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All modelsof sustainedgrowth arelinearin somesense,andtheendogenous
growth literaturecanbereadasthesearchfor theappropriatelineardifferential
equation.Linearityis a“crucial” assumption,in thesenseusedby Solow (1956),
andit thereforeseemsreasonableto askthat this assumptionhave an intuitive
andcompellingjusti�cation. Thispaperproposesthatsucha justi�cation canbe
found if the linearity is locatedin an endogenousfertility equation. It is a fact
of naturethat the law of motion for populationis linear: peoplereproducein
proportionto their number. By itself, this linearity will not generatepercapita
growth,but it is neverthelessthe�rst key ingredientof suchamodel.Thesecond
key ingredientis increasingreturnstoscale.A justi�cation for increasingreturns,
ratherthanlinearityin theequationfor technologicalprogress,is thefundamental
insightof the idea-basedgrowth literatureaccordingto this view. Endogenous
fertility togetherwith increasingreturnsgeneratesendogenousgrowth.
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1. INTRODUCTION

Canexponentialgrowth be sustainedforever? How do we understand
the exponentialincreasein per capitaincomeobserved over the last 150
years?

The growth literatureprovidesa large numberof candidatetheoriesto
addressthesequestions,andsuchtheoriesarenearlyalwaysconstructedso
astogenerateasteadystate,alsoknownasabalancedgrowthpath.Thatis,
thegrowth rateof percapitaincomesettlesdown eventuallyto aconstant.
In part,this re�ects modelingconvenience.However, it is alsoa desirable
featureof any modelthat is going to �t someof the factsof growth. For
example,asnotedby BarroandSala-i-Martin(1995),

[O]ne reasonto stick with thesimplerframework thatpossessesa steadystate
is that the long-termexperiencesof theUnitedStatesandsomeotherdeveloped
countriesindicatethatpercapitagrowth ratescanbepositive andtrendlessover
long periodsof time... This empiricalphenomenonsuggeststhata usefultheory
wouldpredictthatpercapitagrowth ratesapproachconstantsin thelongrun; that
is, themodelwouldpossessa steadystate.[page34]

Clearly thereare many examplesof countriesthat display growth rates
that are rising or falling for decadesat a time. However, therearealso
examplesof countries,like the United Statesfor the last 125 years,that
exhibit positivegrowth for longperiodswith nonoticeabletrend.It seems
reasonable,then,thata successfultheoryof growth shouldat leastadmit
thepossibilityof steady-stategrowth.

Modelswith this property, however, arevery specialandrequirestrong
assumptions.Oneof thesestrongassumptionsis that technicalchange,
at leastin the long-run,shouldnot becapital-augmenting.Anotheris the
presenceof a differentialequationthat is exactly linear in a sensewe will
de�ne shortly.

Now thatgrowth theoristsunderstandthekind of assumptionsthathave
to bemadeto generatesustainedexponentialgrowth, it is possibleto con-
structalargenumberof modelswith different“engines”of growth, ranging
from physical capitalaccumulationto humancapitalaccumulationto the
discovery of new ideasto populationgrowth to variouscombinationsof
thesefactors.Indeed,theproblemnow confrontinggrowth economistsis
how to chooseamongtheabundanceof competingexplanations.Empiri-
cal work providessomeguidance,but a numberof dif�culties suchasthe
accuratemeasurementof ideasor humancapitalor evengrowth itself lead
this researchto belessthanconclusive.
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Thispaperproposesacomplementaryapproachto judginggrowth mod-
els by “raising the hurdle” to which our modelsaspire. Speci�cally, the
suggestionis thata successfultheoryof economicgrowth shouldprovide
an intuitive andcompellingjusti�cation for the crucial assumptionsthat
area requirementof sucha theory. That“crucial” assumptionsshouldbe
justi�ed is a time-honoredstrategy for makingprogressin thegrowth lit-
erature.This kind of reasoningis discussedexplicitly in the introduction
of Solow (1956) and is partly responsiblefor the discovery of the neo-
classicalgrowth model.1 Anotherexamplerelatesto therequirementthat
technicalchangeshouldnotbecapital-augmentingin thelong-run.At �rst,
this seemslike a very adhocassumption.However, researchby Kennedy
(1964)andDrandakisandPhelps(1966)in the1960s,andmorerecently
by Acemoglu(2001),explainshow this canbe the naturaloutcomein a
modelwhereresearcherschoosethedirectionof technicalprogress.

Justasthesepreviousauthorsmadeprogressbyquestioningthejusti�ca-
tion for adhocbut crucialassumptions,I proposethatadditionalprogress
towardunderstandinglong-rungrowth canbemadeby seekinga justi�ca-
tion for thekindof linearitythatisneededin modelsthatgeneratesustained
growth over longperiodsof time. Existinggrowth modelsfall shortof this
ideal,providing essentiallynojusti�cation for why akey differentialequa-
tion shouldbelinear. Thiswassurelyappropriatewhenweweresearching
for the�rst severalcandidateexplanationsof long-rungrowth, but perhaps
it is now time to askmoreof ourmodels.

The�nal resultof any modelthatexhibitslong-rungrowth is anequation
of theform _y=y = g, wherey is percapitaincomeandg > 0 is aconstant.
Not surprisingly, then,thekey to obtainingsucharesultis for themodelto
includeadifferentialequationthatis “linear” in aparticularsense,asin

_X = X : (1)

1“All theorydependson assumptionswhich arenot quite true. That is what makesit
theory. Theart of successfultheorizingis to make theinevitablesimplifying assumptions
in sucha way thatthe�nal resultsarenot verysensitive. A `crucial' assumptionis oneon
whichtheconclusionsdodependsensitively, andit is importantthatcrucialassumptionsbe
reasonablyrealistic. Whentheresultsof a theoryseemto �o w speci�cally from a special
crucial assumption,then if the assumptionis dubious,the resultsaresuspect.I wish to
arguethat somethinglike this is true of the Harrod-Domarmodelof economicgrowth.”
[page65]
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Growth modelsdiffer accordingto the way in which they label the X
variableandthestorythey tell in orderto �ll in theblank.2

Much of thework in bothnew andold growth theorycanbereadasthe
searchfor theappropriatecharacterizationof equation(1). Forexample,the
originalmodelsin Solow (1956)andSwan(1956)withoutexogenoustech-
nical changefocusedour attentionon thedifferentialequationfor capital
accumulation.However, with diminishingreturnsto capital,thatequation
waslessthanlinear, andnolong-rungrowth in percapitaincomeoccurred.
WhenSolow andSwanaddedexogenoustechnicalchangein theformof an
equationthatwasassumedtobelinear, _A = gA, long-rungrowthemerged.

Theso-called“AK” growth modelsdepartedfrom Solow andSwanby
eliminatingthediminishingreturnstocapitalaccumulation.Linearityin the
accumulationof physical capitalor humancapital(or somecombination
of thesetwo) becamethe engineof growth.3 Idea-basedgrowth models
by Romer(1990), Grossmanand Helpman(1991), Aghion and Howitt
(1992), and othersreturnedthe linearity to the differential equationfor
technologicalprogressand�lled theblank in equation(1) with resources
devotedto researchby pro�t-maximizing entrepreneurs.

Notice that exact linearity of the key differentialequationis critical to
generatingsustainedexponentialgrowth in thelong-run.If theexponenton
X in equation(1) is slightly largerthanone,thengrowth rateswill explode
over time, with the level of X (andhenceincome)becomingin�nite in a
�nite amountof time. On theotherhand,if theexponenton X is slightly
lessthanone,thengrowth rateswill fall to zeroasymptotically. In other
words,thegrowth theoristis in thestrangesituationof requiringa knife-
edgerestriction.

