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All modelsof sustainedyrowth arelinearin somesenseandthe endogenous
growth literaturecanbe readasthe searchfor the appropriatdinear differential
equation.Linearityis a“crucial” assumptionin thesenseaisedby Solow (1956),
andit thereforeseemseasonabléo askthatthis assumptiorhave an intuitive
andcompellingjusti cation. This papemproposeshatsuchajusti cation canbe
foundif thelinearity is locatedin an endogenougertility equation. It is afact
of naturethat the law of motion for populationis linear: peoplereproducen
proportionto their number By itself, this linearity will not generateper capita
growth, butit is neverthelesshe rst key ingredientof suchamodel. Thesecond
key ingredientsincreasingeturnsto scale.A justi cation for increasingeturns,
ratherthanlinearityin theequatiorfor technologicaprogressis thefundamental
insight of the idea-basedrowth literatureaccordingto this view. Endogenous
fertility togethemwith increasingeturnsgenerateendogenougrowth.
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1. INTRODUCTION

Canexponentialgrowth be sustainedorever? How do we understand
the exponentialincreasen per capitaincomeobsened over the last 150
years?

The growth literatureprovidesa large numberof candidateheoriesto
addresshesequestionsandsuchtheoriesarenearlyalwaysconstructego
asto generatasteadystate alsoknown asabalancedjrowvth path. Thatis,
thegrowth rateof percapitaincomesettlesdown eventuallyto a constant.
In part,this re ects modelingcornvenience However, it is alsoa desirable
featureof any modelthatis goingto t someof the factsof growth. For
example,asnotedby BarroandSala-i-Martin(1995),

[O]ne reasorto stick with the simplerframenork thatpossesses steadystate
is thatthe long-termexperience®f the United Statesand someotherdeveloped
countriesindicatethat per capitagrowth ratescanbe positive andtrendlessover
long periodsof time... This empiricalphenomenoisuggestshata usefultheory

would predictthatpercapitagrowth ratesapproacttonstantsn thelongrun; that
is, themodelwould possessa steadystate.[page34]

Clearly thereare mary examplesof countriesthat display growth rates
that arerising or falling for decadesat a time. However, thereare also
examplesof countries like the United Statesfor the last 125 years,that
exhibit positive growth for long periodswith no noticeabldrend. It seems
reasonablethen,thata successfutheoryof growth shouldat leastadmit
the possibility of steady-statgrowth.

Modelswith this property however, arevery specialandrequirestrong
assumptions.One of thesestrongassumptiongs that technicalchange,
atleastin thelong-run,shouldnot be capital-augmentingAnotheris the
presencef a differentialequationthatis exactly linearin a sensewe will
de ne shortly.

Now thatgrowth theoristsunderstandhe kind of assumptionghathave
to bemadeto generatesustainedxponentialgrowth, it is possibleto con-
structalargenumberof modelswith different‘engines”of growth, ranging
from physical capitalaccumulatiorto humancapitalaccumulatiorto the
discovery of new ideasto populationgrowth to variouscombinationsof
thesefactors. Indeed,the problemnow confrontinggrowth economistss
how to chooseamongthe abundanceof competingexplanations.Empiri-
cal work providessomeguidanceput a numberof dif culties suchasthe
accurataneasuremerndf ideasor humancapitalor evengrowth itself lead
thisresearcho belessthanconclusie.
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This papemproposes complementarapproactio judginggrowth mod-
els by “raising the hurdle” to which our modelsaspire. Speci cally, the
suggestions thata successfutheoryof economiocgrowth shouldprovide
an intuitive and compellingjusti cation for the crucial assumptionghat
arearequiremenbf suchatheory That“crucial” assumptionshouldbe
justi ed is atime-honoredstrateyy for makingprogressn the growth lit-
erature. This kind of reasonings discusseaxplicitly in the introduction
of Solav (1956) andis partly responsibl€for the discovery of the neo-
classicalgrowth model® Anotherexamplerelatesto the requirementhat
technicakhangeshouldnotbecapital-augmentingn thelong-run. At rst,
this seemdik e a very adhocassumption However, researctby Kennedy
(1964)andDrandakisand Phelps(1966)in the 1960s,andmorerecently
by Acemoglu(2001), explains how this canbe the naturaloutcomein a
modelwhereresearchershoosehedirectionof technicalprogress.

Justasthesepreviousauthoramadeprogresdy questioninghejusti ca-
tion for ad hocbut crucialassumptiond, proposehatadditionalprogress
towardunderstandindgpng-rungrownth canbe madeby seekingajusti ca-
tion for thekind of linearitythatis neededn modelsthatgeneratesustained
growth overlong periodsof time. Existinggrowth modelsfall shortof this
ideal,providing essentiallynojusti cation for why akey differentialequa-
tion shouldbelinear. Thiswassurelyappropriatavhenwe weresearching
for the rst severalcandidatexplanationof long-rungrowth, but perhaps
it is now time to askmoreof our models.

The nal resultof ary modelthatexhibitslong-rungrowth is anequation
of theformy=y = g, wherey is percapitaincomeandg > 0is aconstant.
Not surprisingly then,thekey to obtainingsucharesultis for themodelto
includeadifferentialequationthatis “linear” in a particularsenseasin

X.=  X: 1)

LAl theory dependsn assumptionsvhich arenot quite true. Thatis what malesit
theory Theart of successfutheorizingis to make theinevitable simplifying assumptions
in suchaway thatthe nal resultsarenotvery sensitve. A “crucial' assumptiorns oneon
whichtheconclusionglodependsensitiely, andit isimportantthatcrucialassumptionbe
reasonablyealistic. Whentheresultsof atheoryseento o w speci cally from a special
crucial assumptionthenif the assumptioris dubious,the resultsare suspect.| wish to
argue that somethinglik e this is true of the Harrod-Domarmmodel of economicgrowth”
[page65]
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Growth modelsdiffer accordingto the way in which they label the X
variableandthestorythey tell in orderto Il in theblank?

Much of thework in bothnew andold growth theorycanbereadasthe
searctior theappropriateharacterizabn of equaion (1). Forexample the
originalmodelsin Solow (1956)andSwan(1956)withoutexogenougech-
nical changefocusedour attentionon the differentialequationfor capital
accumulation However, with diminishingreturnsto capital,thatequation
waslessthanlinear, andnolong-rungrowth in percapitaincomeoccurred.
WhenSolov andSwanaddedexogenousechnicakchangen theform of an
equatiorthatwasassumedb belinear, A-= gA, long-rungrowth emeged.

The so-called*AK” growth modelsdepartedrom Solov and Swan by
eliminatingthediminishingreturngo cgpitalaccumudtion. Linearityin the
accumulatiorof physical capitalor humancapital (or somecombination
of thesetwo) becamethe engineof growth.? Idea-basedrownth models
by Romer (1990), Grossmarnand Helpman(1991), Aghion and Howitt
(1992), and othersreturnedthe linearity to the differential equationfor
technologicabrogressand lled theblankin equation(1) with resources
devotedto researclby pro t-maximizing entrepreneurs.

