 1000]; but the concentrated log-likelihood was greater than the maximum
value minus ~1(.95) 2 throughout this interval.) Random-effects quasi-ML with fixed at
a large value gives a point estimate and confidence interval that match the point estimate and
confidence interval for TSLS. So an interpretation of the problem with TSLS is that it corresponds
to a random-effects estimator with  fixed at a large value. Then a solution to this problem is to
estimate from the data. The quasi-ML estimates of  are .831 using the real quarter of birth
data, and .003 using the randomly generated quarter of birth data.

These results suggest that the random-effects quasi-ML estimates are more plausible than those
for the other two estimators. To further investigate this, we shall evaluate risk functions, under
the fixed-effects model, for these estimators. Suppose that the loss function for action a depends

on 6 only through . Let d denote the decision rule . We saw in the previous section that if d is an
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invariant decision rule (so that d((m1(Q, z)) = d(z)), then the risk function depends upon 35 only
through ||B5||. Since we are using an invariant prior, our random-effects quasi-ML estimator of -y
satisfies d(m1(Q, z)) = d(z). The (fixed-effects) ML estimate of v and the TSLS estimate of 7 also
satisfy d(m1(Q, z)) = d(z). So for all three estimators, the risk function depends only upon 7, 57,
1831], and .
We fix X at the values for the real data used in Table 1. Given a value for 6, we generate

independent draws for the sufficient statistics: Z() = (fr*( ), 8¢ )), =1,..., . The Monte Carlo
approximation is R(6,d) = L L(6,d(Z0))) . We shall use bounded loss functions, based on

truncated absolute error and squared error:
Li(0,a) = min{|y — a|, .2}, L2(0,a) = [min{|y — al,.2}]?.

Weset L =% =9 (n —j — k), where S is the matrix of sums of squares and cross products
of the residuals from the least-squares regression of Y on X:

. (10133 .678
%= ( 678 .448)' @)

We consider several values for (v, 51,||35||]). They are centered at random-effects quasi-ML esti-
mates using the real data as in Table 1. This gives v = .096, 87 = 30.4, and ||55]| p = .831.
We also double these values and set them to 0. In order to clearly display the bias in the TSLS
estimate, we double v and change its sign.

The risk values for estimating v under absolute error loss, truncated at .2, are shown in Table
2. Each row of the table is based on = 8000 Monte Carlo samples. For a given value of 6 =
(v, 81, B5,%), the same samples are used to evaluate the risk of each of the three estimators. An
independent set of = 8000 samples is drawn for each value of 6. The three estimators of y are
random-effects quasi-ML (REQML), (fixed-effects) ML, and two-stage least squares (TSLS).

The risk for the random-effects quasi-ML estimator is generally less than the risk of the (fixed-

effects) ML estimator. The risk improvement is substantial when ||85|| = 0; for example, a mean
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absolute error of .017 versus .050. The TSLS estimator is biased towards the population least-
squares value of 12 11 = .067. The TSLS risk becomes large as v moves away from this value;
when v = —.192, the TSLS risk is close to the truncation value of .2. (The risk values are similar
when the truncation value is .5, and the risk comparisons are similar when the truncation value is
5.)

The square-root risk values for estimating v under squared-error loss, truncated at .2, are
shown in Table 3. The risk for the random-effects quasi-ML estimator is generally less than the
risk for the (fixed-effects) ML estimator. The risk improvement is substantial when ||35|| = 0; for
example, a root mean-square-error of .022 versus .067. The TSLS estimator performs poorly in
terms of maximal risk.

Coverage rates correspond to 1 — R(6,d), with loss function L(f,a) equal to 0 if ¥ € a and 1
otherwise, where a is an interval on the line. The decision rule d(z) is an interval estimator. The
three interval estimators are the ones used in Table 1. The REQML and ML interval estimators are
obtained from the concentrated random-effects and fixed-effects likelihood functions. The TSLS
interval estimator is formed from the point estimate plus or minus 1.96 times the standard error.
All three of these interval estimators are invariant in that d(mi(Q,z)) = d(z). So the coverage
rates depend only upon v, 87, ||55||, and Z.