Onecanarguethat too muchemphasisis placedon exact linearity in
thepreviousparagraph.TheU.S.evidencesuggeststhat trendlessgrowth
is possiblefor at least125 years,at a rateof about1.8 percentper year.
Matchingthiskind of evidencerequiresadifferentialequationthatis close
to linear. For example,if thedifferentialequationtakestheform _yt = ay�

t ,

2Thiswayof summarizinggrowth modelsis takenfrom Romer(1995).It is importantto
recognize,asdocumentedby MulliganandSala-i-Martin(1993),thatthis linearity canbe
hiddenin modelswith multiplestatevariables.Linearity is alsoanasymptoticrequirement
ratherthan somethingthat must hold at all points in time, aspointedout by Jonesand
Manuelli (1990).

3Themodelsof Romer(1987),Lucas(1988),andRebelo(1991)�t this category.
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acceptablevaluesfor � fall approximatelyinto therange[0.95,1.05].4 If
onewantsbalancedgrowth forever at a positive rate,exact linearity is a
requirement.If oneonly desiresto matchthe empiricalevidencefor the
United States,this requirementcanbe relaxed slightly. In eithercase,a
crucialassumptionof suchamodelis thatit deliveradifferentialequation
thatis approximatelylinear.

A naturalrequirementof a successfultheoryof economicgrowth, then,
is that it provide a compellingand intuitive justi�cation for linearity —
suchanassumptionis crucialto theresult,andwe might thereforerequire
a goodexplanationfor why it holds. On this basis,existing modelsare
clearlyde�cient. Thelinearity in existing modelsis assumedadhoc,with
nomotivationotherthanthatwemusthavelinearitysomewheretogenerate
endogenousgrowth.

Thatendogenousgrowth theoryassumesthis kind of knife-edgelinear-
ity hasbeenlongknown. Stiglitz (1990)andCannon(1998)notethatthis
requirementmadegrowth theoristsuncomfortablewith modelsof endoge-
nousgrowth in the1960s.Solow (1994)appealsto this samecriticism in
arguingagainstrecentmodelsof endogenousgrowth. What is sometimes
notsuf�ciently well appreciatedis thatany modelthatis goingto generate
sustainedexponentialgrowth requiressuchanassumption.A productive
responseto the criticism, then,is to provide justi�cations for our crucial
assumptions.

Thispaperdevelopsanew theoryof endogenousgrowthinwhichlinearity
is motivated from �rst principles. The processillustratesthe potential
gainsfrom forcing ourselvesto jump over a higherhurdle— the model
haspredictionsthat aredifferentfrom thoseof otherendogenousgrowth

4 Integratingthedifferentialequationin the text for � 6= 1 andcalculatingtheaverage
growth rateleadsto

�gT �
1
T

(log yT � log y0) =
1
T

1
1 � �

log(1 + g0(1 � � )T );

whereg0 is thegrowth rate _y=y at time 0 (correspondinghereto theyear1870). Setting
�gT = :018andT = 125, onecansolvethisequationfor thevalueof � associatedwith any
initial valueof g0 . If � < 1, thengrowth ratesaredeclining;a valueof g0 = :019 implies
avalueof � = :952anda1995growth rateof gT = :0171. Whatweknow of U.S.history
suggeststhatgrowth rateswererising prior to the125yearperiod,andsettingg0 = :017
leadsto a valueof � = 1:051anda 1995growth rateof gT = :0191. Thegrowth ratesin
this lastexperimentareroughlyconsistentwith thoseestimatedby Ben-David andPapell
(1995).
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models.The�rst key ingredientof thismodelisendogenousfertility. At an
intuitivelevel, thereasonwhy endogenousfertility helpsisstraightforward.
ConsiderastandardSolow-Swanmodel.With thelaborforceasafactorthat
cannotbeaccumulatedendogenously, onehasto lookfor away— typically
arbitrary — to eliminatethe diminishing returnsto physical capital. In
contrast,with anendogenouslyaccumulatedlabor force,bothcapitaland
laborareaccumulablefactors,andastandardconstantreturnstoscalesetup
caneasilygenerateanendogenouslygrowing economy.

However, endogenousfertility in amodelwith constantreturnstoscalein
all productionfunctionswill notgenerateendogenousgrowth in percapita
variables.This leadsto thesecondkey ingredientof themodel,increasing
returnsto scale. Endogenousfertility leadsto endogenousgrowth in the
scaleof theeconomy. Increasingreturnsto scalein theproductionfunc-
tion for aggregateoutput translatesthe endogenousgrowth in scaleinto
endogenousgrowth in percapitaoutput.

Researchon idea-basedgrowth modelsprovidesa justi�cation for in-
creasingreturnsthatisbasedon�rst principles.At leastsinceShell(1966),
Phelps(1968),andNordhaus(1969),economistshave recognizedthatthe
nonrivalry of knowledgeimpliesthataggregateproductionis characterized
by increasingreturnsto scale. This argumenthasbeenclari�ed andel-
evatedto a very prominentplacein our thinking abouteconomicgrowth
by Romer(1990). Ideasarenonrivalrous;they canbe usedat any scale
of productionafterbeingproducedonly once. For example,considerthe
productionof any new product,saythedigital videodiscplayeror thelatest
world widewebbrowser. Producingthevery �rst unit mayrequireconsid-
erableresources— the productmustbe inventedor designed.However,
oncetheproductis invented,it never needsto be inventedagain, andthe
standardreplicationargumentimplies that subsequentproductionoccurs
with constantreturnsto scale. Including the productionof the “idea,” or
thedesignof theproduct,productionis characterizedby increasingreturns.
Thisproperty, ratherthantheassumptionthatthedifferentialequationgov-
erningtechnologicalprogressis linear, is thekey contributionweneedfrom
theidea-basedgrowth literature.5

5Alternativemethodsfor introducingincreasingreturnsto scalein themodel,suchasa
Marshallianexternalityassociatedwith capitalaccumulation,will alsoleadto endogenous
growth. I focuson theidea-basedtheoryof increasingreturnsbecauseit canbemotivated
from �rst principles.
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This paperbuilds on a numberof earlierinsights.Severalpapersin the
1960scontainkey resultsthat arefurther developedhere. Phelps(1966)
andNordhaus(1969)presentmodelsin whichthenonrivalry of knowledge
leadsto increasingreturnsandderivetheresultthatlong-rungrowth in per
capitaincomeis driven by exogenouspopulationgrowth.6 Still, neither
of thesepapersseemsto know how seriouslyto take this prediction,with
Nordhauscallingit a“peculiarresult”(page23). Two yearslater, however,
Phelps(1968)stressestheimplicationsof populationfor growth:

Onecanhardly imagine,I think, how poorwe would betodaywereit not for
therapidpopulationgrowth of thepastto whichweowetheenormousnumberof
technologicaladvancesenjoyedtoday... If I couldre-dothehistoryof theworld,
halving populationsizeeachyear from the beginning of time on somerandom
basis,I wouldnotdo it for fearof losingMozartin theprocess.[pages511–512]

More recently, Jones(1995)modi�ed theRomer(1990)modelto elim-
inatethe apparentlycounterfactualpredictionthat the growth rateof the
economyis proportionalto the size of the population. In the modi�ed
model,thegrowth rateof theeconomydependson thegrowth rateof the
population,asin theearliermodels.7 Becausethepopulationgrowth rate
is assumedto beexogenouslygiven,however, thelong-rungrowth rateof
theeconomyis invariantto policy changes.8

Here, the populationgrowth rate is endogenized,and policy changes
canaffect the long-rungrowth rateof the economythroughtheir effects
on fertility. Becausethe channelthroughwhich policy affectsgrowth is
fertility, however, the natureof the effectsof policy on long-rungrowth
is oftencounterto conventionalwisdom. For example,subsidiesto R&D
andcapitalaccumulation,eventhoughthey maybewelfareimproving,will
reducelong-rungrowth in themodel.