Notice that exact linearity of the key differentialequationis critical to
generatingustaine@xponentiagrowth in thelong-run. If theexponenion
X in equation(1) is slightly largerthanone,thengrowth rateswill explode
over time, with thelevel of X (andhenceincome)becomingin nite in a

nite amountof time. Onthe otherhand,if the exponenton X is slightly
lessthanone,thengrowth rateswill fall to zeroasymptotically In other
words,the growth theoristis in the strangesituationof requiringa knife-
edgerestriction.

One canamguethat too muchemphasiss placedon exact linearity in
the previous paragraph.The U.S. evidencesuggestshattrendlesgrowth
is possiblefor at least125 years,at a rate of about1.8 percentper year
Matchingthiskind of evidencerequiresadifferentialequatiorthatis close
tolinear. For example,if thedifferentialequatiortakestheformy; = ay; ,

2Thisway of summarizinggrowth modelsis takenfrom Romer(1995). It isimportantto
recognizeasdocumentedby MulliganandSala-i-Martin(1993),thatthis linearity canbe
hiddenin modelswith multiple statevariables.Linearity is alsoanasymptoticequirement
ratherthan somethingthat musthold at all pointsin time, as pointedout by Jonesand
Manuelli (1990).

3Themodelsof Romer(1987),Lucas(1988),andRebelo(1991) t this catayory.
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acceptablevaluesfor  fall approximatelyinto therange[0.95,1.05]# If

onewantsbalancedgrownth forever at a positive rate, exact linearity is a
requirement.If oneonly desiresto matchthe empiricalevidencefor the
United States this requirementan be relaxed slightly. In eithercase,a
crucialassumptiorof suchamodelis thatit deliver adifferentialequation
thatis approximatehinear.

A naturalrequiremenbf a successfutheoryof economicgrowth, then,
is thatit provide a compellingandintuitive justi cation for linearity —
suchanassumptions crucialto theresult,andwe mightthereforerequire
a good explanationfor why it holds. On this basis,existing modelsare
clearlyde cient. Thelinearity in existing modelsis assumeéd hoc,with
nomotivationotherthanthatwe musthave linearity somavhereto generate
endogenougrowth.

Thatendogenougrowth theoryassumeshis kind of knife-edgelinear
ity hasbeenlong known. Stiglitz (1990)andCannon(1998)notethatthis
requiremenmadegrowth theoristsuncomfortablevith modelsof endoge-
nousgrowth in the 1960s. Solow (1994)appealdo this samecriticismin
arguing againstrecentmodelsof endogenougronth. Whatis sometimes
notsufciently well appreciateds thatarny modelthatis goingto generate
sustainedexponentialgrowth requiressuchan assumption.A productive
responsdo the criticism, then, is to provide justi cations for our crucial
assumptions.

Thispapedevelopsanew theoryof endogenougrowthinwhichlinearity
is motivatedfrom rst principles. The processillustratesthe potential
gainsfrom forcing ourselhesto jump over a higherhurdle— the model
haspredictionsthat are differentfrom thoseof otherendogenougrowth

*Integratingthe differentialequationin thetext for 6 1 andcalculatingthe average
growth rateleadsto

1 1 1
g Tlogyr logyo) = T ——logl+ g )T);

wheregp is the growth ratey=y attime O (correspondindnereto the year1870). Setting
gr = :018andT = 125, onecansolvethisequatiorfor thevalueof associateavith ary
initial valueof go. If < 1, thengrowth ratesaredeclining;avalueof go = :019implies
avalueof = :952anda1995growthrateof gr = :0171 Whatweknow of U.S.history
suggestshatgrowth rateswererising prior to the 125yearperiod,andsettinggy = :017
leadsto avalueof = 1:051anda1995growth rateof gr = :0191 Thegrowth ratesin
this lastexperimentareroughly consistentvith thoseestimatedy Ben-David andPapell
(1995).
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models.The rst key ingredientof thismodelis endogenoutertility. At an
intuitivelevel, thereasorwhy endogenoutertility helpsis straightforvard.
Considemastandardolov-Swanmodel. With thelaborforceasafador that
cannobeaccumulategndogenouslynehasto look for away— typically
arbitrary — to eliminatethe diminishing returnsto physical capital. In

contrastwith an endogenouslhaccumulatedabor force, both capitaland
laborareaccumulabléactors andastandaradonstanteturnsto scalesetup
caneasilygenerateanendogenouslgrowing economy

However, endogenoutertility in amodelwith constanteturngo scalein
all productionfunctionswill notgenerat&endogenougronth in percapita
variables.This leadsto the secondkey ingredientof themodel,increasing
returnsto scale. Endogenousdertility leadsto endogenougrowth in the
scaleof the economy Increasingreturnsto scalein the productionfunc-
tion for aggreyate outputtranslategshe endogenougrowth in scaleinto
endogenougrowth in percapitaoutput.

Researclon idea-basedjronth modelsprovidesa justi cation for in-
creasingeturngthatis basedn rst principles.At leastsinceShell(1966),
Phelpg(1968),andNordhauq1969),economisthiave recognizedhatthe
nonrivalry of knowledgeimpliesthataggreateproductionis characterized
by increasingreturnsto scale. This agumenthasbeenclari ed andel-
evatedto a very prominentplacein our thinking abouteconomicgrowth
by Romer(1990). Ideasare nonrivalrous;they canbe usedat ary scale
of productionafter beingproducedonly once. For example,considerthe
productionof any new product,saythedigital videodiscgplayeror thelatest
world wide webbrowser Producinghevery rst unit mayrequireconsid-
erableresources— the productmustbe inventedor designed.However,
oncethe productis invented,it never needso beinventedagain, andthe
standardreplicationargumentimplies that subsequenproductionoccurs
with constantreturnsto scale. Including the productionof the “idea; or
thedesignof theproduct productionis characterizetdy increasingeturns.
Thisproperty ratherthantheassumptionhatthedifferentialequatiorgov-
erningtechnologicaprogresss linear, isthekey contributionweneedrom
theidea-basegrowth literature®

5 Alternative methodsfor introducingincreasingeturnsto scalein the model,suchasa
Marshallianexternalityassociateavith capitalaccumulationwill alsoleadto endogenous
growth. | focusontheidea-basedheoryof increasingeturnsbecausét canbe motivated
from rst principles.
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This paperbuilds on a numberof earlierinsights. Several paperdn the
1960scontainkey resultsthat arefurther developedhere. Phelps(1966)
andNordhaug1969)presenmodelsin whichthenonrialry of knovledge
leadsto increasingeturnsandderive theresultthatlong-rungrowth in per
capitaincomeis driven by exogenouspopulationgrowth.®  Still, neither
of thesepapersseemdo know how seriouslyto take this prediction,with
Nordhaugallingit a“peculiarresult” (page23). Two yeardater, however,
Phelpg1968)stressestheimplicationsof populationfor growth:

Onecanhardlyimagine,l think, how poorwe would be todaywereit not for
therapid populationgrowth of the pastto which we owe theenormousiumberof
technologicabdvancesenjoyedtoday.. If | couldre-dothe history of theworld,

halving populationsize eachyear from the beginning of time on somerandom
basis,| wouldnotdoit for fearof losingMozartin the process[pagess11-512]

More recently Joneg1995)modi ed the Romer(1990)modelto elim-
inate the apparentlycounterfictualpredictionthat the growth rate of the
economyis proportionalto the size of the population. In the modi ed
model,the growth rate of the economydependn the growth rateof the
population,asin the earliermodels! Becausehe populationgrowth rate
is assumedo be exogenoushgiven, however, thelong-rungrowth rateof
theeconomyjis invariantto policy change$.

