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EC241a Econometric Theory
Spring 2004 UC Berkeley Department of Economics

GENERALIZED METHOD OF MOMENTS ESTIMATION IV:

EMPIRICAL LIKELIHOOD

In the GMM case we use a very similar idea to demonstrate semi-parametric efficiency,
due to Chamberlain (1987). We first discuss a simple just-identified example. Let X3, X, ...

be iid and satisfy
Ev(X,0) =E(X —60) =0,

for some value 6. We again embed the semiparametric model in a fully parametric model.

This time it is not quite the true model, but a very close approximation. Suppose X is
discrete with known support Aq, ..., A and with unknown probabilities 7, = Pr(X = \g).
Now we have a fully parametric model. What is the variance for the mle for # = E(X)? The
mle for 7, is 71, = Zf\il 1{x; = A\¢}/N. Then the mle for 0 = 0(my, mo,...,7x) = Zszl Tk
is

K

Omie = 0(F1, 702, 7o) = D fphi = I

k=1

Hence the mle for 6 is = with variance Var(X). Clearly Z is also the gmm estimator, and by

its equality with the mle estimator for a parametric model it is semiparametrically efficient.

Chamberlain extends this argument to the general GMM case. With some additional
effort you can extend the results to the continuous case, but if the estimators are efficient for
all discrete distributions, it would seem to be pretty good already because most distributions

can be approximated arbitrarily closely by discrete distributions.

In the empirical likelihood argument we take Chamberlain’s discrete likelihood argument

one step further. Recall that in the just—identified example not only was the variance of the
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gmm estimator equal to the variance of the discrete—support—mle, in fact the gmm estimator
was equal to the mle. Now consider the following over—identified example. The sequence of

pairs (X1, Y1), (Xs,Ys),. .. are iid. The moment functions are:

U(@,y,0) = ( 9—1’).

Y

Now assume that (X,Y) is discrete with known support (.1, vy1)s - - - (Yarc, Yyi) and
T = P’/’(X = ’yxk,Y = f)/yk)
To estimate the 7’s we have to take into account the restriction
K
E(Y) =Y myu=0.
k=1

Hence we maximize the log likelihood

L(m) = élﬂ (kZK: Wi = Yabs ¥i = %k}ﬂk),

=1

subject to the restrictions

K K
Zwmykzo and Zﬂ'kzl,
k=1 k=1

over 7 and then solve for § = ), T4 (An aside: alternatively we can add an additional
restriction that ), m,(6 — 7zx) = 0, and maximize over both 7 and . That would give
the same numerical results. The Lagrange multiplier for this additional restriction would be

equal to zero.)

Let 0 = 1{@; = Yok, ¥i = Vi }, and let py, = Zf\il dir/N be the sample frequency for the
kth support point. The first order conditions are

fork=1,..., K, and

) K
0= Z Tk Yxk;

k=1
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with A the Lagrange multiplier for the restriction ) 7y, = 0 and p the Lagrange multiplier
for the restriction that > m; = 1.

Multiply the first order condition by 7, and add up over k =1 to K to get:

ZZ%—AZW m—uZm—N .

i=1 k=1

Hence p = N. This implies

Hence the solution for A can be characterized through the equation

0= Zmﬂyk = Zpk%;k/ (L4 vA/N)

k=1 k=1

K 1N 1 LK
:ZNZ SitYyk/ (1 + YA /N) = ZZ Oik Y/ (1 + YyuA/IN).

k=1 i=1 N D=
Note that summing up over all k the indicator d;; just picks out the value at the observed

value of z or y, so that Zszl dikVyk = Vi, and hence we have

0= %Zyi/(l + 4 \/N).

i=1

Also,

K K
0=> Ve = > PiYar/ (L +YuA/N)

k=1 k=1

1 N

1 i=1

Mx

B
Il

/(1 4+ y;A/N).

ZIH
||Mz

Therefore we can characterize the solution for # and ¢ = A/N as the solution to the set

of equations

N
0= Zw(yza T, ta 9))
i=1
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with

_((O-2)/0+ 1)
s = (LRI )

where we use the fact that ZlNzl 1/(1 + y;A/N) = Zf\il 7 = 1. This solution is the exact
maximum likelihood estimator for @ if the distribution of (Y, X) is discrete. What if the
distribution is not discrete? The estimator can still be calculated. Nothing in its formulation

requires knowledge of the support of (X,Y). What are its properties in the general case?

First consider the expectation of the moments at § = 6* = E[X| and ¢ = 0. In that case
the two moments have expectation zero. Hence, under the standard regularity conditions
the GMM estimator is consistent for (6*,0). What about the variance? The large sample

variance is
('AIT) L
First the matrix of derivatives:
(oL * oY1 *
r:xa( a%Q(Y,X,H*,O) a%(Y,X,Q*,O) ) _ ( 1 oxy )
W(Y;Xae 70) W(KX>9 aO) 0 —oyy
Second, the matrix of expected values of the outer products:
_ * * _ Oxx —O0Xy
A—E{w(Y,X,G,OW(KX,@,U)}—( )
—0xy Oyy
with inverse
Al — 1 ) Oyy OXy
OxXxOyy — Oy oxy oxx )’
Hence the covariance matrix is

1 0 _ 1 [ ovy Ooxy \ 1 oxy !
Oxy —Oyy O'X)(O'yy—O'g(Y oxy O0OXxXx 0 —0yy

-1
1 Oyy 0
o — o2 0  oyy(oyyoxx — o%y)
XXO0yy — Oxy YY\OYYOXX Xy

UXX_UE(Y/UYY 0
0 1/O'yy ’
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Now compare the variance for 0 to the efficiency bound for this case, which corresponds to

the variance of the GMM estimator for  with moments
~ 00— X

This variance would be

1 Oyy OXYy 1 - )
1 0)- . . — 0 . oyy,
<( ) OXX0yy — agﬂ, ( oxy OXxX 0 XX XY/ YY

which is the same. Hence this empirical likelihood estimator is efficient.