6Thelearning-by-doingmodelsof Arrow (1962)andSheshinski(1967)alsoobtainthis
result.

7A large body of relatedresearchincludesSimon (1981), Judd (1985), Grossman
andHelpman(1989), Kremer (1993), Raut and Srinivasan(1994), Kortum (1997), and
Segerstrom(1998).

8Subsequentpapersby Young(1998),Peretto(1998),Howitt (1999),andDinopoulos
andThompson(1998)have foundclever waysto eliminatetheeffectsof scaleon growth
in idea-basedmodelswithout eliminatinglong-runpolicy effects. Thesemodelsmaintain
linearity in theequationfor technicalprogressbut assumethatthenumberof sectorsgrows
exactlywith population,sothatresearcheffort persectordoesnotgrow. SeeJones(1999)
for a discussionof theseissues.
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Section2 of thepaperpresentsanextremelysimplegrowth modelthat
illustratestherole of populationgrowth andincreasingreturns.Thebasic
claimin thissectionis thatif onetakesthehistoricalpresenceof population
growth as given, then one can understandgrowth in per capita income
without introducingany arbitrarylinearity into themodel.

Theremainderof thepaperthenexaminesthedeeperissueof how wecan
understandgrowth moregenerally, bothin percapitatermsandin popula-
tion,asanendogenousphenomenon.Section3 exploresin detailtheclaim
that endogenousfertility can provide the linearity neededto understand
percapitagrowth. Section4 developsthedecentralizeddynamicgeneral
equilibriummodelin thecontext of “basicscience.” That is, themodelis
basedontheassumptionthattheideasunderlyinggrowth arenotonly non-
rivalrous,they arepurepublicgoods.Thisassumptionis employedalmost
entirelybecauseit simpli�es the analysisconsiderably. Still, it may also
beof independentinterest.For example,it is sometimesconjecturedthat
basicscienceshouldbemodeledasanexogenousprocess,likeexogenous
technicalprogressin aSolow model.Theanalysisheresuggeststhatinsight
is gainedby moving beyondthis view. Even if the ideasof basicscience
fall from above like applesfrom trees,thefertility channelandincreasing
returnsarecrucial: thenumberof IsaacNewtonsdependson the thesize
of thepopulationthatis availableto sit undertrees.

Section5exploresthewelfarepropertiesof themodel.Section6contains
a generaldiscussionof themodel'spredictionsanddiscussestheinterpre-
tationof themodel. Onepoint worth emphasizingfrom thebeginning is
thatthemodelis bestthoughtof asdescribingtheOECDor eventheworld
asa whole. Careis requiredwhentestingthemodelwith a cross-section
of countriesbecausecountriesshareideas. A �nal sectionconcludesthe
paper.

2. THE ISAAC NEWTON GROWTH MODEL

The�rst claim in this paperis that thegrowth in percapitaincomethat
hasoccurredin recentcenturiescanbe understoodwithout appealingto
any extra linearity of thekind assumedin recentgrowth models.To make
this claim, we constructanextremelysimpletoy economyandshow how
it exhibitspercapitaincomegrowth.

Thereare two key ingredientsthat drive per capitagrowth in the toy
model,bothof which arereadily justi�ed. The�rst is populationgrowth.
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For themoment,wesimply takeconstantexogenouspopulationgrowth as
agiven. LettingL t representthepopulationor laborforceat time t,

_L t

L t
= n > 0; L 0 > 0 giv en: (2)

Thesecondkey ingredientis increasingreturnsto scale. Let Yt be the
quantityof a singleconsumption/outputgoodproduced,andlet A t bethe
stockof ideasthattheeconomyhasdiscoveredin thepast.Theproduction
functionin our toy modelis

Yt = A �
t L Y t ; (3)

whereL Y is thenumberof peopleworkingto producetheoutputgoodand
� > 0 imposestheassumptionof increasingreturnsto scale.Holding the
stockof ideasconstant,thereareconstantreturnsto scale: doublingthe
quantityof rivalrousinputs(hereonly L Y ) will doubleoutput. Because
ideasarenonrivalrous,the existing stockA canbe usedat any scaleof
production,leadingto increasingreturnsin A andL Y together.

Finally, weneeda productionfunctionfor ideas.This partof themodel
canbe setup in a numberof differentways. To keepthe modelsimple,
however, assumethefollowing productionfunction:

_A t = � L At ; A0 > 0 giv en; (4)

whereL A is the numberof peopleworking to producenew ideas(the
numberof IsaacNewtons)and� > 0 representsthenumberof new ideas
thateachresearcherdiscoversperunit of time.

Theresourceconstraintfor this economyis

L Y t + L At = L t : (5)

As partof oursimplifying assumptions,weassumethataconstantfraction
s of the labor force works asresearchersso that L At = sL t andL Y t =
(1 � s)L t , with 0 < s < 1. This is theonly allocativedecisionthatneeds
to bemadein thissimplemodel.

Fromtheproductionfunction in equation(3), consumption(or output)
perworker is givenby

yt �
Yt

L t
= A �

t (1 � s);
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andthereforethegrowth of consumptionperworker, gy , is equalto � gA ,
wheregx � _x=x for any variablex.

Fromtheproductionfunctionfor ideasin equation(4),

_A t

A t
= � s

L t

A t
: (6)

It is theneasyto show that thereexistsa stablebalancedgrowth pathfor
thismodelwheregA = n. For example,in orderfor _A=A to beconstantin
equation(6)above,theratioL=A mustbeconstant.Therefore,thelong-run
percapitagrowth ratein thiseconomyis givenby

gy = � n: (7)

This resultnicely illustratesthecentralrolesof populationgrowth and
increasingreturns. Percapitagrowth is proportionalto the rateof popu-
lation growth, wherethe factorof proportionalitymeasuresthedegreeof
increasingreturnsin theeconomy.

Accordingto this model,sustained,long-runper capitagrowth results
from populationgrowth andincreasingreturns.Theinherentnonrivalry of
ideasmeansthattheeconomyischaracterizedbyincreasingreturnstoscale.
Economicgrowth occursbecausethe economyis repeatedlydiscovering
newer andbetterwaysto transformlaborinto consumption.However, the
creationof new ideasby itself isnotsuf�cient togeneratesustainedgrowth.
For example,supposeaneconomyinvents100new ideaseveryyear. As a
fractionof the(everevolving) existingstockof ideas,these100new ideas
becomesmallerandsmaller. Sustainedgrowth requiresthat the number
of new ideasitself grow exponentiallyover time. This in turn requires
thatthenumberof inventorsof new ideasgrowsover time,which requires
populationgrowth.