Here, the populationgrowth rate is endogenizedand policy changes
canaffect the long-rungrowth rate of the economythroughtheir effects
on fertility. Becausdhe channelthroughwhich policy affectsgrowth is
fertility, however, the natureof the effectsof policy on long-rungrowth
is often counterto cornventionalwisdom. For example,subsidieso R&D
andcapitalaccumulationeventhoughthey maybewelfareimproving, will
reducdong-rungrowth in the model.

5Thelearning-by-doingnodelsof Arrow (1962)andSheshinsk{1967)alsoobtainthis
result.

"A large body of related researchincludes Simon (1981), Judd (1985), Grossman
and Helpman(1989), Kremer (1993), Raut and Srinivasan(1994), Kortum (1997), and
Segerstrom(1998).

8Subsequenpapersby Young(1998), Peretto(1998), Howitt (1999),and Dinopoulos
and Thompson(1998) have found clever waysto eliminatethe effectsof scaleon growth
in idea-basednodelswithout eliminatinglong-runpolicy effects. Thesemodelsmaintain
linearity in theequatiorfor technicalprogressut assumehatthenumberof sectorgrows
exactly with population,sothatresearcteffort persectordoesnotgrow. SeeJoneg1999)
for adiscussiorof theseissues.
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Section2 of the paperpresentsan extremelysimplegrowth modelthat
illustratestherole of populationgronth andincreasingeturns. The basic
claimin thissectionis thatif onetakesthehistoricalpresencef population
growth as given, then one can understandgrowth in per capitaincome
withoutintroducingary arbitrarylinearity into themodel.

Theremaindeof thepaperthenexamineghedeepeissueof how wecan
understandjrovth moregenerally bothin percapitatermsandin popula-
tion, asanendogenouphenomenonSection3 exploresin detailtheclaim
that endogenoudertility can provide the linearity neededto understand
per capitagrowth. Sectiond developsthe decentralizedlynamicgeneral
equilibriummodelin the context of “basic sciencé. Thatis, themodelis
basedntheassumptiohattheideasunderlyinggrowth arenotonly non-
rivalrous,they arepurepublicgoods.This assumptioris employedalmost
entirely becauset simpli es the analysisconsiderably Still, it may also
be of independeninterest. For example,it is sometimesonjecturedhat
basicscienceshouldbe modeledasanexogenougprocesslik e exogenous
technicaprogressn aSolonvy model. Theanalysisheresuggestthatinsight
is gainedby moving beyondthis view. Evenif theideasof basicscience
fall from above lik e applesfrom trees thefertility channelandincreasing
returnsarecrucial: the numberof IsaacNewtonsdepend®n the the size
of the populationthatis availableto sit undertrees.

Sectiorb exploresthewelfarepropetiesof themodel.Sectior6 contains
ageneraldiscussiorof the model's predictionsanddiscussesheinterpre-
tation of the model. One point worth emphasizingrom the beginningis
thatthemodelis bestthoughtof asdescribinghe OECDor eventheworld
asawhole. Careis requiredwhentestingthe modelwith a cross-section
of countriesbecauseountriesshareideas. A nal sectionconcludeghe
paper

2. THE ISAAC NEWTON GROWTH MODEL

The rst claimin this paperis thatthe growth in percapitaincomethat
hasoccurredin recentcenturiescan be understoodvithout appealingto
ary extralinearity of thekind assumedn recentgronth models.To make
this claim, we constructan extremelysimpletoy economyandshav how
it exhibits percapitaincomegrowth.

Thereare two key ingredientsthat drive per capitagrowth in the toy
model,both of which arereadilyjusti ed. The rst is populationgrowth.
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For themomentwe simply take constanexogenougpopulationgrowth as
agiven. Letting L representhe populationor laborforceattimet,

LE =n>0; Lo> Ogiven: (2)
t

The secondkey ingredientis increasingreturnsto scale. Let Y; bethe
guantityof a singleconsumption/outpujoodproducedandlet A; bethe
stockof ideasthattheeconomyhasdiscoveredin thepast. The production
functionin ourtoy modelis

Ye= A¢lyy 3)

wherel vy isthenumberof peopleworkingto producetheoutputgoodand

> 0 imposegheassumptiorof increasingeturnsto scale.Holding the
stock of ideasconstantthereare constantreturnsto scale: doublingthe
guantity of rivalrousinputs (hereonly Lv) will doubleoutput. Because
ideasare nonrivalrous, the existing stock A canbe usedat ary scaleof
productioneadingto increasingeturnsin A andL vy together

Finally, we needa productionfunctionfor ideas.This partof themodel
canbe setup in a numberof differentways. To keepthe modelsimple,
however, assumehefollowing productionfunction:

A:= Lat; Ag> Ogiven; (4)

whereL 5 is the numberof peopleworking to producenew ideas(the
numberof IsaacNewtons)and > 0 representshe numberof new ideas
thateachresearchediscoversperunit of time.

Theresourceconstrainfor this economyis

Lyt+ Lat = Lt (5)

As partof our simplifying assumptionsye assumehata constanfraction
s of the labor force works asresearchersothatL s = sL; andLy¢ =
(1 s)Lt, with0< s< 1. Thisistheonly allocatve decisionthatneeds
to bemadein this simplemodel.
Fromthe productionfunctionin equation(3), consumption(or output)
perworkeris givenby
Yt

Yt L A1 s);
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andthereforethe growth of consumptiorperworker, gy, is equalto ga,
wheregx  x=x for ary variablex.
Fromthe productionfunctionfor ideasin equation(4),

Ay Lt

— = s—! 6

A A ©)
It is theneasyto shawv thatthereexists a stablebalancedyrownth pathfor
thismodelwherega = n. For example,in orderfor A=A to beconstantn

equation6) above,theratioL=A mustbeconstant.Thereforethelong-run
percapitagrowth ratein this economyis givenby

Oy = n: )

This resultnicely illustratesthe centralrolesof populationgrowth and
increasingreturns. Percapitagrowth is proportionalto the rate of popu-
lation growth, wherethe factorof proportionalitymeasureshe degreeof
increasingeturnsin theeconomy

Accordingto this model, sustainedlong-run per capitagrowth results
from populationgrowth andincreasingeturns.Theinherentnonrivalry of
ideasneanghattheeconomys characteredbyincreasngretumstosale
Economicgrowth occursbecausdhe economyis repeatedlydiscovering
newer andbetterwaysto transformlaborinto consumption However, the
creationof new ideasby itselfis notsufcient to generatesustainedjrowth.
For example, suppose&neconomyinvents100new ideasevery year As a
fractionof the (ever evolving) existing stockof ideas thesel00new ideas
becomesmallerandsmaller Sustainedyrowth requiresthatthe number
of new ideasitself grow exponentiallyover time. This in turn requires
thatthenumberof inventorsof new ideasgrows over time, which requires
populationgrowth.