Table 4 gives the coverage rates, under the fixed-effects model, of the nominal .95 confidence
intervals. Each row of the table is based on = 8000 Monte Carlo samples. For a given value of 6,
the same samples are used to evaluate the coverage rates for each of the three interval estimators.
(These are the same samples used for that value of  in the corresponding rows in Tables 2 and
3.) An independent set of = 8000 samples is drawn for each value of 6. The coverage rate is the
fraction of Monte Carlo samples for which the interval estimate contains the population value of +.
The last three rows in the continuation of Table 4 have 87 = 0 and ||83|| = 0. The instrumental
variables here are independent of the endogenous variables, which corresponds to using randomly
generated quarter of birth numbers in Table 1. The coverage rates of the random-effects intervals

are always very close to the nominal value of .95, and never below .95. The TSLS intervals have
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poor coverage rates, as low as .00 in some designs. The fixed-effects intervals have better coverage

rates than the TSLS intervals, but the rates for the fixed-effects intervals can still be below .40.

4. CONCLUSION

We have developed a random-effects estimator with many instrumental variables. The instru-
mental variables are partitioned into two groups. The second, large group consists of instrumental
variables whose relevance for predicting the endogenous variables is doubtful. We captured this
distinction by using a prior distribution on the doubtful coefficients with a mean of zero. We use an
invariant prior distribution. This results in a random-effects estimator whose risk function, based
on the fixed-effects model, depends on the doubtful coefficients only through a scalar function
(183 11)-

Applying (fixed-effects) ML in our model gives the limited-information maximum likelihood
estimator. There is a special case of our model in which this ML estimator is identically equal to
the random-effects quasi-ML estimator. In that special case, the nominal .95 confidence interval
based on the random-effects likelihood function is always wider than the nominal .95 interval based
on the fixed-effects likelihood function. This suggests that the coverage rates for the fixed-effects
intervals might be less than .95 in small samples. In the Monte Carlo analysis, we find that the
coverage rates for the fixed-effects intervals, although superior to those of TSLS, can be below .40.
The coverage rates for the random-effects intervals are always very close to the nominal value of
.95. These coverage rates are calculated under the fixed-effects model.

The risk for the random-effects quasi-ML estimator is generally less than the risk of the (fixed-
effects) ML estimator. The risk improvement is substantial when ||55|| = 0, so that the coefficients
on the doubtful instrumental variables are in fact all equal to zero. The TSLS estimator does very
poorly in terms of maximum risk. An interpretation of this poor performance is that TSLS corre-
sponds to random-effects quasi-ML with  fixed at a large value. Then a solution to this problem
is to estimate  from the data. We conclude that the random-effects estimator is a conceptually

straightforward way with few drawbacks of efficiently combining many weak instrumental variables.
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APPENDI

Al

The log-likelihood function is
(87, 5) = 3 (0 — ) ldet(D)] - tr[S7(S + (T~ 479) (T = B9, (A1)

where IT* = FII. (We have suppressed additive terms that do not depend upon (v, 8*,%).) First
consider maximizing the log-likelihood over S* and -y for a given value of 3. Let  be a nonsingular

2 x 2 matrix with "= 371, Define

A

o =1, ¢= "¢

Let

denote the (thin) singular value decomposition of 11 , where 1 o 0, 1and 5 areorthonormal
k x 1 vectors, and ; and 5 are orthonormal 2 x 1 vectors. The squared 2-norm of a matrix
(|| 1|3) is the largest eigenvalue of ' and sotr( ' ) || |3, as the trace is the sum of the
eigenvalues. Then we have
e[S — ) (I = B7¢)] = te (T — 879" (1 — B"¢™)]
I —g "l 3.

(See Golub and Van Loan (1996, Theorem 2.5.3).) The minimum is achieved by setting 8*¢*' =

11 |,s0that TT —pB*¢*' = 5 5 4 with|[lT —B*¢*||3 = 3. The solution for ¢* is proportional
to 1. The solution for ¢ is then ( /)~! ;, normalized so that the first element of ¢ is equal to one.