Takingpopulationgrowth asgiven, this modelsuggeststhat percapita
incomegrowth is notapuzzleatall. MorepeoplemeansmoreIsaacNew-
tonsandthereforemoreideas.More ideas,becauseof nonrivalry, means
morepercapitaincome.Therefore,populationgrowth, combinedwith the
increasingreturnstoscaleassociatedwith ideas,deliverssustainedlong-run
growth.9

9Themodelclearlyindicatesthatgrowth occursbecausetheeffectiveresourcesdevoted
to producingnew ideasrisesover time. Jones(2002)appliesamoregeneralversionof this
modelthatincorporatesbothphysicalandhumancapitalto uncoverempiricallythesources
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3. LINEARITY AND GROWTH

Theprevioussectionshowshow twobasicingredients,populationgrowth
andincreasingreturns,canhelpusmakesenseof thepresenceof percapita
incomegrowth. In theremainderof thepaper, we considera deeperques-
tion. How do we understandpastandpossiblyfuturegrowth, both in per
capitatermsandin populationitself, asanendogenousphenomenon?

Motivatedby thediscussionin theintroduction,theanswermustinvolve
a differentialequationthatis linear. In this section,I arguethatthelaw of
motionfor populationis intimatelytied to a lineardifferentialequation,in
away thatthelaw of motionfor physicalcapitalor humancapitalor ideas
is not.

To understandthis claim, imaginea world consistingof N t (represen-
tative) individualsat time t. Eachindividual in this economychoosesto
have a certainnumberof children,denotedby ~n t . At eachpoint in time,
someconstant,exogenously-givenfractiond of thepopulationdies,asin
theBlanchard(1985)constantprobabilityof deathmodel.Thelaw of mo-
tion for theaggregatepopulationin acontinuoustimeenvironmentis then
givenby

_N t = (~nt � d)N t ;

� nt N t : (8)

Therefore,by choosingthenumberof childrento have,individualschoose
theproportionalrateof increasein thepopulation.Thelinearityof thelaw
of motionfor populationis abiologicalfactof nature:peoplereproducein
proportionto their number.

This is not to saythatsuchanequationautomaticallydeliverssustained
exponentialpopulationgrowth. Indeed,n may dependon the aggregate

of 20thcenturyU.S.economicgrowth. A key factin theapplicationisthatresourcesdevoted
to researchhavegrown for threereasons.In additionto basicpopulationgrowth, theshare
of thelaborforcedevotedto researchandtheeducationalattainmentof theresearchershave
increasedaswell. Jonesdocumentsthatroughly80percentof post-warU.S.growth is due
to increasesin humancapitalinvestmentratesandresearchintensityandonly 20 percent
is dueto thegeneralincreasein population.However, the intensityeffectscannotleadto
sustainedexponentialgrowth — neithereducationalattainmentnor theshareof the labor
force devotedto researchcanincreaseforever. So unlessthereis an ad-hocLucas-style
linearityin humancapitalaccumulation,populationgrowthremainstheonlypossiblesource
of long-rungrowth, leadingthatpaperto predictthatgrowth ratesmayslow considerably
in thefuture. Theseresultscon�rm thatsubstantialprogressin understandinggrowth can
bemadeusingthebasicframework givenabove.
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stateof the economy. In the model, for example,it will dependon the
wagerateandotherendogenousvariables. And in fact, in a modelwith
decreasingreturnsto scale(e.g.becauseof aconstanttechnologylevel and
a �x ed supplyof land), a subsistencerequirementfor consumption,and
endogenousfertility, oneeasilyarrivesat a Malthusianresultin which the
sizeof thepopulationis asymptoticallyconstant— peopleendogenously
choose~n = d, deliveringzeropopulationgrowth.

Instead,thepoint of this exerciseis simply that thinking aboutfertility
deliversan equationthat is linear in a way that thinking aboutphysical
or humancapitalaccumulationor theproductionfunction for knowledge
doesnot. Toseethismoreclearly, consideraveryroughcomparisonof this
equationto thekey lineardifferentialequationin othergrowth theories:

1. “AK” model _K = sK �

2. Lucasmodel _h = uh�

3. Romermodel _A = HA A �

4. Fertility model _N = (~n � d)N �

Eachof therespectivemodelsmaintainstheassumptionthat� = 1 (which
maybeviewedasananalyticallyusefulapproximationfor thecrucialas-
sumptionof � � 1).

Whatdoesit meanfor theseequationsto be linear? Hold constantthe
controlor choicevariableof individual agentsandconsiderwhetherdou-
blingthestatevariablewill double,morethandouble,or lessthandoublethe
changein thestatevariable.Forexample,in the“AK” model,holdconstant
thesavingratechosenbyindividuals.Whathappenstonetinvestmentwhen
the stockof capital in the economyis doubled? In a neoclassicalmodel
with the usualdiminishing returns,net investmentis lessthan doubled,
so theneoclassicalmodelis lessthanlinear. The “AK” model,however,
eliminatesthis diminishingreturnsthroughanadhocassumption.In the
Lucas-stylemodel, hold constantthe fraction of time u that individuals
spendaccumulatingskills, anddoublethestockof humancapital. If a7th
graderanda high schoolgraduateeachgo to schoolfor 8 hoursper day,
doesthehighschoolgraduatelearntwiceasmuch?

In theRomer-stylemodel,let A denotethestockof ideasor designsand
HA bethetotallevelof resourcestheeconomydevotestoresearch. Holding
HA constant,supposewedoubletheexistingstockof ideas.Whathappens
to theoutputof new ideas?A benchmarkcaseof constantreturnswould
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be� = 0: thenumberof new ideascreatedby 100unitsof researcheffort
is independentof thetotalstockof ideasdiscoveredin thepast.Onemight
supposethat � > 0 — the productivity of researchis higherbecauseof
thediscoveryof calculusor thesemiconductor. Or onemightsupposethat
� < 0 — themostobviousideasarediscovered�rst, andit becomesmore
andmoredif�cult todiscovernew ideasbecauseof “�shing out.” Whatone
seesfrom this exampleis that thecaseof � � 1 is clearlyadhoc. There
is no intrinsic justi�cation for linearity in theproductionfunctionfor new
ideas.

In contrast,consider�nally thefertility model.Hold constantthechoice
variableof individuals— thenumberof kidsperperson,~n. Whathappensto
thetotalnumberof offspringif wedoublethepopulation?Well, of course
the total numberof offspring doubles. Linearity in the fertility equation
resultsfrom thestandardreplicationargument.10

Onecanendogenizethefertility rate~n by following theendogenousfer-
tility literatureassociatedwith Dasgupta(1969),Pitchford(1972),Razin
andBen-Zion(1975),andBeckerandBarro(1988),amongothers.Individ-
ualscarenotonly abouttheirown consumption,but alsoaboutthenumber
of their descendentsandtheconsumptionof their descendents.This liter-
ature,especiallyBarroandBecker (1989),shows that thepopulationcan
grow endogenouslyat a constantexponentialrate in a neoclassicalstyle
growth model.

This resultdependsin part on the productiontechnologyfor children.
Suppose

~n = b  ̀ ; (9)

where0 � ` � 1 is the time an individual with a �x ed laborendowment
of oneunit spendsproducingoffspring,and0 <  < 1. The parameter
b > d (for “births”) representsthe maximumnumberof childrenthat an
individualcanhave in agivenperiod(i.e. if ` = 1). With theseproperties,
aswe will seebelow, it is easyto get the resultof positive, steady-state
populationgrowth. For example,all we needis thatb is suf�ciently large.