Taking populationgrownth asgiven, this modelsuggestshat per capita
incomegrowth is nota puzzleatall. More peoplemeananorelsaacNew-
tonsandthereforemoreideas. More ideas,becausef nonrivalry, means
morepercapitaincome. Therefore populationgrownth, combinedwith the
increasingeturngo scaleassocatedwithideasdeliverssustainedong-run
growth ®

®Themodelclearlyindicatesthatgrowth occursbecauséhe effective resourceslevoted
to producingnew ideasrisesovertime. Joneq2002)appliesamoregeneralersionof this
modelthatincorporate®othphysicalandhumancapitalto uncoverempiricallythesources
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3. LINEARITY AND GROWTH

Theprevioussectiorshovshow two basidngredientspopulatiorgrowth
andincreasingeturns canhelpusmalke sensef thepresencef percapita
incomegrowth. In theremaindeiof the paperwe consideradeepeques-
tion. How do we understangbastandpossiblyfuture growth, bothin per
capitatermsandin populationitself, asanendogenouphenomenon?

Motivatedby thediscussionn theintroduction theanswemustinvolve
adifferentialequationthatis linear In this section,| aguethatthelaw of
motionfor populationis intimatelytied to alineardifferentialequationjn
away thatthelaw of motionfor physicalcapitalor humancapitalor ideas
is not.

To understandhis claim, imaginea world consistingof N; (represen-
tative) individualsat time t. Eachindividual in this economychoosego
have a certainnumberof children,denotedby r;. At eachpointin time,
someconstantgxogenously-gienfractiond of the populationdies,asin
theBlanchard1985)constanprobability of deathmodel. Thelaw of mo-
tion for theaggregatepopulationin a continuoudime ervironmentis then
givenby

Ne = (Rt d)Ng
N¢Ni: (8)

Thereforepy choosinghenumberof childrento have, individualschoose
theproportionalrateof increasen the population.Thelinearity of thelaw
of motionfor populationis abiologicalfactof nature:peoplereproducen
proportionto their number

Thisis notto saythatsuchanequationautomaticallydeliverssustained
exponentialpopulationgronth. Indeed,n may dependon the aggrejate

of 20thcenturyU.S.economigrowth. A key factin theapplicatioris thatresourcedevoted
to researcthave grown for threereasonsin additionto basicpopulationgrowth, theshare
of thelaborforcedevotedto researclandtheeducationahttainmenbf theresearchersave
increasedswell. Jonegddocumentshatroughly80 percenbf post-war U.S.growth is due
to increasesn humancapitalinvestmentatesandresearchntensityandonly 20 percent
is dueto the generalincreasan population. However, theintensity effectscannotleadto
sustainedxponentialgronth — neithereducationahttainmennor the shareof the labor
force devotedto researcttanincreaseorever. Sounlessthereis an ad-hocLucas-style
linearityin humarcapitalaccumulationpopulationgronth remaingheonly possiblesource
of long-rungrowth, leadingthat paperto predictthatgrowth ratesmay slow considerably
in thefuture. Theseresultscon rm thatsubstantiaprogressn understandingrowth can
be madeusingthe basicframenork givenabove.
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stateof the economy In the model, for example,it will dependon the
wagerate and otherendogenousariables. And in fact,in a modelwith
decreasingeturnsto scale(e.g. becausef aconstantechnologyevel and
a x ed supplyof land), a subsistenceequiremenfor consumptionand
endogenoutertility, oneeasilyarrivesat a Malthusianresultin which the
sizeof the populationis asymptoticallyconstant— peopleendogenously
chooset = d, deliveringzeropopulationgrowth.

Instead the point of this exerciseis simply thatthinking aboutfertility
deliversan equationthat is linear in a way that thinking aboutphysical
or humancapitalaccumulatioror the productionfunction for knowvledge
doesnot. To seethismoreclearly, consideaveryroughcomparisorof this
equatiorto thekey lineardifferentialequationin othergrowth theories:

1. “AK” model Ko= sK

2. Lucasmodel h= uh

3. Romermodel A= HpA
4. Fertility model N=(r d)N

Eachof therespectie modelsmaintaingheassumptiorthat = 1 (which
may be viewed asan analyticallyusefulapproximatiorfor the crucial as-
sumptionof 1).

Whatdoesit meanfor theseequationgo be linear? Hold constanthe
controlor choicevariableof individual agentsand considemwhetherdou-
bling thestatevariablewill double, morethandouble orlessthandoublethe
changen thestatevariable.For example,n the*AK” model,holdconstant
thesavingratechoserbyindividuals. Whathappenso netinvestmentvhen
the stockof capitalin the economyis doubled? In a neoclassicamodel
with the usualdiminishing returns,net investmentis lessthandoubled,
sothe neoclassicainodelis lessthanlinear The“AK” model,however,
eliminatesthis diminishingreturnsthroughan ad hoc assumption.In the
Lucas-stylemodel, hold constantthe fraction of time u that individuals
spendaccumulatingskills, anddoublethe stockof humancapital. If a 7th
graderanda high schoolgraduatesachgo to schoolfor 8 hoursper day;
doesthe high schoolgraduatdearntwice asmuch?

In theRomerstylemodel,let A denotethe stockof ideasor designsand
H a bethetotallevel of resourcetheeconomydevotestoresarch. Holding
H a constantsupposeve doubletheexisting stockof ideas.Whathappens
to the outputof new ideas?A benchmarlkcaseof constanteturnswould
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be = 0: thenumberof new ideascreatedoy 100 units of researcleffort
is independenof thetotal stockof ideasdiscoveredin the past. Onemight
supposdhat > 0 — the productvity of researchs higherbecausef
thediscovery of calculusor the semiconductorOr onemight supposehat

< 0— themostolviousideasarediscovered rst, andit becomesnore
andmoredif cult todiscorernew ideasbecausef” shing out! Whatone
seedrom this exampleis thatthe caseof lis clearlyadhoc. There
is nointrinsic justi cation for linearity in the productionfunctionfor new
ideas.

In contrastconsidernally thefertility model. Hold constanthechoice
variableof individuals— thenumbeiof kidsperpeison /. Whathappenso
thetotal numberof offspringif we doublethe populationWell, of course
the total numberof offspring doubles. Linearity in the fertility equation
resultsfrom the standardeplicationargument:°

Onecanendogenizehefertility rater by following theendogenouter-
tility literatureassociatedvith Dasgupta(1969), Pitchford (1972),Razin
andBen-Zion(1975),andBeckerandBarro(1988),amongothers.Individ-
ualscarenotonly abouttheir own consumptionbut alsoaboutthenumber
of their descendentandthe consumptiorof their descendentsThis liter-
ature,especiallyBarro andBecker (1989),shavs that the populationcan
grow endogenoushat a constantexponentialratein a neoclassicastyle
gronth model.

This resultdependsn part on the productiontechnologyfor children.
Suppose

R=b ; 9)

where0 °  1listhetime anindividual with a x edlaborendavment
of oneunit spendgproducingoffspring,and0 < < 1. The parameter
b > d (for “births”) representshe maximumnumberof childrenthatan
individual canhavein agivenperiod(i.e. if * = 1). With theseproperties,
aswe will seebelaw, it is easyto getthe resultof positive, steady-state
populationgrowth. For example,all we needis thatbis sufciently large.

