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GENERALIZED METHOD OF MOMENTS ESTIMATION I:

MOTIVATION

In generalized method of moments estimation we are going to look at estimation problems

of the following type. We are given a function ¢ (;-), such that

Ey(Z,0) = 0,

for some unknown value 6y, and this expectation differs from zero for all other values of 6.

The vector ¥(Z,0) is a known function of the random variable Z and the parameter 6. Let

us first look at some examples. The dimension of the vector of moment functions v is equal

to M, and the dimension of the parameter vector 6 is equal to K.

Example I: Earnings Dynamics

Abowd and Card (1989) study the dynamics of earnings. let y; be log earnings in period

t for individual i. Let x; be a vector of individual, time-invariant, characteristics affecting

earnings, such as education and age. Abowd and Card specify a model for earnings of the

form:
Vit = 2,0 + wi + € + Mit,
where

Eit = Q- Ej—1 + Vi,

and
w; 0 o2 0
Vit X ~ N 0 0 g 3
Nit 0 0 O

0
0
7

The earnings residual has a permanent component w;, a transitory component ¢;; following a

first order autoregressive process, and measurement error component 7;;. Given this process,
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the covariance matrix of earnings is some function of the variances of the three components
of the residual and the autoregressive parameter . These restrictions can then be used as
moment restrictions in a GMM framework. Consider for example, the (1,1) element of the

covariance matrix.

Bl(yn — )] = 0% + 2y + 02

so that a moment restriction is

¢(ya$ 57%;70 U 04) (yil—xéﬁ)z—ai—l_QQ—ag.

Similarly we can calculate the expected value of all cross-moments of the form

afo?
El(yu — 20) - (yirys — 2:0)] = 0% + 75 + o

and use that to generate additional moment restrictions. [

Example II: Euler Equations
Consider a rational expectations model as in Hansen and Singleton (1982). Agents choose

consumption and the level of an asset in every period to maximize life-time discounted utility:

Zﬁt (ce; ] ,

where (3 is the discount factor, and U(c¢;; ) is the contemporaneous utility function indexed

max
€0,C15-++,C0,405--+,qo0

by parameter v, subject to the budget constraint in each period

< (pt+dp) - 1+ wy,

Ct + Dt G

where p; is the price of the asset in period t, d; its dividend, and w; is labor income in period
t. We are interested in the discount factor and the parameters of the utility function. The
first order condition is

ou oUu
Dy %(Cﬁ v) =B E, {(pt—i-l +dg1) - %(CHM 7)] .

This can be exploited in the form of a moment restriction

E

%[c] (Ct77> bi

3. aa_lcj(ctﬂﬁ) D1+ diy1 B 1] —0.
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Such moment restrictions are known as Euler equations. [.

Example III: Aggregate Information

In the Hellerstein and Imbens paper the interest is in running a wage regression of the form
In(wage,) = By + Breduc; + frexper; + Bsexper? + Biiq; + Bskww; + ;.

The hope is that by including ability measures such as iq and the test score kww we get
estimates of the returns to education (estimates of ) that are more closely corresponding to
the causal effect of an additional year of education. To be able to run this regression you have
to find a data set that contains these ability measures. The National Longitudinal Survey
is one of those data sets. This is, however a small data set and therefore the estimates are
not very precise. Hellerstein and Imbens use census data to get more precision. Specifically,
they use census data to get some restrictions. For example one of the restrictions is that the
expectation of In(wage) is equal to 2.0647. If all the information we had was from the NLS,
we could estimate (3 by least squares. This estimator can be put in the GMM framework

using the moment restriction
E[X - (Y = X'B8)] =0,

where Y = In(wage), and X = (1, educ, exper, exper?, kww, iq)’. The second data set can be

put in the GMM framework by adding a moment of the form
E[ln(wage) — 2.0647] = 0.
How is such a piece of information useful? Let us look at a simple example.

Suppose we wish to estimate the mean of a variable x. Given a random sample from its

distribution, and without additional information, we would efficiently estimate its mean as

~

Uz = .

This has a normalized variance of o2. Now suppose we also have a random sample of y, of

the same size. This does not directly help us to improve on the estimate of u,. However,
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now suppose we know the mean of y, p1, = 0. Then we can improve our estimate of p, to:

- _ Oy _
flg = T — —Puy0s0,7.
Oy

Although we do not know these variances, we can plug in estimates to get

S Say
fo =T — 7,

where

(Estimating these variances does not affect the large sample distribution of the estimator).
This has in large samples a normalized variance of o(1 — p3,) < 07, and hence it is more

efficient than 7.

To understand why the extra information is useful, think back to seemingly unrelated

regression, SUR:
Yi=00+01 X1+ B2 Xo+e,

E:Q0+Q1'X1+82.

The fact that the regressors are not the same, combined with a non-zero correlation between
g1 and €5 makes SUR more efficient than OLS equation by equation. Here the first equation
has only a constant, pu,, and the second had no unknown regression coefficients, yet the
structure is the same, and thus the correlation and restriction combine to make OLS less

than fully efficient in general. [

Example IV: Maximum Likelihood
Maximum likelihood estimation: we typically define the mle as maximizing the log likelihood

function

N
Zlnf(yi\%ﬁ)-
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It can also be viewed as a Generalized Method of Moments estimator with moments equal

to the score function S:

w(y7 x? 9) = S(y7 x? 9) =

O

Example V: Instrumental Variables

Suppose we have a linear model
Vi Xlg+e

but we are concerned about endogeneity of the covariates (correlation between ¢; and X;).
In that case we cannot estimate (§ by ordinary least squares methods. If we have a set of
instruments Z; that are uncorrelated with the error terms ¢;, and which are correlated with

the endogenous regressors X;, we can exploit the moment conditions
E[Z(Y — X'B)] = 0.