10 Onemightwonderaboutadependenceof d onN whichcoulddestroy thelinearity. It
seemsmostnaturalto think of themortality rated asdependingonpercapitaconsumption
andonthetechnologicalsophisticationof theeconomy. Increasesin consumptionor medi-
cal technology, for example,mayreducethemortalityrate,perhapsleadingit to asymptote
to someconstantlevel (perhapsevento zero). Incorporatingthesefeaturesinto themodel
wouldnot destroy thelinearityof thefertility equation.
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Now considerthepossibilitythatinsteadof beingaparameter, bdepends
directly on the statevariablesof the economy. For example,new ideas
in healthcaremight allow childrento beproducedwith lesslaboreffort;
technologicalprogressmight increaseb, althoughonemight suspectthat
fertility remainsboundedfrom above. What is critical, however, is that
asymptoticallybdoesnot decreasewith N . For example,to getsustained
populationgrowth, we must rule out a caselike b = N � � with � > 0.
Clearly, thiswould eliminatethelinearityof themodel.

Is it reasonabletobelievethat� isnottoofarfromzero?I thinkso.Tosee
why, notice�rst thatpeoplearea primaryinput into nearlyall production
functions. Peopleare neededto produceoutput, peopleare neededto
produceideas,andpeopleareneededto producenew people.At leastso
far, the “AK” assumptionthat machinesby themselvescanproducenew
machinesdoesnot seemtenable.With anexogenouslygivenpopulation,
oneneedsanexactbut adhocdegreeof increasingreturnsto scaleto get
constantreturnsto “reproducible”inputs. Thus,for example,the simple
Romerequationgivenabove requiresa returnsto scaleof approximately
two, which is dif�cult to justify. However, oncepopulationis itself an
endogenouslyreproducibleinput, thenastandardconstantreturnsto scale
productionfunctionalreadyexhibitsconstantreturnstoreproducibleinputs:
thetwo coincidesothatthestandardreplicationargumentprovidesthekey
justi�cation for linearity.

This is thesituationthatapplieshere. Thestandardconstantreturnsto
scalebenchmarkin theproductionof offspring correspondsto � = 0. It
is possible,of course,for � to besubstantiallylargeror smallerthanzero,
but thiswouldrequireadeparturefrom constantreturnsthroughsomekind
of arbitraryanddif�cult-to-justify externaleffect: asthe populationgets
larger, why shouldthemaximumnumberof childrenthatanindividualcan
producedecline?

4. THE DECENTRALIZED MODEL

Theremainderof thispapershouldbereadasanextendedexample.We
embedanendogenousfertility setupinto anidea-basedgrowth modeland
examinethekind of resultsthatcanarise.I havechosenaparticulartheory
andmadeparticularassumptionsto get to the basicresultseasily. I will
indicatein theappropriateplaceshow theresultsgeneralize.



POPULATION AND IDEAS 15

4.1. Preferences
One of the key insights of Barro (1974) was to think about utility-

maximizing individualswho carenot only abouttheir own consumption
but alsoabouttheir children'sconsumption.This reasoningwasextended
by RazinandBen-Zion(1975)andBecker andBarro(1988)to modelen-
dogenousfertility: parentsalsocareaboutthenumberof childrenthatthey
have,andtheremaybecoststo increasingthenumberof offspring.

FollowingBeckerandBarro(1988),assumethetimes utility of thehead
of adynasticfamily is givenby

U0;s =
Z 1

s
e� � (t � s)u(ct ; ~N0;t ) dt; (10)

wherect is the consumptionof a representative memberof the dynastic
family at time t, and� > 0 is therateof time preference. ~N0;t � N t =N0

representsthe size of the dynasticfamily living at time t. Individuals
live throughtheir descendents,so that the deathof an individual is not a
remarkableeventin thatperson's life. Whenanindividual dies,herassets
aredividedevenlyamongtheothermembersof thedynasticfamily.

With respectto thekernelof theutility function,it turnsout to beconve-
nientto assume

u(ct ; ~N t ) = logct + � log ~N t ; (11)

where� > 0. Both themarginal utility of consumptionandthemarginal
utility of progeny arepositivebutdiminishing. Theelasticityof substitution
betweenconsumptionandprogeny is one,asin BarroandBecker (1989).
Within theclassof utility functionswith a constantelasticityof substitu-
tion betweenconsumptionandprogeny, thisunit elasticityguaranteesthat
thedynasticapproachis time consistent— choicesmadeby thedynastic
headof generation0 will beimplementedby subsequentgenerations.This
assumptionalso turnsout to be requiredfor the existenceof a balanced
growth path,aswewill seeshortly.11

Finally, characterizingtheequilibriumof themodelis mucheasierunder
the strongerassumptionthat � = 1, so that per capitaconsumptionand

11 This restrictionis closely relatedto the restrictionin dynamicgeneralequilibrium
businesscyclemodelsthatconsumptionmustenterin log form if consumptionandleisure
areadditively separable(leisureperpersondoesnotneedto enterin log form becauseit is
notgrowing over time). Alternativeapproachesto fertility canrelaxthis assumption.
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offspringreceive equalweightsin theutility function. In thepresentation
of themodel,wewill makethisassumptionandindicateat theappropriate
timewhathappenswhen� 6= 1.

4.2. Technology
The consumption-capitalgoodin the economy, �nal outputY , is pro-

ducedaccordingto

Yt = A �
t K �

t L 1� �
Y t ; (12)

whereA is thestockof ideasin theeconomy, K is capital,L Y is labor, and
theparameterssatisfy� > 0 and0 < � < 1. While thiskindof production
function is commonlyusedin economics,it incorporatesa fundamental
insight into theprocessof economicgrowth. Speci�cally, theproduction
function exhibits increasingreturnsto scalebecauseof the nonrivalry of
ideas.Thestrengthof increasingreturnsis measuredby � .

The technologyfor producingoffspringhasalreadybeendiscussed.It
turnsout to beconvenientto invert thisproductionfunctionin theanalysis
thatfollows. Individualsareendowedwith oneunitof labor, andgenerating
anetfertility rateof n � ~n � d requires̀ = � (n) unitsof time,where

� (n) �
�

n + d
b

� 1= 

: (13)

The time that individualshave left over to supply to the labor market is
therefore1 � � (n). Noticethat� (0) > 0 (sometime is requiredto main-
tain a constantlevel of populationto compensatefor the deathsat rate
d), and� (n) is a convex function. In the optimizationproblem,we will
have individualschoosen ratherthan~n, but of coursethetwo choicesare
equivalent. With N identicalagentsin the economy, the total changein
populationin aneconomywith netfertility n is givenby

_N t = nt N t : (14)

Westarttheeconomyat time0 with N0 > 0 given.
Capital accumulatesin this economyin the form of assetsowned by

membersof thedynasticfamily. Letting v denotethepercapitastockof
assets(K = N v is imposedlater, andK 0 > 0 is assumed),

_vt = (r t � nt )vt + wt (1 � � (nt )) � ct � f t ; (15)
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wherer is themarket returnonassets,w is thewagerateperunit of labor,
andf representsper capitalump sumtaxescollectedby the government
(f � F=N ).

The�nal componentof thetechnologyof theeconomyis theproduction
of ideas.New ideasareproducedby researchersaccordingto

_A t = �� t L At ; (16)

whereL A denoteslaborengagedin research,and _A representsthemeasure
of new ideascreatedatapoint in time. Theresourceconstrainton laboris

L At + L Y t = (1 � � (nt ))N t � L t : (17)

While individual researcherswho aresmall relative to thetotal number
of researcherstake �� as given, in fact it may dependon featuresof the
aggregateeconomy. Thetruerelationshipbetweennew ideasandresearch
is assumedto begivenby

_A t = � L �
At A �

t ; (18)

where� > 0, 0 < � � 1 and� < 1 areparameters.This formulation
allows for bothpositive andnegative externalitiesin research.At a point
in time,congestionor duplicationin researchmayreducethesocialvalue
of a marginal unit of research,associatedwith � < 1. In addition, the
productivity of researchtodaymay dependeitherpositively (knowledge
spillovers)ornegatively (�shing out)onthestockof ideasdiscoveredin the
past.Equation(18)thereforeallowsfor increasing,constant,or decreasing
returnsto scalein theproductionof new ideas.

