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EC241a Econometric Theory
Fall 2004 UC Berkeley Department of Economics

GENERALIZED METHOD OF MOMENTS ESTIMATION II:

CONSISTENCY AND ASYMPTOTIC NORMALITY

The case we consider here has a M—dimensional vector of moment functions ¢ (Z, #), with
the dimension of 8 equal to K. We first consider the estimator 6 obtained by minimizing
Qc(0) = O_v(2:;0)) - C - (D_1¢(2;0)) for an arbitrary strictly positive definite symmetric

matrix C.

We make the following assumptions:

Assumption 1 (COMPACTNESS)

The true value of the parameter 6y is an element of the interior of ©, a compact subset of

RE.

Assumption 2 (IDENTIFICATION)

E[¢(Z, 9)] — 0 implies 6 = 0.

Assumption 3 (INDEPENDENCE)

Zy, Za, ... 18 a sequence of independent identically distributed random variables.

(Note that this is not necessary. Hansen (1984) deals with the more general case where the

Z; are allowed to follow a covariance stationary process.)

Assumption 4 (FULL RANK) The expectations

e
=52 z0].

and

A= E[w(z, Oo) - (2, 90)/] ,
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are finite and have full rank.

Assumption 5 (CONTINUITY)

W(z,0) is continuous in 0 and z.

Assumption 6 (DOMINANCE)

There is a function k(z) such that ||¢(z,0)|| < k(z) for all z and 0 and E[k(Z)] is finite.

Result 1 Suppose Assumptions 1-6 hold. Then
6 = o,

where
6 = argmax,Qc(6)-

1

The argument goes as follows.” The dominance condition, together with continuity and

compactness guarantees that > 1(z;,0)/N — E[¢(Z;0)] (and therefore Q¢ (0)/N?* —
Qe(0) = E[W(Z;0)CE[Y(Z; 0)] uniformly in 6. The limit Qf(#) has a unique minimum at 6,
by the identification assumption. Since the limit is also continuous, minimizing the sequence
Qc(0) leads to a consistent estimator for #y, by the same argument used for consistency of

maximum likelihood estimators.

We wish to weaken this a little to allow for a weight matrix that depends on the data.
Assumption 7 (SEQUENCE OF WEIGHT MATRICES)
Let C1, Cs, ... be a sequence of symmetric, positive definite matrices, and Cy be a symmetric
positive definite matriz such that Cy —— Cj.
Result 2 Suppose Assumptions 1-7 hold. Then

éi)ew

IFor a formal proof see Hansen (1984), or Newey and McFadden (1994).
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where

0 = argmax,Qc, (0).

Given consistency we are interested in the large sample distribution of 6. Because 0, is
in the interior of the parameter space the first order conditions for a minimum of Q¢, ()

must be satisfied, at least in large samples. This implies that in large samples,

> ola V] <0

N

o(0) =2+ |3 0] -

=1

As N — oo, and therefore 0 — oy, the first factor converges in probability to I, and the

~

second factor converges to Cy. Now expand the third factor in g() around 6y to get

[ 3 a—w(zi,é)/zv} VN - (6= 06,).

N
prng /~ . - / . .
0=T C(] [; ¢(ZZ, 90)/\/N +T C(] 2 B

The factor multiplying v/N - (§ — 6,) converges to I"CoT, so we get
| N
VN - (0 —6,) ~ —(I"CoI) ! - r'-o-{— 29} :
(0 —6) ~ —(I"Col) N~ ;W 0)
The sum SN (2, 600)/V/N satisfies a central limit theorem:

N
%ﬁ S (e )~ N (0, A),
=1

so we end up with:

Result 3 Suppose Assumptions 1-7 hold. Then:

VN - (6 = 05) -5 N(0, (I'Col) " (I CoACT) (IVCoI) ).
For a formal proof see Hansen (1984) (who discusses the case with dependent, that is,
autocorrelated, variables), or Newey and McFadden (1994).

There are two special cases. If M, the dimension of ¢ is equal to K, the dimension of @,

both A and I' are invertible K x K matrices by the full rank assumption. The choice of Cy, or
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that of the sequence Cy, does not matter now because 0 sets all the average moments exactly

equal to zero, at least in large samples. Hence the variance/covariance matrix simplifies to

(CA™IT)~! = TIA(Y) L.