19 Onemightwonderaboutadependencef d onN which coulddestry thelinearity. It
seemgnostnaturalto think of themortality rated asdependingn percapitaconsumption
andonthetechnologicakophisticatiorof theeconomy Increaseé consumptioror medi-
caltechnologyfor example mayreducethe mortality rate,perhapdeadingit to asymptote
to someconstantevel (perhapsevento zero). Incorporatingthesefeaturesnto the model
would notdestry thelinearity of thefertility equation.
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Now considetthepossibilitythatinsteadf beingaparametetbdepends
directly on the statevariablesof the economy For example,new ideas
in healthcaremight allow childrento be producedwith lesslabor effort;
technologicabrogresamight increaseb, althoughone might suspecthat
fertility remainsboundedfrom above. Whatis critical, however, is that
asymptoticallyb doesnot decreasavith N . For example,to getsustained
populationgrowth, we mustrule out a caselikeb = N with > 0.
Clearly, thiswould eliminatethelinearity of the model.

Isit reasonabl&o believethat isnottoofarfromzero?l thinkso. Tosee
why, notice rst thatpeoplearea primaryinputinto nearlyall production
functions. Peopleare neededto produceoutput, peopleare neededto
produceideas,andpeopleareneededo producenew people. At leastso
far, the “AK” assumptiorthat machineshy themseles can producenew
machinesdoesnot seemtenable. With an exogenouslygiven population,
oneneedsan exactbut ad hoc degreeof increasingeturnsto scaleto get
constanteturnsto “reproducible”inputs. Thus,for example,the simple
Romerequationgiven above requiresa returnsto scaleof approximately
two, which is dif cult to justify. However, oncepopulationis itself an
endogenouslyeproduciblanput, thena standarcconstanteturnsto scale
productiorfunctionalreadyexhibitsconstantetumstoreprodudbleinputs:
thetwo coincidesothatthestandardeplicationargumentprovidesthekey
justi cation for linearity.

This is the situationthatapplieshere. The standarcconstanteturnsto
scalebenchmarkn the productionof offspring correspond¢o = 0. It
is possibleof coursefor to besubstantiallargeror smallerthanzero,
but thiswould requirea departurdrom constanteturnghroughsomekind
of arbitraryanddif cult-to-justify externaleffect: asthe populationgets
larger, why shouldthemaximumnumberof childrenthatanindividualcan
producedecline?

4. THE DECENTRALIZED MODEL

Theremaindeof this papershouldbereadasanextendedexample.We
embedanendogenoutertility setupinto anidea-basegrowth modeland
examinethekind of resultsthatcanarise.l have choseraparticulartheory
and madeparticularassumptionso getto the basicresultseasily | will
indicatein theappropriateplaceshow theresultsgeneralize.
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4.1. Preferences

One of the key insights of Barro (1974) was to think about utility-
maximizingindividualswho carenot only abouttheir own consumption
but alsoabouttheir children's consumption.This reasoningvasextended
by RazinandBen-Zion(1975)andBecker andBarro (1988)to modelen-
dogenoudertility: parentsalsocareaboutthenumberof childrenthatthey
have, andtheremaybe coststo increasinghe numberof offspring.

Following BeckerandBarro(1988),assuméhetimess utility of thehead
of adynasticfamily is givenby

Z,
Uoss = e ( 9y(c;Ngy) dt; (10)
S

wherec; is the consumptionof a representatie memberof the dynastic
family attimet, and > Oistherateof time preferenceNo: Ni=Np
representghe size of the dynasticfamily living at time t. Individuals
live throughtheir descendentso thatthe deathof anindividual is not a
remarkableaventin thatpersons life. Whenanindividual dies,herassets
aredivided evenly amongthe othermembersf the dynasticfamily.

With respecto thekernelof theutility function,it turnsoutto becorve-
nientto assume

u(c; Nt) = loge; +  log Ni; (11)

where > 0. Boththemamginal utility of consumptiorandthe marginal
utility of progety arepositive butdiminishing Theelasticityof substitution
betweerconsumptiorandprogetry is one,asin BarroandBecker (1989).
Within the classof utility functionswith a constantlasticity of substitu-
tion betweerconsumptiorandprogely, this unit elasticityguaranteethat
the dynasticapproactis time consistent— choicesmadeby the dynastic
headof generatior® will beimplementedy subsequerdenerationsThis
assumptioralsoturns out to be requiredfor the existenceof a balanced
growth path,aswe will seeshortly!!

Finally, characterizingheequilibriumof themodelis mucheasieunder
the strongerassumptiorthat = 1, so that per capitaconsumptionand

1 This restrictionis closely relatedto the restrictionin dynamicgeneralequilibrium
businessycle modelsthatconsumptiormustenterin log form if consumptiorandleisure
areadditively separabléleisureperpersondoesnot needto enterin log form becausét is
notgrowing overtime). Alternative approacheto fertility canrelaxthis assumption.
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offspringreceve equalweightsin the utility function. In the presentation
of themodel,we will make thisassumptiorandindicateattheappropriate
timewhathappensvhen 6 1.

4.2. Technology

The consumption-capitagjoodin the economy nal outputY, is pro-
ducedaccordingto

Ye= AcKy Ly, (12)

whereA is thestockof ideasin theeconomyK is capital,L vy is labor, and
theparametersatisfy > 0and0< < 1. Whilethiskind of production
functionis commonlyusedin economicsit incorporatesa fundamental
insightinto the processof economicgrownth. Speci cally, the production
function exhibits increasingreturnsto scalebecausef the nonrivalry of
ideas.Thestrengthof increasingeturnsis measuredby
Thetechnologyfor producingoffspring hasalreadybeendiscussed.It
turnsoutto becorvenientto invertthis productionfunctionin theanalysis
thatfollows. Individualsareendavedwith oneunitof labor, andgenerating

anetfertility rateofn r drequires = (n) unitsof time,where
n+d ¥
M (13)

The time that individuals have left over to supplyto the labor marlet is
thereforel (n). Noticethat (0) > 0 (sometime is requiredto main-
tain a constantlevel of populationto compensatdor the deathsat rate
d), and (n) is a corvex function. In the optimizationproblem,we will
have individualschoosen ratherthang, but of coursethetwo choicesare
equialent. With N identicalagentsin the economy the total changein
populationin aneconomywith netfertility n is givenby

N = neNy: (14)

We startthe economyat time 0 with Ng > 0 given.

Capitalaccumulatesn this economyin the form of assetsowned by
membersof the dynasticfamily. Letting v denotethe per capitastockof
asset¢K = Nv isimposedater, andK ¢ > 0is assumed),

vi = (re nove + wy(1 (ny)) o fy; (15)
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wherer is themarketreturnon assetswy is thewagerateperunit of labor,
andf representper capitalump sumtaxescollectedby the government
(f  F=N).