4.3. Mark et Structur e
Romer(1990)andothershave emphasizedthat ideasarenonrivalrous

but partially excludable. The assumptionthat ideasareat leastpartially
excludableallows inventorsto capturesomeof the socialvaluethat they
create.Thisfeature,togetherwith theincreasingreturnstoscaleimpliedby
nonrivalry, leadsRomer, GrossmanandHelpman,andAghionandHowitt
to favor modelswith pro�t-maximizing entrepreneursandimperfectcom-
petition— whatwe mightcall “Silicon Valley” models.

Here,wewill makeanalternativeassumptionwhichwill havethe�a vor
of growth throughbasicscience.In particular, we assumethat ideasare
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nonrivalrousandnonexcludable;thatis, they arepurepublicgoods.12 This
meansthatinventorscannotusethemarketmechanismtocaptureany of the
socialvaluethey create.In theabsenceof somenon-marketintervention,no
onewouldbecomearesearcherbecauseof thefundamentalineffectiveness
of propertyrightsoverbasicscience,andnogrowth would occur.

Thisalternativeassumptionservestwopurposes.Theprimarypurposeis
thatit greatlysimpli�es theanalysisof thedecentralizedmodel.Weassume
thatall marketsareperfectlycompetitive,andthenintroduceagovernment
to collect lump-sumtaxesandusetherevenuesto fund researchpublicly.
Of course,thiscasemayalsobeof independentinterest.Previous“Silicon
Valley” stylemodelshaveanalyzedthecasein whichresearchisundertaken
byprivateentrepreneurswhoarecompensatedthroughimperfectly compet-
itivemarkets.Thispaperexploresthealternativeextremein whichgrowth
is associatedwith basicscienceundertakenby publicly-fundedscientists.

The governmentcollectslump-sumtaxesF from individualsanduses
this revenueto hire researchscientistsat themarket wagew. We assume
thatthegovernmentcollectsasmuchrevenueasneededsothata constant
fractionof thelaborforce,0 < �s < 1, ishiredasresearchers:i.e. L A = �sL .

4.4. Equilibrium
A competitive equilibriumin this modelis a sequenceof quantitiesf ct ,

Yt , K t , A t , vt , L Y t , L At , N t , nt g, pricesf wt ; r t g, and lump-sumtaxes
f Ft g suchthat

� Theheadof thedynasticfamily choosesf ct ; nt g to maximizedynastic
utility in equation(10) subjectto the laws of motion for assetaccumula-
tion (15) andpopulation(14), takingf r t ; wt ; Ft g andv0 andN0 asgiven.

� Firms producingoutput rent capitalK t and labor L Y t to maximize
pro�ts, takingtherentalpricesr t andwt andthestockof ideasA t asgiven.

� Marketsclearat thepricesf wt ; r t g andthetaxesf Ft g. In particular,
thestockof assetsheldby consumersVt is equalto thetotal capitalstock
K t , andthenumberof researchersisaconstantfraction�s of thelaborforce.

Wenow characterizethecompetitiveequilibriumin steadystate,i.e. when
all variablesaregrowing at constant(exponential)rates.

The�rst-order conditionsfrom theutility maximizationproblemfor in-
dividuals imply that the steady-statefertility ratechosenby the dynastic

12 SeeShell(1966)for anearlyapplicationof this approach.
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family satis�es:13

(r � gY )(vt + w� 0(n))
~N t

=
u ~N t

uct
: (19)

This equationis thedynamicequivalentof theconditionthatthemarginal
rateof transformation(theleft-handside)equalsthemarginalrateof substi-
tution(theright-handside)betweenpeopleandconsumption. Themarginal
rateof transformationisbasedonthecostto theindividualof increasingfer-
tility , which involvestwo terms. First, thereis a capital-narrowing effect:
addingto the populationdilutes the stockof assetsper person. Second,
thereis thedirectcostof wagesthatareforegonein orderto increasethe
populationgrowth rate.Thetotalcostisscaledby thesizeof thepopulation
sothatit is measuredin termsof bodiesratherthanasarateof growth,and
it is multipliedby theeffectivediscountrater � gY to putit ona�o w basis.
This marginal rateof transformationis equalto thestaticmarginal rateof
substitutionu ~N =uc alongtheoptimalbalancedgrowth path.

This relationshipmakesit clearwhy a unit elasticityof substitutionbe-
tweenpeopleandconsumptionis required.Themarginal rateof transfor-
mationontheleft-handsideof equation(19)will endupbeingproportional
to y= ~N , wherey is percapitaoutput,Y=N . Therefore,themarginal rate
of substitutionmustbeproportionalto c= ~N for a balancedgrowth pathto
exist; otherwise,thecostandthebene�t of fertility will grow at different
ratesandtheeconomywill bepushedto acorner. Theequationalsomakes
clearwhy thecurvature� 00(n) > 0 is required:with � (n) = 1 � � n, for
example,equation(19) doesn't directly dependon n, andhouseholdswill
move to acornersolution.

Other�rst-order conditionscharacterizingtheequilibriumaremorefa-
miliar. For example,consumptiongrowth satis�es the following Euler
equation:

_ct

ct
= r t � nt � �: (20)

Also, the �rst-order conditionsfrom the �rm' s pro�t-maximization prob-
lem,assumingnodepreciation,are

r t = � Yt =K t

13 RobertBarro,in work in progress,shows thatwith anintertemporalelasticityof sub-
stitutionequalto one,if wereplacer � gY with � , thisconditionholdsatall pointsin time,
not just alonga balancedgrowth path.
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and

wt = (1 � � )Yt =LY t = (1 � � )yt �
1

1 � � (nt )
�

1
1 � �s

: (21)

With these�rst-order conditionsin mind, we arereadyto characterize
the steady-stategrowth rateof the economy. Along the balancedgrowth
path,thekey growth ratesof themodelareall givenby thegrowth rateof
thestockof ideas:

gy = gk = gc =
�

1 � �
gA ; (22)

wheregz denotesgrowth rateof somevariablez alongthebalancedgrowth
path,y is percapitaincomeY=N , andk is capitalperpersonK =N .14

The growth rateof ideas,gA , is found by dividing both sidesof equa-
tion (18) by A:

_A t

A t
= �

L �
At

A1� �
t

:

Along a balancedgrowth path,thenumeratorandthedenominatorof the
right-handside of this expressionmust grow at the samerate, and this
requirementpinsdown thegrowth rateof A as

gA =
�

1 � �
gL A :

Finally, alongabalancedgrowth path,L A mustgrow at therateof growth
of thepopulation.Therefore,

gA =
�n

1 � �
: (23)

Combiningthis resultwith equation(22),

gy = 
 n; (24)

14 Thisrelationshipis derivedasfollows. First,theconstancy of consumptiongrowth re-
quiresaconstantinterestrateandthereforeaconstantcapital-outputratio,yieldingthe�rst
equality. Second,theassetaccumulationequationin (15) is simplyastandardcapitalaccu-
mulationequation.For thecapitalstockto grow ataconstantrate,thecapital-consumption
ratio mustbe constant,yielding the secondequality. Finally, log-differentiatingthe pro-
ductionfunctionin (12)yieldsthelastequality.
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where
 � �
1� �

�
1� � .