/

So the maximum-likelihood (ML) estimate of «y, given 33, is (X)) = 5( )=* 1 {( /)7! 1, where
'=(1 0)and 4 =(0 1). Since ; is the eigenvector of I II corresponding to the largest
eigenvalue, we can obtain ; = ; as an eigenvector of II* II* relative to Y, and express 4(X) in

terms of 1:

y=argmax 'II*IT* 'S, ()= 42, |24 (A.2)



We shall also need a concentrated log-likelihood function, based on maximizing over 8* given

v and ¥. First:
min tr [57H({T* = 6*¢)' (1" — 5*¢)]
=mintr (T —B*¢*')' (T —p*¢*")]
=minftr (I I ) — 28"l ¢" + (B8*'8")(4™'¢")]
—tr (Il T ) —¢*T0 1T ¢* ¢*'¢"
= tr (ST IT) — /T 1% ' Sep,
where 9 = X ~1¢. So we have
“(7,%) = max (y,8",%) = —% (n — j) In[det(%)] (A-3)
+ tr [BTH(S + IT* IT%)] — /T 11" 'Sy .
Now consider maximizing (A.1) over (v, 3*,%). Maximizing over ¥ gives
max (7, 6°,5) = ~3 (n— ) nfdet(S + (II" ~ ) (IT" ~ ")

+(n—j)In(n —7) = (n = j).

Define II and ¢* as above, except that now is a nonsingular matrix with "= §~1. Then we

have
det[ (S + (I = f*¢') (I1" = B*¢)) | =det[I + (T —p"¢")' (Il —p"¢")]
L+ —p¢*|5 1+ 3.
As before, the minimum is achieved by setting 8*¢*' = ; 1 }. So the ML estimate of y coincides

with the constrained estimate ¥(X) in (A.2) when ¥ is evaluated at S (or any positive, scalar
multiple of S):

y =argmax TI*IT* 'S, 4=4(8)= 45; 1S . (A.4)
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This is a special case with two endogenous variables of a result by Goldberger and Olkin (1971).
The result holds even though the ML estimate of 3 is not in general a scalar multiple of S.
There does not appear to be a closed-form expression for the concentrated log-likelihood that

is based on maximizing over f* and X given 1.

A2

We shall use the following family of invariant prior distributions: {A(0, 21I,) : 0}.
Given a value for , the distribution for 3% implies a joint distribution for (Z, 85), which implies
a marginal distribution for Z, which is the basis for the random-effects quasi-likelihood function.
Conditional on B3, S is independent of II* and its distribution does not depend upon B5. So I

and S are independent in the marginal distribution of Z, with

" ~N(p® (%), ), S~ Wishart(n —j — k,X),

where
¢:<~17)’ = 2¢¢’®<8 2)+E®Ik.
Let
=2"'®L, = ¢®(IO),
»
so that = "4+ ~1. Then the inverse of simplifies as follows:
-1_  _ (I+ ' )t
- - we (g )i+ Twe o 5)
—slen - Y +1)‘1w¢’®(8 IO)
D
where

p=%"1¢, =¢%", =( 7. (A.5)
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We can also simplify the determinant of . Let be a nonsingular matrix with r=31

det( )=det[( '®I;) ( ®I;)]det[Z ® Ix);

dell ‘o 1) ('en)]=de 2 6o ()1 6o (] )+

=det 7 ’¢®(?p>]’[ ’¢®<?>]+Ip

P

=det[( * +1)L]= "P( +1).

It is convenient to index the parameter space using (v, 87, ,X) instead of (7,57, ,X). Then

our log-likelihood function is
X 1 . -
(v: 81, »%) = =5 (=) In[det(X)] —p[ ( +1)]+tx(27'S) (A.6)

G A R G AR

First we shall maximize over 37, given (v, ,X).

a=minfs — s (% iy - 6o (T e

:ﬁ_* _1fr*—fr* —1(¢®<I81>)[(¢®(181))/ —1(¢®(181))]—1(¢®<181))/ —l,ﬁ_*
=" (2711, — ~lYy’ @ P)7*,

where

We can rewrite this as
d = tr(IT* II*S71) — tr(IT* PIT*yy)
= tr(STHI* IT%) — ¢'I1* PIT* o' Sep.
The concentrated log-likelihood function is