The number of instruments (the dimension of Z;) is not necessarily the same as the number

of covariates (the dimension of X;). O

Example VI: Panel Data Models with Fixed Effects

Suppose we have a two period panel, with
Vi = X{,0 + a; + €,

fori=1,...,Nand t =1,2. If o; is correlated with X;;, we cannot estimate 3 by regressing
Y, on X;. If g4 is independent of X;, for all 7, ¢, and s, differencing leads to moment

conditions of the form
E[h(Xi1, Xi2) - (Yio — Yir — (X2 — Xi1)' ),

for arbitrary functions h(X;, X;2). O
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From this list of examples it is clear that most if not all estimators commonly used in
econometrics fit into this framework. It is therefore extremely useful to be able to deal with
the general case; we can then go back to the special cases we knew already how to deal with

and see how things work out there.
First let us consider estimation. In general Hansen (1982) considers estimating 6 by

minimizing

Qelt) = Hf}b(e)] 12 Li:;wzi,e)},

for some positive semi-definite and symmetric matrix C'. This is one of the places where the

distinction between the just—identified, where M = K, and over—identified, where M > K,

case is important. In the just—identified case the choice of C' in principle does not matter:

the solution satisfies the estimating equations:

N

> (z,0) =0,

i=1

and therefore

Qc() =0,

irrespective of the choice of C, subject to positive definiteness. Consider the ols example

(Example 3). In that case solving the estimating leads to the standard ols solution

) N -1, N
= (%) (o)

In the mle case (Example 4) it leads to setting the average score function equal to zero, which
if the second derivative of the likelihood function is negative, corresponds the maximum

likelihood estimator.

Next, consider the over—identified case. Here the choice of C' is going to matter. In the
remainder of these notes we will go through a simple example to give some intuition for the

optimal choice. Although this optimal choice depends on things we do not actually observe,
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it turns out we can then estimate the optimal weight matrix without any loss of precision (up
to first order). Suppose someone repeatedly draws objects from a population and and obtains
two independent measurements of their height. Call the first measurement of the ith object z;
and the second measurement y;. The parameter of interest is the population average height.
We assume that both measurements are unbiased, but they may have different variances and

may even be correlated if the height of the objects differ. The moment functions are

V(z,y,0) = ( iiz)-

Now suppose that the y measurements are really bad (i.e., imprecise) relative to the z mea-
surements. In that case it seems obvious that one would like to only use the x measurements

and the efficient solution should be close to Z. This corresponds to a choice for C' close to

10
C—(oo)-
(This matrix if obviously not strictly positive definite, but it could be made so by making
the second diagonal element close to zero but positive.) A similar argument suggests that

if the x measurement is really imprecise the estimate should be close to ¥ and the optimal

weight matrix should be close to

00
0_(01).
Now let us look at the general case where
E(m—@) (x—@)/:(am amy)'
y—0 y—0 Ozy Oyy

We are interested in choosing the weight matrix C' that minimizes the asymptotic variance

of the estimator. Minimizing Q¢(6) leads to the first order condition

M =
(9
|

+ (Cr2 + Cq2) -

=1 =1

Mz

(C11+Co) -

We can therefore write the esetimator for a given choice of C' as

~

Oh=A-Z+(1-X)-7,
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where A = (C11 + C12)/(C11 + Ca1 + Cha + Cas). The variance of 0, is
N0 + (1= N2y, + 201 — N0y,

Let us minimize this over A\. The first order condition is
200, — 2(1 — Aoy, — 2A(1 — X))oy, =0,

leading to the solution

\ = Oyy — Ouay
Oyy + Opp — 204y

To translate this into a solution for C' remember that with C' symmetric C15 = Cy;. Also
clearly we can normalize C' because multiplying it by a constant does not change the so-
lution for 6. A solution for C' based on a particular normalization is the inverse of the

variance/covariance matrix of the moments:

-1
N o) R
’
Ozy Oyy O'mmo-yy_o-%y —Ozy Ozx

and

Cu + Clg Oyy — Oxy

A= = )
Cii+Cia+Cy +Chy  0yy + 0gp — 204

This turns out to be true in general (see Hansen (1982)), and we therefore in general look

at estimators for 8 that minimize

QE[A]A (9)

Of course we typically do not know what the variance covariance matrix A is. Hansen’s

solution is the following 2—step procedure:

1. Estimate by minimizing Q¢ (6) for an arbitrary positive definite symmetric matrix C

to get a consistent but not necessarily efficient estimate éinit-
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2. Use this initial estimate to get an estimate of the optimal weight matrix:

-1

N
At = [Z w(ziaéinit)¢(zi>éinit),/N ’
i=1

and use this estimate in the second round by minimizing Q4. (6).

We shall see that the large sample properties of this procedure are not affected by the

estimation of the weight matrix, that is, by using A~! instead of AL,
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