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MAaXiMUM LIKELIHOOD ESTIMATION V:

INFORMATION MATRIX TESTS (CHESHER, LANCASTER, 1984)

For the duration model testing for unobserved heterogeneity was a complex problem.
A simpler approach was suggested by Chesher (1984). It is based on the Information

Matrix Equality. The information matrix equality says that

OPln f Jln f Oln f ,

Note that this equality only holds at the true values of the parameters. We have already used
this when we were considering different estimators for the variance of maximum likelihood

estimators. This is actually the second in a series of Bartlett equalities, the first is the well

known result that the score has expectation zero at the true values of the parameters:

Oln f
2%

(Z, eo)} ~0.

To see the connection with the previous discussion of the duration model test recall that the

score function that was the basis of the test had the form:
Sy(y, Ao, — 0) = —2yAg + y*A].

Now consider the information matrix equality for A, under the null hypothesis. First,

1
Sy, \) =+ v
Second,
1
H(ya )‘) = _ﬁ>

so that the information matrix (scalar in this case) equality is

E [S(Y, Xo)? 4+ H(Y, )\0)] =’ {YQ — 2%} =0,
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This expression is proportional to the score for the unobserved heterogeneity test. Chesher’s
contribution is that he discovered that this is true in a much more general sense in two
ways. First, we can calculate the score for tests for unobserved heterogeneity using other
distributions. Instead of taking a discrete two point mixture, we can use a continuous
distribution, for example a log normal distribution. If we look at the score for the test that
the variance of that distribution is zero, we end up with the exact same score function.
Second, we can do this for different parameters and different models. In each case testing
whether a particular parameter has zero variance corresponds to testing the appropriate part

of the information matrix equality.

So let Z be a random variable with probability density (mass) function

f (2100, 61),

where 6 is a scalar and 6; a vector of parameters. Suppose 6, can take on both positive and

negative values (if not, we can reparametrize the model). Let

g(vlo?),

be the probability density function of a scalar random variable V' with mean zero and variance

o%. Now consider the more general model for Z with probability density function

f(216y, 0% 6,) = /f(z|9 +v,01) - g(v|o?)dv.

The parameter 6, that was fixed in the null model has in the generalized model a distribution
with mean 6, and variance o2. To test the model we can do a score or Lagrange multiplier

test of the null hypothesis 02 = 0 against the alternative hypothesis that o2 > 0.

Chesher shows that for a large, flexible class of distributions ¢(-), and for general choices
of models f(-), the score function that is the basis of the score test for testing the null that

0% = 0, is proportional to

o1 297
nf(z; 0o, 01) +7nf(z; 0o, 01),
00y

which has expectation zero by the information matrix equality.
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More generally, with a K-dimensional parameter vector 6, there are in principle (K +1)-
K /2 different elements of the information matrix that can be tested. (Note that although
the information matrix is of dimension K x K, the matrix is symmetric, so we cannot test

all elements.) Let V' be the N x M matrix with (n, m)th element equal to

OInf, L Olnf, . &FInf
Vam = 5.7 (eni0) - 55~ (@i 0) + 5050,

(2;9),

for some pair (i,7). A little loosely we can still think of this as testing for heterogeneity
in the original coefficients. So the alternative hypothesis is that some elements of 6 are
heterogenous, and we are testing their variances (or covariances) by looking at the question
whether the average of V,,, is close to zero. We can test any set of these information
matrix equalities, up to K x (K + 1)/2, as long as we avoid adding columns that are linear

combinations of other columns.

Lancaster (1984) suggested a simple way to carry out such tests. In addition to V' define
the N x K matrix S with typical element

Ol f, 4
7= o0,

Each of the K columns in this matrix is a vector of score functions. Then regress a vector

of ones, ¢, on the N x (M + K) matrix W = [S V]. The regression estimates are
Bots = (WW) WL

The (uncentered) R? from this regression is

o i (1= Wibus)? W (W'W)~ W
DARRE L’L |

The score test statistic turns out to be equal to N times this R?, or
IT = /'W(W'W)™ W',

(See the Chesher and Lancaster papers for details.) Under the null hypothesis this test

statistic has a chi-squared distribution with degrees of freedom equal to M.
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Example
Let us look at another example of such a test. This particular case was actually analyzed by
White (1980) (see also White 1982) before the general form of the information matrix test.

Consider the linear regression model with
Yi= 0o+ i X; +ei,

with scalar X; and
i X ~ N(0,07).

First consider the score function:

) Oln f ) Jlf(y_ﬁo_lﬂl)
S« oLty - B0 T0)
202 T T 208

Now consider the (1,1) element of the information matrix equality:

IME(?J, z, Bo, Bi, 02)11 = Sﬁo(y, 93|ﬁo, B, 02)2 + Hﬁoﬁo (y, 17|/50> B, 02)

S R S
ag

ol

Note that this is proportional to the third element of the score function, a;:f (Bo, B1,0?%), so

we cannot use this in the test.

Instead, consider the (2,2) element of the information matrix equality:

IME(ya x|ﬁO> 617 02) = Sﬁl (y> $|/60a /Bla 02)2 + Hﬁlﬁl (ya x|ﬁOa /817 02)
z? z?
= ;(y — o — xf1)? - 2
Thus, one possibility for the information matrix is to use the (2,2) element. The matrix Z

would in this case be the N x 4 matrix with ith row equal to

!/

Jiz(yi — B0 — xifh)

%(yz‘ — Bo — xifh)

W, = (SZ/ 8[231 + Hglgl) = S (yi—Bo—ziB1)?
202 204

2 2
%(yz — o — !Eiﬁl)2 - %
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Let us inspect the form of the (2,2) element of the information matrix equality in more

detail. It can be written as

5 5 r?e? 2P

IME(y, |5, B1,0°) = S5, + Hp,p, = T
The test thus compares the average value of x%¢? to the average value of z202. Under
homoskedasticity this should be zero. The test therefore can be interpreted, and this was

the way it was proposed by White in this context, as a test for heteroskedasticity.

Note that in addition to, or instead of, the (2,2) element we can also use other elements
of the information matrix equality in the test in this example, including diagonal and off-

diagonal elements. []
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