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EC241a Econometric Theory
Spring 2004 UC Berkeley Department of Economics

GENERALIZED METHOD OF MOMENTS ESTIMATION III:

SEMIPARAMETRIC EFFICIENCY BOUNDS

The basic efficiency argument is the Cramer—Rao bound for unbiased estimators:

Result 1 (CRAMER-RAO BOUND)

Let the probability density function of a random variable X be fx(x|0) for some 6y € ©. Let
é(X) be an unbiased estimator for 0y. Suppose the derivative 0/00 can be passed under the
integral sign in [ f(x]0)dx and [ 6(x)f(x|0)dz, and suppose the Fisher information

70) - - 5L (o)

is finite. Then
Var(A(X)) > Z(6)~".
Proof: Recall that the square of the covariance of two random variables S and U is less

than or equal to the product of the variances (that is the same as saying that the correlation

coefficient is less than or equal to one in absolute value:

Cov?(S,U) < V(S)-V(U).

Now let us take S = é(X) and U = 31r(;f

55 (X;0). First consider the expectation of U, the

score function:
1:/fx(x;9)dx.
So,

0
0= %/fo(x; 0)dzx.
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Assuming we can change the order of differentiation and integration, we get

ofx
.90
. alan

= 50 (x;0) - fx(z;0)dx

- E[m;efx (2:0)] = E[U] = 0.

0= (x;0)dx

T

Therefore the covariance of U and S is the expectation of the product of S and U:

E[SU] = / é(x)algefx(x;é’)fx(x;e)dx: / é(x)%ig(x;e)dx

— %/wé(x)f(x; 0)dx = %9 =1.
So
1<V(@)-V (8(19I;f(X|9)) ,
implying
vz v (Zelon)] < | (2 <X|9>)2] i
0.

If Xy, Xs,..., Xy are iid with common density fx(x|€), the implied bound is
N - Var(6(X)) > Z(6)~".

At the same time the limiting distribution of the mle is, under conditions discussed before,

equal to
VN (B — 00) = N(0,Z(60) 7).

Hence in large samples the mle is approximately unbiased and approximately achieve the

Cramer—Rao bound.

This motivates the following definition of large sample efficiency:
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Definition 1 Let X, X, ... be iid random variables with common density fx(x|6). A se-

quencey of estimates éN, a function of X1, Xs, ..., Xy such that
VN (O = 0) = N(0,Z(0)7),

whatever the true value § € © 1is, is said to be asymptotically efficient.

So by definition we declare maximum likelihood estimators to be efficient. This is not
completely innocuous. We can actually do better in large samples than maximum likelihood
estimators. In particular, there exist superefficient estimators that do well in a particular
part of the sample space but not in others. For example, suppose X1, Xs, ... are iid normal
with mean ¢ and variance 1. The mle is  with normalized variance equal to 1. Now consider
the estimator

é:{ T if n'/4|z| > 1

0 if n'/4z| < 1.
If @ differs from zero the large sample distribution of 6 is the same as that of the mle 7. If
0 = 0, the normalized variance is zero. Hence at zero 6 does better, and if # # 0 this estimator
does equally well as the mle. Nevertheless, this is not a particularly attractive estimator as
clearly around zero it is going to have relatively unattractive properties, especially in small
samples. For example, small changes in the observations can lead to relatively large changes

in the estimator, when n'/4|z| is close to 1.

How does this lead to efficiency arguments for models that are not fully specified, such as
generalized method of moment estimators. The main type of argument, discussed in among
others Begun, Hall, Huang, and Wellner (1983), Bickel, Klaassen, Ritov, and Wellner (1990)
and Newey (1991), goes along the following lines. Suppose X, Xo, ... are iid with unknown
density function f(z). The density depends on some parameters of interest € but these
parameters do not completely describe the distribution. That is, there is more unknown
about the distribution than just these parameters. We specify that by making the density

function a function of the unknown parameter # and an unknown function h:

X~ f(]0,h(-)).
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For example, if we are interested in the probability that a random variable with density f(z)

is positive, we could define
f= E[1{X > 0}},

and

fly) - Hy >0} N fly) - Hy < 0}_

M) = I f(2)dz fi]oo f(z)dz

In that case
f(x) = f(z]0,h(:)) = 1{x >0} -0 -h(x)+ 1{x <0} - (1 —10) - h(x).

Now suppose we pretend we know h(+). In that case we have a fully parametric model and we
can calculate the Cramér-Rao bound. Of course we do not expect we can find an estimator
that achieves that bound because we do not actually know h(-). However, if we were able
to find an estimator that achieves this bound without requiring knowledge of h(-) then this
estimator is certainly efficient: there cannot be a better estimator even if we add information

in the form of knowledge of A(-).

Now suppose we pretend we know h(-) up to a finite dimensional parameter vector ~.

Then we again have a fully parametric model

f(@]0,7) = f(x]0,h(7)).

Hence we can calculate the Cramér-Rao bound for #. Partitioning the information matrix

for (0',+")" and its inverse in

Toor T B _'Z'QG’ _'Z'Q'y’
Z(0,v) = (I% Iey ) and Z(6,7)"" = ( 79 T ) )

v Ey

the Cramér—Rao bound implies that

. ) -1
Var(d) > 7% = (199, —IGA,,I;,Y%IW) . (1)

This relation has to be true for any parametrization of the unknown function A(-). What

we are looking for is the worst possible parametrization, that is, the parametrization that
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maximizes the right hand side of (1). The lowest possible variance for any estimator for
that does not use knowledge of h(-) has to be at least as high as the lowest variance we can
get if we know more, that is, the Cramér—Rao bound for any parametric submodel. So the

semiparametric efficiency bound is the largest lower bound we can get for any parametric

submodel. It is of course difficult to see if we have found the largest lower bound. Often,
however, an candidate efficient estimator exists. If we find a parametric model with variance
equal to the variance of this estimator, we know that this is an efficient estimator, and we

know the efficiency bound.

To see how this works in the above example, suppose we actually know h(x). Then we

have a fully parametric model with
flz) =1{x >0} -6 h(x)+1{x <0} - (1—0)-h(z).
The logarithm of the density function is
flz) =1{x >0} -Inf+ 1{z >0} -Inh(z)+ 1{x <0} -In(1 —0) + 1-{z < 0}h(x).

The score function is

1{x>0}_1{x§0}:1{x>0}—9

S(l0) = — 1-6 91— 6)

The variance of the score, equal to the information, is

ES(z|0)? = T

and the variance bound is (1 — ). Now consider the estimator

0

iux > 0/N.

This has mean 6 and variance (1 — 6)/N. Hence 0 is efficient and 6(1 — 6) is the semi-

parametric efficiency bound.
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