In the previous example, with the moment functions,

w<x,y,e>:(9‘$),

Y

we found for the asymptotic distribution of 6 and t:

(05w (9) (e 0 ).

Note that the estimator for ¢ = 0 is independent of the estimator for . This makes sense:
if there was some correlation there we could improve our estimate of 6 by exploiting this

correlation. The role of ¢ is that of a Lagrange Multiplier. It measures the deviation of

the restriction from its restricted value. Specifically we can use it to test the overidenti-
fying restrictions. Recall that in the standard GMM approach we test the overidentifying

restrictions by looking at

N / N
Qo) = [%N ;w@,é)] - Cx [ﬁ ;wzi,é)] = XM — K).
A similar test can be based on /N - t:
%QcN(é)—Nw’AwLo.
Imbens, Spady and Johnson (1997) discuss some of these tests in more detail.

What are the advantages of these empirical likelihood estimators relative to the stan-

dard GMM estimators? The main advantage is that there is no ambiguity: there is no need
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for an initial estimator to start the process, and the estimators are therefore invariant to
renormalizations of the moment functions and reparametrizations. It also clarifies Chamber-
lain’s efficiency argument: not only is the variance equal to that of the maximum likelihood
estimator under discreteness, we can directly use the maximum likelihood estimator. The
general case for the empirical likelihood estimator goes as follows. Suppose we start of with

a GMM estimator with moments (2, §). We can then get the empirical likelihood estimator

as
N
I%imem,
i=1
subject to
N N
Zwi =1, and Zm ~1h(z;,0) = 0.
i=1 =1

This can be rewritten as the GMM estimator with moments

_( U=0)/(L+10(=,0))
Pz t,0) = ( 9 (2, 0)t/ (1 + ') (2,0)) ) '

Finally, there are other estimators like the empirical likelihood estimator. Another leading
member is the estimator based on the Kullback—Leibler information criterion. For the KLIC

criterion the general case leads to the objective function

N
max—g m; In 7,
977.(- . 1

1=

subject to
N N
Zwi =1, and Zm “h(2;,0) =0,
i=1 i=1

and the estimating equations

_ ’QD(Z,Q) ’ eXp(t/¢(2’9))
Plet,0) = ( G (2.0)t - exp(t'4(2,6)) ) '

For the example under consideration this criterion leads to an estimator with moments

Oy, t.0) = < (6 — ) - exp(ty) ) ‘

y - exp(ty)
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It may be difficult to directly solve the estimating equations. Instead consider the sad-

dlepoint representation:

N

max minZexp(t’@D(zi, 0)). (1)
ot

i=1
The first order conditions for this problem are the estimating equations. This is still a
difficult problem to solve, but an easier computational problem is to concentrate out the

Lagrange multipliers at each step. The problem of solving

mln Z exp(t'i(z;,0)), (2)

is relatively straightforward, because as a function of ¢ this is strictly convex, with positive

definite second derivative
Zw (2i,0)0(2,0)" - exp(t'(z;,0)).

Hence the approach is to solve

maxzexp 0(z6)), Q
where

Zexp 0(z,0)) = mtinZeXp(t'w(z,-,H)).

Finally consider the following special case (Imbens and Hellerstein) where some of the

moments do not depend on the unknown parameters:

oen=(32)

The first set of moments is of dimension K, equal to the dimension of §, and the second is
of dimension M — K, but does not depend on 6. In that case things simplify considerably.
Starting with

N
max — Zm In 7;, subject to Zwi =1, and Zm W(z;,0) =0,

i=1
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we obtain in general the estimating equations

¢(Z> 9) ) exp(t’¢(z, 9))
plz1,0) = ( 9% (2,8) - exp(ty(z,0)) ) ’

which, after splitting ¢ into ¢; and ¢ with dimension K and M — K, can be written as

U1(2,0) - exp(t191(2,0) + t51)2(2))
ot )= | L) explii (2,6) + ()
(5 (2,00t + 52 (2,002 ) - exp(thuon(2,0) + tyta(2))
Because 222 (z,0) = 0, this simplifies to

a0
Y1(2,0) - exp(ty9i(z, ) + th1a(2))

p(z,t1,ts,0) = Ua(2) - exp(ti(2,0) + ty1h(2))
Bt (z,0)ty - exp(tyai (2, 0) + thib(2))

Typically a solution can be found with ¢; = 0, and t, and 0 solving

[ (=.0) - exp(thin(2))
0= ; = < o(2) - exp(thbe(2)) ) .

Now we can first find the value of ¢, that solves

3 (=) expltyn(z) = 0

i=1

Given this value of t, get 6 by solving the weighted set of moments:

Ziﬂl(zi,ﬁ) cW; = 0
i=1

where

= eXp wQ Zz /Z eXp ¢2 Z]
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