The nal componenbf thetechnologyof theeconomyis theproduction
of ideas.New ideasareproduceddy researcheraccordingto

Ai = tLat; (16)

wherel 5o denotedaborencagedn researchandA-representthemeasure
of new ideascreatedat a pointin time. Theresourceconstrainion laboris

Lac+ Lye=(1  (n))N¢ L (17)

While individual researchera/ho aresmall relative to the total number
of researchertake asgiven, in factit may dependon featuresof the
aggregjateeconomy Thetruerelationshipbetweemew ideasandresearch
is assumedo be givenby

Ai= LpAg; (18)

where > 0,0 < land < 1 areparameters.This formulation

allows for both positive and negative externalitiesin research.At a point

in time, congestioror duplicationin researchmay reducethe socialvalue

of a maminal unit of researchassociatedvith < 1. In addition,the

productvity of researchtoday may dependeither positively (knowledge

spillovers)or negatively ( shing out)onthestockof ideasdiscoveredin the

past.Equation(18) thereforeallowsfor increasingconstantpr decreasing
returnsto scalein the productionof new ideas.

4.3. Mark et Structur e

Romer(1990) and othershave emphasizedhat ideasare nonrivalrous
but partially excludable. The assumptiorthatideasare at leastpartially
excludableallows inventorsto capturesomeof the socialvaluethatthey
create.Thisfeaturetogethemith theincreasingeturnsto scaleémplied by
nonrivalry, leadsRomer GrossmarandHelpman,andAghion andHowitt
to favor modelswith pro t-maximizing entrepreneurandimperfectcom-
petition— whatwe might call “Silicon Valley” models.

Here,wewill make analternative assumptiorwhichwill havethe avor
of growth throughbasicscience. In particular we assumehatideasare
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nonrivalrousandnonexcludablethatis, they arepurepublicgoods!? This
meanghatinventorscannotusethemarketmechanisnto captureany of the
socialvaluethey create.In theabsencef somenon-marletintervention,no
onewouldbecomeresearchebecausef thefundamentaineffectiveness
of propertyrightsover basicscienceandno growth would occur
Thisalternatve assumptiosenestwo purposesTheprimarypurposes
thatit greatlysimpli es theanalysisof thedecentralizednodel. Weassume
thatall marketsareperfectlycompetitve, andthenintroduceagovernment
to collectlump-sumtaxesandusethe revenuego fund researctpublicly.
Of coursethis casemayalsobeof independeninterest.Presious“Silicon
Valley” stylemodelshareanalyzedhecasdan whichreseathis undertaken
by privateentrepreneunshoarecompensatgthroughimperfecly compet
itive markets. This paperexploresthealternative extremein which growth
is associateavith basicscienceundertalenby publicly-fundedscientists.
The governmentcollectslump-sumtaxesF from individualsanduses
this revenueto hire researctscientistsat the market wagew. We assume
thatthe governmentcollectsasmuchrevenueasneededsothata constant
fractionofthelaborforce,0 < s < 1,ishiredasresearchers:e. L = sL.

4.4. Equilibrium
A competitive equilibriumin this modelis a sequencef quantitiesf c;,
Yi, Kt, At, Vi, Lvt, Lat, N, nig, pricesfwg;rig, andlump-sumtaxes
f Ftg suchthat

Theheadof thedynasticfamily chooses ¢;; nyg to maximizedynastic
utility in equation(10) subjectto the laws of motionfor assetaccumula-
tion (15) andpopulation(14), takingf r¢; wy; Frg andvg andNg asgiven.

Firms producingoutputrent capital K andlabor Ly to maximize
pro ts, takingtherentalpricesr; andw; andthestockof ideasA; asgiven.

Marketsclearat the pricesf wy; ryg andthetaxesf F;g. In particular
the stockof assetdeld by consumers/; is equalto thetotal capitalstock
K, andthenumberof researchers aconstanfractions of thelaborforce.

We now characterizéhecompetitive equilibriumin steadystatej.e. when
all variablesaregrowing at constan{exponential)rates.

The rst-order conditionsfrom the utility maximizationproblemfor in-
dividualsimply that the steady-statéertility rate chosenby the dynastic

125eeShell(1966)for anearlyapplicationof this approach.
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family satis es!®

(r gv)(vi+w qn)) _ uygy,
N Uct

This equationis the dynamicequivalentof the conditionthatthe mamginal
rateof transformatiorftheleft-handside)equalghemaiginalrateof substi-
tution(theright-handside)betweerpeopkand conaimption Themarginal
rateof transformations basednthecostto theindividualof increasindger-
tility , which involvestwo terms. First, thereis a capital-narraving effect:
addingto the populationdilutesthe stock of assetger person. Second,
thereis the direct costof wagesthat areforegonein orderto increasethe
populationgrowth rate. Thetotal costis scaledby thesizeof thepopulation
sothatit is measuredh termsof bodiesratherthanasarateof growth, and
it is multiplied by theeffectivediscountrater gy to putit ona o w basis.
This mamginal rate of transformatioris equalto the staticmaiginal rate of
substitutionu, =uc alongthe optimalbalancedyrowth path.

Thisrelationshipmalesit clearwhy a unit elasticityof substitutionbe-
tweenpeopleandconsumptioris required. The marginal rate of transfor
mationontheleft-handsideof equation19)will endupbeingproportional
to y=N', wherey is percapitaoutput,Y=N . Therefore the marginal rate
of substitutionmustbe proportionalto c=N for a balancedyrowth pathto
exist; otherwise the costandthe bene t of fertility will grow at different
ratesandtheeconomywill bepushedo acorner Theequatioralsomakes
clearwhy thecunvature °fn) > Oisrequired:with (n) = 1 n, for
example,equation(19) doesnt directly dependon n, andhouseholdsvill
move to a cornersolution.

Other rst-order conditionscharacterizinghe equilibriumaremorefa-
miliar. For example, consumptiongrowth satis es the following Euler
equation:

(19)

G
Z=r on o (20)
Ct
Also, the rst-order conditionsfrom the rm' s pro t-maximization prob-
lem, assumingio depreciationare
Iy = Yt:Kt

13RobertBarro,in work in progressshavs thatwith anintertemporaklasticityof sub-
stitutionequalto one,if wereplacer gy with , thisconditionholdsatall pointsin time,
notjustalonga balancedyrowth path.
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and

1 1

1 1 s @

we=(1 IYVi=Lvi= (1 vt

With these rst-order conditionsin mind, we arereadyto characterize
the steady-statgrowth rate of the economy Along the balancedgrowth
path,thekey growth ratesof the modelareall givenby the growth rateof
thestockof ideas:

O = G%=0= 7O (22)

whereg, denotegrowth rateof somevariablez alongthebalancedyrowth
path,y is percapitaincomeY=N , andk is capitalperpersonk =N .14
The growth rate of ideas,ga , is found by dividing both sidesof equa-
tion (18) by A:
Ac_ La .
Av Al

Along a balancedyrowth path,the numeratorandthe denominatoiof the
right-handside of this expressionmust grow at the samerate, and this
requiremenpinsdown the growth rateof A as

Oa = 7—OLa-

1

Finally, alonga balancedyrowth path,L o mustgrow attherateof growth
of thepopulation.Therefore,

n
9 = 7 (23)

Combiningthis resultwith equation(22),
Q= n (24)

14 Thisrelationshigs derivedasfollows. First,theconstanyg of consumptiorgronth re-
quiresaconstaninterestrateandthereforea constantapital-outputatio, yieldingthe rst
equality Secondtheassetccumulatiorequatiorin (15)is simply astandaratapitalaccu-
mulationequation.For the capitalstockto grow ata constantate,thecapital-consumption
ratio mustbe constantyielding the secondequality Finally, log-differentiatingthe pro-
ductionfunctionin (12) yieldsthelastequality
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where — 71

As in Jones(1995),the per capitagrowth rate of the economyis pro-
portionalto the populationgrowth rate. This is a direct consequencef
increasingreturnsto scale: with = 0, thereis no per capitagrowth in
the long-run. Notice that balancedgrowth in the presencesf population
growth in thismodelrequires < land < 1. Thatis, thecapitalaccu-
mulationequationandthe law of motionfor ideasmustboth belessthan
linearin theirown statevariablesptherwise growth explodesandthelevel
of consumptiorandincomeis in nite in a nite amountof time.