In the over-identified case, if we choose a sequence C,, such that Cy = A~!, the vari-
ance/covariance matrix simplifies to (TA™!'T")~!. This is the optimal choice for Cy (Hansen,
1984). Moreover, as we will see in the Chamberlain (1986) paper the resulting estimator is
efficient in the sense of achieving something akin to the Cramér-Rao bound for maximum
likelihood estimators, with the provision that here we are in a semi—parametric context where
the distribution is not fully parametrized. To see the first part of this claim, that A~! is
the optimal choice, consider a simpler case with a scalar parameter (this is not necessary).
Consider the choice Cy = A™! 4+ a - A for any symmetric matrix A. The variance covariance

matrix for this choice of weight matrix is
V = (I'Col) H(IVCoAC, ) (TVCoI) 1)
=A™ +a - AD)T'T(A +a- AA(A - a- AD)(T(A™ +a- AD) )

= (IA™'T + al”AT) M (IVAT'T 4 2alV AT + a®T' AAAT) (IVA™'T 4 al AT Y)
_ I'AT'D + 20l AT 4 ®T" AAAT
B (I"A=1T + aIVAT")2

The derivative of this with respect to a is zero at a = 0, and the second derivative is positive.

Hence a = 0 is the minimizing value, and since this is true for any matrix A, Cy = A~! is

the optimal choice for the weight matrix.

The way Hansen (1984) suggests implementing this estimator is in a two—step procedure.
First we minimize Q¢ (6) for some arbitrary positive definite matrix C. One option is the
identity matrix. Alternatively we can use a diagonal matrix with zeros on M — K of the
diagonal elements. (In that case the matrix is obviously not positive definite, but its rank is
high enough that it should not matter). Let éinit be the estimate from this procedure. Then
we estimate the inverse of the optimal weight matrix as A = Z¢(Zi,éinit . @b(zi,éinit) /N.
followed by minimizing Q4-1(#). The asymptotic distribution is not affected by the first

round choice of C'. The numerical value of the final estimates, as well as the small sample
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properties are obviously affected by this choice. A disadvantage of this procedure is the
degree of arbitrariness introduced by the choice of the initial weight matrix. We return to
this issue later. Note, however that for exactly identified models with M = K this issue is

moot.

Another result for overidentified models is the basis of specification tests:

Result 4 If M > K, as N — oo, and with Cy — Cy = A, then
(i)

(2, 00 } [%i:: (21, 00) } — X*(M),

||Mz

~ QCN (6h) = l

and, (i),
%'QCN(QA) = {\/%éw(ziaé)},'CN' {%éw(zi,é)} 4 XYM - K).

Obviously S 4(2;,60)/V/'N satisfies a central limit theorem and we have a Chi-squared dis-
tribution with M degrees of freedom for the normalized objective function. Every parameter
we have to estimate reduces the degrees of freedom by one. Once there are as many unknown
parameters as moments there is nothing left to test and the statistic is equal to zero. To see

this note that

- Ziﬂ(zi, 0) ~ \/% Zw(zi, 00) + TV N (0 — 6,).

RN ot (1 !

If Cy = A™1, this is approximately

N N
Z U(2:,0) & (T—T(I'ATT) T AT —= 3 "2, 6).
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Thus the variance of ). 9(z;, é) /v/N is approximately equal to
(Z-r@AT'T) I ATHA(Z-AT'TIATT) T )
—A-T('A™'T)' I
Defining A2 so that A = AY2(AY2) and B’ = I"A7Y2 (an M x K matrix), this is equal
to
A2 (I - B(B'B)"'B) (A'?).

Then he matrix in the middle, Z — B(B'B)™'B’, is a projection matrix with rank equal
to M — K, the difference between the number of moments and the number of estimated
parameters. Hence the quadratic form is going to have a chi-squared distribution with

degrees of freedom equal to the number of overidentifying restrictions.

Next, consider the special case where the moments are the score from the likelihood:

Oln f
a6

W(Z,0) = (Z:9).

Then we do have a moment with expectation zero, so we can go ahead with the GMM

procedures. Consider the large sample covariance matrix:

-1

o] = [egp ) [evcz avzan] [Eg 20|
- ([ 0] [e %5 12 0 gt ] [tz 0])

Under the information matrix equality this variance simplifies to

T(0) = — (IE [%29?9{ (z, QO)D_1 - (E {8;"0 “ eo)aah;f (Z, QO)D_I.

Under general miss—specification the maximum likelihood estimator will, under the GMM

regularity conditions, be consistent for the value of § that sets E[92(Z, 6)] equal to zero, with
the three matrix formulation of the variance. This is the focus of the paper by White (1984).
A question that is difficult to answer in general is what the interest is in the parameter that

is being estimated under this general form of miss—specification.
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Another case of interest is the standard linear model:
N
Bois = argming Z(yl —i3)%
i=1
This corresponds to the gmm estimator with moments

w(yax>ﬁ) =T (y - ZE'//@)

The parameter being estimated is the best linear predictor, equal to

By = (E[XX'])'E[XY].
The asymptotic variance of the normalized estimator is
(EXX)TEXSX)EXX]) ™

where ¢ = Y — X'(,. If the disturbances are homoskedastic, the variance reduces to the
standard E[e?](E[X X'])~!. The GMM variance, for this case also know as the Eicker-White
heteroskedasiticity-consistent variance does not rely on distributional or functional form

assumptions: there is in general a By, that sets the average moments equal to zero.
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