(%) =max (.65, ,%) =3 (n—j)Indet(S)] ~plal ( +1)

1

+ e[S + 1T 11%)] — o'TT* PII*y ¢'Sep . (A7)
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Maximizing this over 7 given ( ,X) gives
(,%) =max *(y, ,¥) =~ (n—j)Indet(¥)] - pln[ ( +1)]

+ [ NS + 1T 119 — 4, (A.8)

where ; is the maximum eigenvalue of II* PII* relative to 3. The ML estimate of v given ( , )

is obtained from the corresponding eigenvector:
, =argmax 'II* PIT* 'S, #( ,%)= 4%, /% .. (A.9)

Consider the limit as — 0. Then P = Ij, and the random-effects ML estimate given ( ,X)
in (A.9) equals the fixed-effects ML estimate given ¥ in (A.2).

Consider the case in which the random-effects prior applies to all of 8*, so that k; = 0. Then P
= ( +1)7I;. Let * (v,%) denote the concentrated log-likelihood function in (A.3) for the fixed-
effects model, and let * (v, ,X) denote the log-likelihood function in (A.7) for the random-effects

model. Then we have
: (77 ,Z):( +1)_1 * (712)+ ( 7Z)a

where the additive term ( ,X) does not depend upon . So in this case, the random-effects ML
estimate of y given ( ,¥) in (A.9) does not depend upon . It equals the fixed-effects ML estimate
of y given ¥ in (A.2). In addition, the second derivative with respect to v of the random-effects log-
likelihood function equals ( +1)~! times the second derivative with respect to +y of the fixed-effects

concentrated log-likelihood function:

v

Suppose that the standard error reported for v is the inverse of the square root of minus the second
derivative of the concentrated log-likelihood function, evaluated at the ML estimate of «y. Then if
and X are given, the standard error reported in the random-effects model is ( + 1)*/? times the

standard error reported in the fixed-effects model.

18



Return to the general case in which k; may be positive. Instead of fixing and ¥, consider

the random-effects ML estimate given ( ,X):

4( %) =argmax ; (v,( *)71, %),

*

where ) denotes the concentrated log-likelihood function in (A.7) for the random-effects model.

As — , we have P — I;. So

i * - 1 A Tr*

lim [7 (v, ( *)7h%) +pin( )= -3 pln( ) —¢'T" 'y 'Sy + (), (A.10)
where the additive term ¢(X) does not depend upon . The limiting objective function in (A.10)
differs from the fixed-effects concentrated log-likelihood function in (A.3) by the term —pln( ) 2
= —pln(¢'>71¢) 2 (ignoring additive terms that do not depend upon 7). This term is maximized
at v = 12 11, which is the population least-squares value corresponding to the coefficient on Y;

in the least-squares regression of Y5 on (Y; X).
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TABLE 1

Returns to Schooling Using Quarter of Birth as Instrumental Variables

Estimator
REQML ML TSLS =103 =10
Real QOB Data .096 .094 .073 .073 .094

(.056,.139)  (.061,.129)  (.057,.089) (.057,.088)  (.061,.129)

Random QOB Data .220 —.330 .059 .059 —.330
(—1000,1000) (—.999,—.149) (.042,.076) (.041,.076) (—.999,—.149)

Note: Point estimates with (nominal) .95 confidence intervals in parentheses. REQML =

random-effects quasi-maximum-likelihood; ML = (fixed-effects) maximum likelihood; TSLS

= two-stage least squares. The column labeled = 10? is for random-effects quasi-ML given
( ,¥),evaluated at = 10% and ¥ = 3. The column labeled = 10~ is for random-effects
quasi-ML given ( ,X), evaluated at = 107 and ¥ = 3. The instrumental variables are

quarter of birth (QOB) (k; = 1) and interactions of QOB with 504 indicator variables for
state/year cells (p = 504). The data are for males born in either the first or fourth quarters

between 1930 and 1939. n = 162,515.
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TABLE 2