4.5. Fertility in the DecentralizedEconomy
Therateof populationgronth is determinedby consumeoptimization,
asin equation(19). Usingthefactthat = 1andr gy = alonga
balancedgrowth path, and substitutingfor the wagefrom equation(21),
equation(19) canbewrittenas

qn) 1 1

ke+ (1 Iwe 1 (m 1 s Gt (25)

Somealgebrathenshaws thatalonga balancedyronth path,the rate of
fertility satis est®

n°%) _ 1 s

1 (nP%) (26)

Thesolutionto this equatiorexistsandis uniqueundertheassumptiorthat
Y0) < (1 s)=, asshawn in Figurel. Recallthatthe relationshipin
equation(24)thatgy = n thendetermineshegrowth rateof theeconomy

alongthebalancedyrowth path.

Thesteady-statgrowthrateof theeconomyis directly propottionaltothe
netfertility rate. Thisrateis smallerthehigheris therateof time preference
or thehigheris the costof fertility (). Interestinglythegrowth rateof
theeconomyis deceasingatherthanincreasingn thefractionof thelabor
forcedevotedtoresearchThisis verydifferentfrom theresultsin previous
idea-basedjrowth modelsandre ects the factthatgrowth is drivenby a
differentmechanism.Here,changesn researchntensity affect long-run
growth only throughtheir effect onfertility. A largerresearclsectortakes

15 Speci cally, divide both sidesof the equationby k andusethefactthaty=k = r=
andc=k=y=k gy = (1 )= r + alongabalancedyrowth path.
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FIGURE1. Solvingfor n®¢
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laboraway from the alternatie useof producingoffspring,which reduces
populationgrowth and thereforereducessteady-statg@er capitagrowth.

It is importantto notethatthis long-runeffectis quite differentfrom the

short-runeffect. In the shortrun, anincreasdn the fraction of the labor
force devotedto researctwill leadto morenew ideasanda fasterrate of

growth. Only in thelong-runis thefertility effectapparent.

5. WELFARE AND A PLANNER PROBLEM

With morethanonegeneratiorof agentsit is notobvioushow to de ne
socialwelfare: it depend®nhow oneweightstheutility of differentgener
ations. We focuson a narrover question:doesthe allocationof resources
achievedin themarketeconomymaximizetheutility of eachdynastidam-
ily giventheinitial conditionsthatconstraintheir choices?

To maximizethe welfareof a representatie generatior(the generation
alive attime zerohere),the socialplannersolves

Z,
max Up = e 'u(c; Noy) dt; (27)
0

fceise;neg
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subjectto
k=Ak (1 s)b @ (n)?! Gt Nike; (28)
Ac= 5 (1 (n)) Np A, (29)
and
N¢ = n¢Ny: (30)

The rst orderconditionsfrom this maximizationproblemcanbe com-
binedto yield several equationsof interest. First, optimal consumption
satis esastandarcEulerequation

a@- N ne (31)

Ct Kt
Secondthe rst orderconditionstogethemwith the equationgjoverning
the law of motion for capital and ideascan be solved to yield optimal
researchintensityin the steadystate:

1
SSP = “7SP’ (32)

where

sp_ 1 @ ),

To solve for the steadystaterate of populationgrowth, we follow the
stepsusedfor the decentralizednodel. The rst order conditionsfrom
the planners problemcanbe combinedto yield a conditionanalogougo
equation(19) in steadystate:

|

AnSP) 1 u A
k 1 — Nt
t+ ( IVt 1 (nP) 1 sP Ut o —”t(33)

where > istheshadev valueof anidea(theco-statevariablecorresponding
to equation(29)).

Thedistortionthataffectsfertility choicecanbeseenby comparinghis
equatiorto the correspondingonditionin the decentralizeanodel,either
equation(19)or (25). Individual agentdggnoretheextrabene t associated
with increasingreturnsto scaleprovided by additionalpopulation. This
distortionis re ectedby the presencef the secondermontheright-hand
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FIGURE2. Comparingn®€ andnSP
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side of equation(33), which correspondso the utility value of the extra
ideascreatecby anadditionalperson.

Someadditionalalgebrarevealsthat,alongthebalancedyrowth path,the
optimalfertility ratesatis est®

Q") _ 1.
14@13':’) = —. (34)

Finally, the optimal steady-statgrowth rateof percapitaincomeis given
byg;” = nSP.

A comparisorof equationg26) and(34) indicatesthatsteady-statéer-
tility andgrowth areinefciently too slow in the decentralizedconomy
asshown in Figure2. Thisresultsfrom thefactthat,asnotedabove, indi-
vidualsignoretheeconomy-widéene t of fertility thatis associateavith
increasingreturnsto scale: a larger populationgeneratesnoreideasthat
bene t all agentsn the economy This is the “Mozart effect” mentioned
by Phelpg(1968).

18 Onceagnin, divide both sidesof the equationby k andusethefactthaty=k = r=
andc=k=y=k gy = (1 )= r + alongabalancedyrowth path.
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In more generalmodelsthat | have explored, this result can be over
turned.For example,whenthekernelof theutility functionis generalized
to placea higherweightonoffspring,i.e. when > 1, it is possiblefor the
decentralizea&zconomyto have afertility rateandthereforea growth rate
thatis inef ciently too high. This occursif s is sufciently smallerthan
sSP 17 Secondfertility andgrowth canbeinef ciently highin amodelin
which the Romer(1990) market structureis usedinsteadof the perfectly
competitve/basicsciencemarket structure . With theimperfectlycompeti-
tive market structureof Romer capitalis underpaidelative to its maginal
productsothatsomeresourcesreavailableto compensatentrepreneurs.
However, recallthatpartof theopportunitycostof fertility is theadditional
capitalthatmustbe providedto offspring. Imperfectcompetitionreduces
this costandcanleadto inef ciently high fertility andgrowth.

6. DISCUSSION

This extendedexample containsa numberof predictionsaboutlong-
run growth, someof which arefoundin earlierpapersandsomeof which
arenew. First, the “scaleeffects” predictionthathasbeena key problem
in mary endogenougronth modelsturnsout to be a key featurein this
model. Increasingreturnsto scaleimplies thatthe scaleof the economy
will matter Insteadof affecting (counteractually) the long-run growth
rate,however, scaleaffectsthe long-runlevel of percapitaincome. Large
populationgyeneratenoreideasthansmallpopulationsandbecausédeas
arenonrivalrous thelargernumberof ideagranslatesnto higherpercapita
income. Endogenougrowth in the scaleof the economythroughfertility
leadsto endogenougrowth in percapitaincome.