As in Jones(1995), the per capitagrowth rateof the economyis pro-
portional to the populationgrowth rate. This is a direct consequenceof
increasingreturnsto scale: with � = 0, thereis no per capitagrowth in
the long-run. Notice that balancedgrowth in the presenceof population
growth in this modelrequires� < 1 and� < 1. Thatis, thecapitalaccu-
mulationequationandthe law of motionfor ideasmustbothbe lessthan
linearin theirown statevariables;otherwise,growth explodesandthelevel
of consumptionandincomeis in�nite in a �nite amountof time.

4.5. Fertility in the DecentralizedEconomy
Therateof populationgrowth is determinedby consumeroptimization,

as in equation(19). Using the fact that � = 1 andr � gY = � alonga
balancedgrowth path,andsubstitutingfor the wagefrom equation(21),
equation(19)canbewrittenas

kt + (1 � � )yt �
� 0(n)

1 � � (n)
�

1
1 � �s

=
1
�

ct : (25)

Somealgebrathenshows thatalonga balancedgrowth path,therateof
fertility satis�es15

� 0(nD C )
1 � � (nD C )

=
1 � �s

�
: (26)

Thesolutionto thisequationexistsandis uniqueundertheassumptionthat
� 0(0) < (1 � �s)=� , asshown in Figure1. Recallthat the relationshipin
equation(24)thatgy = 
 n thendeterminesthegrowth rateof theeconomy
alongthebalancedgrowth path.

Thesteady-stategrowthrateof theeconomyisdirectlyproportionaltothe
netfertility rate.Thisrateissmallerthehigheris therateof timepreference
� or thehigheris thecostof fertility � (�). Interestingly, thegrowth rateof
theeconomyisdecreasingratherthanincreasingin thefractionof thelabor
forcedevotedto research.Thisis verydifferentfromtheresultsin previous
idea-basedgrowth modelsandre�ects the fact thatgrowth is drivenby a
differentmechanism.Here,changesin researchintensityaffect long-run
growth only throughtheireffecton fertility. A largerresearchsectortakes

15 Speci�cally, divide bothsidesof theequationby k andusethe fact thaty=k = r =�
andc=k = y=k � gY = (1 � � )=� � r + � alonga balancedgrowth path.
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FIGURE1. Solvingfor nD C
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laboraway from thealternativeuseof producingoffspring,which reduces
populationgrowth and thereforereducessteady-stateper capitagrowth.
It is importantto notethat this long-runeffect is quite differentfrom the
short-runeffect. In the shortrun, an increasein the fraction of the labor
forcedevotedto researchwill leadto morenew ideasanda fasterrateof
growth. Only in thelong-runis thefertility effectapparent.

5. WELFARE AND A PLANNER PROBLEM

With morethanonegenerationof agents,it is notobvioushow to de�ne
socialwelfare: it dependsonhow oneweightstheutility of differentgener-
ations.We focuson a narrower question:doestheallocationof resources
achievedin themarketeconomymaximizetheutility of eachdynasticfam-
ily giventheinitial conditionsthatconstraintheir choices?

To maximizethewelfareof a representative generation(thegeneration
aliveat timezerohere),thesocialplannersolves

max
f ct ;st ;n t g

U0 =
Z 1

0
e� �t u(ct ; ~N0;t ) dt; (27)
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subjectto

_kt = A �
t k �

t (1 � st )1� � (1 � � (nt ))1� � � ct � nt kt ; (28)

_A t = � s�
t (1 � � (nt )) � N �

t A �
t ; (29)

and

_N t = nt N t : (30)

The�rst orderconditionsfrom this maximizationproblemcanbecom-
bined to yield several equationsof interest. First, optimal consumption
satis�esastandardEulerequation

_ct

ct
= �

yt

kt
� nt � �: (31)

Second,the�rst orderconditionstogetherwith theequationsgoverning
the law of motion for capital and ideascan be solved to yield optimal
researchintensityin thesteadystate:

sSP =
1

1 +  SP ; (32)

where

 SP =
1 � �

��

�
� (1 � � )

�n
+ 1 � �

�
:

To solve for the steadystaterateof populationgrowth, we follow the
stepsusedfor the decentralizedmodel. The �rst orderconditionsfrom
theplanner's problemcanbecombinedto yield a conditionanalogousto
equation(19) in steadystate:

 

kt + (1 � � )yt �
� 0(nSP )

1 � � (nSP )
�

1
1 � sSP

!
�
~N t

=
u ~N t

uct
+ � 2t �

_A t

~N t
;(33)

where� 2 is theshadow valueof anidea(theco-statevariablecorresponding
to equation(29)).

Thedistortionthataffectsfertility choicecanbeseenby comparingthis
equationto thecorrespondingconditionin thedecentralizedmodel,either
equation(19)or (25). Individualagentsignoretheextrabene�t associated
with increasingreturnsto scaleprovided by additionalpopulation. This
distortionis re�ectedby thepresenceof thesecondtermon theright-hand
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FIGURE2. ComparingnD C andnSP
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sideof equation(33), which correspondsto the utility valueof the extra
ideascreatedby anadditionalperson.

Someadditionalalgebrarevealsthat,alongthebalancedgrowthpath,the
optimalfertility ratesatis�es16

� 0(nSP )
1 � � (nSP )

=
1
�

: (34)

Finally, theoptimalsteady-stategrowth rateof percapitaincomeis given
by gSP

y = 
 nSP .
A comparisonof equations(26) and(34) indicatesthatsteady-statefer-

tility andgrowth areinef�ciently too slow in thedecentralizedeconomy,
asshown in Figure2. This resultsfrom thefactthat,asnotedabove, indi-
vidualsignoretheeconomy-widebene�t of fertility thatis associatedwith
increasingreturnsto scale:a largerpopulationgeneratesmoreideasthat
bene�t all agentsin theeconomy. This is the “Mozart effect” mentioned
by Phelps(1968).

16 Onceagain, divide bothsidesof theequationby k andusethe fact thaty=k = r =�
andc=k = y=k � gY = (1 � � )=� � r + � alonga balancedgrowth path.
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In more generalmodelsthat I have explored, this result can be over-
turned.For example,whenthekernelof theutility functionis generalized
to placeahigherweightonoffspring,i.e. when� > 1, it is possiblefor the
decentralizedeconomyto have a fertility rateandthereforea growth rate
that is inef�ciently too high. This occursif �s is suf�ciently smallerthan
sSP .17 Second,fertility andgrowth canbeinef�ciently high in amodelin
which theRomer(1990)market structureis usedinsteadof theperfectly
competitive/basicsciencemarketstructure.With theimperfectlycompeti-
tivemarketstructureof Romer, capitalis underpaidrelativeto its marginal
productsothatsomeresourcesareavailableto compensateentrepreneurs.
However, recallthatpartof theopportunitycostof fertility is theadditional
capitalthatmustbeprovidedto offspring. Imperfectcompetitionreduces
thiscostandcanleadto inef�ciently high fertility andgrowth.