Risk Based on Absolute Error Loss, Truncated at .2

Estimator
(v B3, 118311 P) REQML ML  TSLS
y= 096, Bi =65, |IBsll P=" 017 036 024
y= .000, B; =65, 15l P=" 018 035 054
y=-.192, Bi =65, |IBsll P=" 027 038 199
y= .096, Bt =65, 18]l p=0 017 .050 025
y= .000, B; =01, |IBs]l P=0 018 .049 057
y=-.192, Bi =65, |IBs]] P=0 028 .051 200
y= .09, f; =P, 1Bl p=2" 015 .020 020
y= .000, Bf =65, IBs]l p=2 015 .020 046
y=-.192, Bi =65, |IBsl] P=2" 022 024 178
y= .096, Bi =0, ||B5]] Pp=" 109 .101 027
y= .000, Bf =0, ||B5]] p=" 108 .101 063
y=-.192, B; =0, [|B5]] p=" 103 .105 200
y= .09, Bf =0, B3] p=2 033 .032 023
y= .000, Bf =0, ||B5]] P=2 033 .032 053
y=—.192, Bf =0, ||B3]] p=2 035 035 198
Note: R(6,d) with loss function Ly (6, a) = min{|y — a|,.2}. 87 = 30.4, ~ = .831
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TABLE 3

Square Root Risk Based on Squared Error Loss, Truncated at .2

Estimator
(v, 81, 116511 P) REQML ML  TSLS
y= 096, 5 =P, IB5]] p=" 021 .049 025
y= .000, B; =65, 15l P=" 022 047 054
y=-.192, Bi =65, |IBsll P=" 035 049 199
y= .096, 5 =05, ||Bs]] p=0 022 067 026
y= .000, B; =01, |IBs]l P=0 023 .067 057
y=-.192, B =65, |1Bs]] p=0 035 .067 200
y= 096, Bi =65, |IBs]] P=2" 019 .025 021
y= .000, i =65, 15l P=2" 019 025 047
y=-.192, i =65, IBs]] p=2" 028 .030 179
y= .096, Bi =0, ||B5]] Pp=" 131 123 028
y= .000, Bf =0, |B5]] p=" 129 122 063
y=-.192, B; =0, [|B5]] p=" 123 125 200
y= .096, Bf =0, ||3]] p=2" 044 042 024
y= .000, Bi =0, ||B3]] p=2 044 042 053
y=—.192, Bf =0, ||B3]] p=2 046 .046 198
Note: v/R(0, d) with loss function Ly(,a) = [min{|y—al,.2}]%. B = 30.4, © = .831

24



TABLE 4

Coverage Rates

Estimator
(v B1:11651]  P) REQML ML  TSLS
y= 096, pi =B, 1651l P=" 95 .61 16
y= 000, B; =i, 165l B=" 9% .63 00
y=-192, ;= Bf, 1631l B=" 95 .79 00
y= .096, B; =05, |1Bs]] p=0 95 .54 15
y= .000, Bf =65, |IBs]] P=0 95 57 .00
y=-.192, Bi =65, |IBs]] P=0 95 .73 .00
y= .09, i =55, |Igsl] p=2 95 .72 23
y= .000, Bf =65, IBs]l p=2 95 T4 .00
y=-192, 6; = B, 1B3]] P=2 95 85 00
y= .09, Br =0, ||B5]| p=" 97 42 12
y= .000, B =0, ||B5]l p=" 9 .44 00
y=-192, Br =0, |85l P=" 96 .60 .00
y= 096, B =0, ||B5]l p=2" 95 .64 17
y= 000, B =0, ||B5]] P=2" 95 .66 .00
y=-192, BF =0, |85l P=2 95 .81 00

Note: The nominal coverage level is .95. B{ =304, © =.831
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TABLE 4 (continued)

Coverage Rates

Estimator
(v, 81, 1185]] P REQML ML  TSLS
y= .096, Bf =0, ||B5]] Pp=0 .38 .09
y=-.192, gy =0, ||f5]] Pp=0 .38 .00

Note: The nominal coverage level is .95.
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