Changesn governmentpoliciescanaffect the long-rungrowth rate by
affecting the rate of fertility. For example,supposehat for eachchild,
parentshave to pay a fraction of their wagesin taxes. Sucha tax will
reducefertility andthereforereducepercapitagronth.

Otherpoliciescanalsoaffect populationgrowth andpercapitagrownth in
themodel,but the effectsareoftencounterintuitve on the surface. Specif-
ically, theimpositionof mary taxesin the modelwill increaseatherthan
decreaséong-rungrowth (thoughonceagain, the short-runeffectsandthe
welfareeffectscangoin theoppositedirecion). Forexample ataxonlabor

1" To seepartof theintuition, recallthatfrom thestandpoinbf thedecentralizegéconomy
alowerresearchintensityincreasedertility .
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incomecreatesa wedgebetweenworking and child-rearing,the untaxed
activity, andwill increasdertility andpercapitagronth. A tax on capital
reduceghe opportunitycostof fertility by reducingthe capitalstockand
wagesandthereforewill alsoincreasegrowth. Finally, aswe have already
seenanincreasen anexistinggovernmensubsidyto researchwill reduce
long-rungrowth in the model. Noticethatincreasingheresearctsubsidy
may easilybewelfareimproving here,but not, asis oftenargued,because
it increaseshelong-rungrowth rate!® In generaltheseresultsemphasize
theimportantpointthatlong-rungrowth andwelfarearedifferentandmay
evenrespondo policy changesn oppositedirections.

Whatpoliciesshouldthe governmentfollow in this modelto obtainthe
sociallyoptimalallocationof resources?t leastin steadystate thepolicy
turnsoutto beverysimpleandcorventional contrarytothecounterintuitve
resultsjust mentioned . Supposehegovernmentaxeslaborincomeatrate

L andusesthe revenueto fund researchwith no lump-sumrebatesor
taxes. In this case|t is easyto shav thatsteady-statéertility achievesits
socially-optimallevel. Moreover, the shareof laboremploy/edin research,
s, is equalto thetaxrate | . Thereforeby choosinga laborincometax
rateof | = sSP, boththe fraction of laborworking in researchandthe
steady-statéertility andgrowth ratematchthe socialoptimum.

A nal issueworthconsiderings the plausibility of theway endogenous
fertility is modeled. The assumptiorof a unit elasticity of substitution
betweerconsumptiorandoffspringin thedynastiautility functionis crucial
for deliveringsustaineaxponentialgrowth in population,andthereforen
per capitaincome. However, it is far from clear that future population
growth will actuallybe sustained.For example,fertility ratesthroughout
the world appearto be falling and demographigorojectionsby the U.S.
Bureauof the Censusandthe World Bank suggesthatworld population
may stablizeat somepointfarinto the futurelik e the 23rd century(Doyle
1997).

Joneq2001)examinesamodelwith anelasticityof substitutiongreater
thanonein a study of growth over the very long run. In this case,the
modelgenerates demographidransitionsimilar to that obsered in the
advancedcountriesof the world and,at leastfor someparameterizations,
suggestshat populationlevels may stabilize. An importantpredictionof

181n all of theexamplesin this paragraphit is assumedhatthetax revenuecollectedis
rebatedumpsumto theagents.Thebehaioral changesesultfrom thesubstitutioreffects;
withoutthe lump-sumrebatestheincomeeffectwill neutralizethe substitutioreffect.
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sucha modelis that exponentialgrowth in per capitaincomeswould not

be sustained. This doesnot meanthat growth would necessarilycease,
however. For example,aconstanhumberof researchersould potentially
generate constanhumberof new ideas Jeadingto arithmeticratherthan

exponentialgrowth.

In this sensethe framavork doesnot necessarilysuggesthatsustained
exponentialgrowth mustcontinueforever. Asindicatedearlier, linearityin
thepopulationequatiordoesnotguarantegrowth; thisdependsnfertility
behaior. Sustainedjronth seemdo beagooddescriptiorof theadvanced
economiesor thelastcenturyor so. Butif themodelis correctthefutureof
percapitagrowth will hingeontheability of theworld economyto continue
to devote more and more quality-adjustedesourcego the productionof
new ideas.

7. CONCLUSION

Recentesearcitnasledto alargenumberof potentialexplanaionsfor the
engineof economicgrowth. Distinguishingamongtheseexplanationsis
important,bothfrom a scienti ¢ standpoinandfrom a policy perspeciie.
Someexplanationssuggesthatincreasesn public investmenin physical
capitalwouldbeappropriatepthergpointto subsidieso privateinvestment
Somesuggesthatimperfectcompetitionandincentivesfor innovationare
key, othersstresgheformationof humancapital. Somesuggesthatgronth
ratesmaybe muchhigherin thefuture,othersmuchlower.

In orderto generatsustaine@xponental gronth likethatobservedin the
United Statedor thelast125years modelsof grovth requireadifferential
equatiorthatis linear, or atleastvery nearlyso. Following the suggestion
of Solaw (1956),this papemproposeshata successfutheoryof economic
growth should provide an intuitive and compellingjusti cation for this
crucialassumption.

After proposingthis standardo which our future modelsshouldaspire,
the paperattemptgo make someprogress We begin by pointingout that,
taking populationgrowth asgiven, it is possibleto understandhe expo-
nential growth in per capitaincomewithout appealingto ary additional
linearity. Insteadtheincreasingeturnsto scaleassociateavith thennonri-
valry of ideascombinedwith the historicalpresencef populationgrowth
impliespercapitagrowth.
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Theremainderf the paperexploresa modelin which both population
growth andper capitagrownth emege endogenouslyThe crucial linearity
appearsn the law of motion for population,and the paperarguesthis
is a more naturallocationfor linearity thanotherlocationsconsideredn
existinggrowth models.Eachfamily choosesnumberof childrento have,
r. With N suchagentsin the economythe netincreasdan populationis
givenbyN- = nN,wheren = i d. In otherwords,by pickingthenumber
of childrento have, individualschoosethe proportionalrateof increasen
the population. Thelinearity of the law of motion for populationresults
from the biological fact of naturethat peoplereproducen proportionto
theirnumber By itself, however, this linearity is not sufcient to generate
percapitagrowth.

The secondkey ingredientof the modelis increasingreturnsto scale.
Followingthereasoningf Romer(1990)andothersjncreasingeturnsalso
seemdo beafactof nature.ldeasareacentralfeatureof theworld welive
in. Ideasarenonrialrous. Nonrivalry impliesincreasingeturnsto scale.
Thisline of reasoningratherthanplacingthekey linearityin theequdionof
motionfor technologicalprogressis the fundamentalnsight of theidea-
basedgrownth models,accordingto the view in this paper Endogenous
fertility andincreasingeturns bothmotivatedfrom rst principles,arethe
key ingredientsn anexplanationof sustainedandendogenouger capita
growth.
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