6. DISCUSSION

This extendedexamplecontainsa numberof predictionsabout long-
run growth, someof which arefoundin earlierpapersandsomeof which
arenew. First, the “scaleeffects” predictionthathasbeena key problem
in many endogenousgrowth modelsturnsout to be a key featurein this
model. Increasingreturnsto scaleimplies that the scaleof the economy
will matter. Insteadof affecting (counterfactually) the long-run growth
rate,however, scaleaffectsthelong-runlevel of percapitaincome.Large
populationsgeneratemoreideasthansmallpopulations,andbecauseideas
arenonrivalrous,thelargernumberof ideastranslatesintohigherpercapita
income.Endogenousgrowth in thescaleof theeconomythroughfertility
leadsto endogenousgrowth in percapitaincome.

Changesin governmentpoliciescanaffect the long-rungrowth rateby
affecting the rateof fertility. For example,supposethat for eachchild,
parentshave to pay a fraction of their wagesin taxes. Sucha tax will
reducefertility andthereforereducepercapitagrowth.

Otherpoliciescanalsoaffectpopulationgrowth andpercapitagrowth in
themodel,but theeffectsareoftencounterintuitiveonthesurface.Specif-
ically, theimpositionof many taxesin themodelwill increaseratherthan
decreaselong-rungrowth (thoughonceagain,theshort-runeffectsandthe
welfareeffectscangoin theoppositedirection). Forexample,ataxonlabor

17 Toseepartof theintuition,recallthatfromthestandpointof thedecentralizedeconomy,
a lower researchintensityincreasesfertility.
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incomecreatesa wedgebetweenworking andchild-rearing,the untaxed
activity, andwill increasefertility andpercapitagrowth. A tax on capital
reducestheopportunitycostof fertility by reducingthecapitalstockand
wagesandthereforewill alsoincreasegrowth. Finally, aswehavealready
seen,anincreasein anexistinggovernmentsubsidyto researchwill reduce
long-rungrowth in themodel.Noticethatincreasingtheresearchsubsidy
mayeasilybewelfareimproving here,but not,asis oftenargued,because
it increasesthelong-rungrowth rate.18 In general,theseresultsemphasize
theimportantpoint thatlong-rungrowth andwelfarearedifferentandmay
evenrespondto policy changesin oppositedirections.

Whatpoliciesshouldthegovernmentfollow in this modelto obtainthe
sociallyoptimalallocationof resources?At leastin steadystate,thepolicy
turnsouttobeverysimpleandconventional,contrarytothecounterintuitive
resultsjustmentioned.Supposethegovernmenttaxeslaborincomeat rate
� L andusesthe revenueto fund research,with no lump-sumrebatesor
taxes. In this case,it is easyto show thatsteady-statefertility achievesits
socially-optimallevel. Moreover, theshareof laboremployedin research,
�s, is equalto the tax rate� L . Therefore,by choosinga labor incometax
rateof � L = sSP , both the fractionof labor working in researchandthe
steady-statefertility andgrowth ratematchthesocialoptimum.

A �nal issueworthconsideringis theplausibilityof thewayendogenous
fertility is modeled. The assumptionof a unit elasticity of substitution
betweenconsumptionandoffspringin thedynasticutility functioniscrucial
for deliveringsustainedexponentialgrowth in population,andthereforein
per capitaincome. However, it is far from clear that future population
growth will actuallybesustained.For example,fertility ratesthroughout
the world appearto be falling anddemographicprojectionsby the U.S.
Bureauof theCensusandtheWorld Bank suggestthat world population
maystablizeat somepoint far into thefuturelike the23rdcentury(Doyle
1997).

Jones(2001)examinesamodelwith anelasticityof substitutiongreater
thanone in a studyof growth over the very long run. In this case,the
modelgeneratesa demographictransitionsimilar to that observed in the
advancedcountriesof theworld and,at leastfor someparameterizations,
suggeststhatpopulationlevelsmaystabilize. An importantpredictionof

18 In all of theexamplesin thisparagraph,it is assumedthatthetax revenuecollectedis
rebatedlumpsumto theagents.Thebehavioral changesresultfromthesubstitutioneffects;
without thelump-sumrebates,theincomeeffectwill neutralizethesubstitutioneffect.
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sucha modelis thatexponentialgrowth in percapitaincomeswould not
be sustained.This doesnot meanthat growth would necessarilycease,
however. For example,aconstantnumberof researcherscouldpotentially
generatea constantnumberof new ideas,leadingto arithmeticratherthan
exponentialgrowth.

In this sense,theframework doesnot necessarilysuggestthatsustained
exponentialgrowth mustcontinueforever. As indicatedearlier, linearityin
thepopulationequationdoesnotguaranteegrowth; thisdependsonfertility
behavior. Sustainedgrowth seemsto beagooddescriptionof theadvanced
economiesfor thelastcenturyorso.But if themodeliscorrect,thefutureof
percapitagrowthwill hingeontheability of theworldeconomytocontinue
to devote moreandmorequality-adjustedresourcesto the productionof
new ideas.

7. CONCLUSION

Recentresearchhasledtoalargenumberof potentialexplanationsfor the
engineof economicgrowth. Distinguishingamongtheseexplanationsis
important,bothfrom ascienti�c standpointandfrom apolicy perspective.
Someexplanationssuggestthat increasesin public investmentin physical
capitalwouldbeappropriate,otherspointtosubsidiestoprivateinvestment.
Somesuggestthatimperfectcompetitionandincentivesfor innovationare
key, othersstresstheformationof humancapital.Somesuggestthatgrowth
ratesmaybemuchhigherin thefuture,othersmuchlower.

In ordertogeneratesustainedexponentialgrowth likethatobservedin the
UnitedStatesfor thelast125years,modelsof growth requireadifferential
equationthatis linear, or at leastverynearlyso. Following thesuggestion
of Solow (1956),this paperproposesthata successfultheoryof economic
growth shouldprovide an intuitive and compelling justi�cation for this
crucialassumption.

After proposingthis standardto which our futuremodelsshouldaspire,
thepaperattemptsto make someprogress.We begin by pointingout that,
taking populationgrowth asgiven, it is possibleto understandthe expo-
nentialgrowth in per capitaincomewithout appealingto any additional
linearity. Instead,theincreasingreturnsto scaleassociatedwith thenonri-
valry of ideascombinedwith thehistoricalpresenceof populationgrowth
impliespercapitagrowth.
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Theremainderof thepaperexploresa modelin which bothpopulation
growth andpercapitagrowth emergeendogenously. Thecrucial linearity
appearsin the law of motion for population,and the paperarguesthis
is a morenaturallocationfor linearity thanotherlocationsconsideredin
existinggrowthmodels.Eachfamilychoosesanumberof childrentohave,
~n. With N suchagentsin theeconomy, thenet increasein populationis
givenby _N = nN , wheren = ~n� d. In otherwords,bypickingthenumber
of childrento have, individualschoosetheproportionalrateof increasein
the population. The linearity of the law of motion for populationresults
from the biological fact of naturethat peoplereproducein proportionto
their number. By itself, however, this linearity is not suf�cient to generate
percapitagrowth.

The secondkey ingredientof the model is increasingreturnsto scale.
Followingthereasoningof Romer(1990)andothers,increasingreturnsalso
seemsto beafactof nature.Ideasareacentralfeatureof theworld welive
in. Ideasarenonrivalrous.Nonrivalry impliesincreasingreturnsto scale.
Thislineof reasoning,ratherthanplacingthekey linearityin theequationof
motion for technologicalprogress,is the fundamentalinsightof the idea-
basedgrowth models,accordingto the view in this paper. Endogenous
fertility andincreasingreturns,bothmotivatedfrom �rst principles,arethe
key ingredientsin anexplanationof sustainedandendogenouspercapita
growth.
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