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Ec241a Econometrics

Spring 2004 UC Berkeley Department of Economics

Maximum Likelihood Estimation I: Duration Models:

Likelihood Functions and Computational Issues (Lancaster, Luenberger)

Lancaster (1979) is interested in determining “the causes of variation between unemployed

persons in the length of time they are out of work .... bearing as it does upon the design and

effect of welfare policy.” He has data on unemployment durations of 479 unskilled workers,

as well as some of their individual characteristics such as age, the local unemployment rate

and the replacement ratio, measured as “how much they had coming in from all these sources

(unemployment benefit, supplementary benefit, and family income supplement) during the

main period of their unemployment”, divided by the answer to the question “how much did

you earn, after deductions, in your last job.” Especially the coefficient on the last variable

is viewed as relevant for social policy.

The economic theory underlying Lancaster’s analysis is job search theory. An unemployed

individual is assumed to receive job offers, arriving according to some rate λ(t), such that

the expected number of job offers arriving in a short interval of length dt is λ(t)dt. Each offer

consists of some wage rate w, drawn independently of previous wages, from some distribution

with distribution function F (w). The offer is compared to some reservation wage w̄(t), and

if the offer is better than the reservation wage, that is with probability 1−F (w̄(t)), the offer

is accepted. The reservation wage is set to maximize utility. Suppose that the arrival rate

is constant over time. In that case the optimal reservation wage is also constant over time,

and the probability of receiving an acceptable offer in a short period of time dt is θdt, with

θ = λ · (1 − F (w̄)) (e.g., Karlin, 1962). The constant acceptance rate θ implies that the

distribution for the unemployment duration is exponential with mean 1/θ, and probability

density function

f(y) = θ exp(−yθ).
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This distribution is widely used for durations of various types, e.g., life times, unemployment

durations, failure times, etcetera.

The mean and variance for this distribution are 1/θ and 1/θ2 respectively. The expected

value of the remaining duration conditional on survival up to c, E[Y − c|Y > c] = 1/θ,

and does not depend on the elapsed duration. This is known as the lack of memory prop-

erty. One minus the distribution function, S(y) = 1 − F (y) = exp(−yθ), is known as

the survivor function. The ratio of the density and the survivor function is the hazard or

failure rate (in our example the rate at which a job is offered and accepted):

h(y) = lim
dy↓0

Pr(y < Y < y + dy)

Pr(y < Y )
=

f(y)

S(y)
= θ.

For the exponential distribution this rate is constant. Intuitively it means that the probability

of finding a job on the 51st day, conditional on not having found a job in the first 50 days,

is the same as the probability of finding a job on the first day. Whether this is reasonable

in practice is an important question, and in the case of unemployment durations of great

interest for policy purposes. We shall return to this question later.

Given a parametric distribution for the unemployment duration, f(y|θ), with implied

survivor function S(y|θ) and hazard function h(y|θ), let us look at some possible sampling

schemes and the implied likelihood functions.

1. (Observation of Exact Failure Times)

The simplest case is if we observe for a random sample of people entering unemployment

the exact unemployment durations. In that case the likelihood function is the product

of the density functions:

L(θ) =
N∏

i=1

f(yi|θ) =
N∏

i=1

h(yi|θ) · S(yi|θ),

where the second representation uses the equality of the density and the product of

the hazard and survivor functions.
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2. (Observation of Indicator of Survival)

Suppose we observe a number of people becoming unemployed, but we only observe

whether they exited unemployment before a fixed point in time, say c. In that case the

likelihood function is, using di = 1 to denote that individual i left employment before

time c and di = 0 to denote this individual was still unemployed at time c:

L(θ) =
N∏

i=1

F (c|θ))di · (1 − F (c|θ))1−di =
N∏

i=1

(1 − S(c|θ))di · S(c|θ)1−di .

3. (Observation Over Fixed Period of Time)

A variation of this observation scheme occurs if we observe the exact exit or failure

time if it occurrs before c, but only an indicator if exit occurs after c:

L(θ) =
N∏

i=1

f(yi|θ)di · S(c|θ)1−di =
N∏

i=1

h(yi|θ)di · S(yi|θ)di · S(c|θ)1−di .

Let ti = min(yi, c) = di · yi + (1 − di) · c be the minimum of the actual duration and

the censoring time, so the likelihood can be written as

L(θ) =
N∏

i=1

h(ti|θ)di · S(ti|θ).

Two naive solutions to this problem of right censoring are not adequate. First, one can

pretend the observations censored at c in fact exited at c. Second, one can discard the

observations who did not exit before c. To see the biases from these “solutions”, let us

look at the exponential case in a little more detail. In that case f(y|θ) = θ exp(−yθ),

so the likelihood function simplifies to:

L(θ) = θ
∑N

i=1
di · exp

(
−

N∑

i=1

tiθ

)
.

The maximum likelihood estimator is

θ̂mle =
N∑

i=1

di

/ N∑

i=1

ti = 1
/(

t̄/d̄
)

= d̄/t̄.

The first naive estimator ignores the fact that observations with di = 0 were censored,

and estimates θ as θ̃ = 1/t̄. This leads to an over-estimate of θ, as the numerator
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increases from d̄ to 1. The second naive estimator, which discards the censored ob-

servations, estimates θ as θ̄ =
∑

di/
∑

diti. This also leads to an over-estimate as the

denominator decreases from
∑N

i=1 ti to
∑N

i=1 di · ti.

4. (General Righthand Censoring)

More generally the censoring time when we cease to observe unit i can differ from

individual to individual. Assuming it is independent of the failure or exit time, and

again letting ti denote the minimum of the exit time yi and the censoring time ci, the

likelihood function is:

L(θ) =
N∏

i=1

f(ti|θ)di · S(ti|θ)1−di =
N∏

i=1

h(ti|θ)di · S(ti|θ).

5. (Stock Sampling)

In all four sampling schemes so far we assumed we start observing the individuals at the

time of entry into unemployment. This is also known as flow sampling. An alternative

arises if we sample from the stock of unemployed. For example, we draw someone

from the stock of unemployed who has been unemployed for si = 4 weeks, and who

eventually finds a job after 6 more weeks, leading to a total duration of yi = 10 weeks.

In general, let si be the incomplete duration of the unemployment spell for individual

i at the time the individual is first observed. If we continue observing each individual

till he or she exits unemployment with a total duration of yi, the likelihood conditional

on the incomplete duration is:

L(θ) =
N∏

i=1

f(yi|θ)/S(si|θ) =
N∏

i=1

h(yi|θ) ·
S(yi|θ)
S(si|θ)

.

The other likelihood functions (with right censoring) can similarly be accomodated

to allow for stock sampling. More complicated issues arise if we do not observe how

long an individual has already been unemployed at the point where we start observing

him or her. To deal with this problem of left censoring we need to make assumptions

regarding the flows into, and out, of unemployment.
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Let {Z}∞i=1 be a sequence of independent and identically distributed random variables

with common cumulative distribution function F (z|θ0). Either the Zi are discrete random

variables and f(z|θ0) is the probability Pr(Zi = z), or the Zi are continuous random variables

and f(z|θ0) is the probability density function.

We know the function F (z|θ0), but we do not know the value of the parameter θ0, other

than that it is in some set Θ, a subset of RK . The problem we face is that of estimating θ0

given N observations z1, z2, . . . , zN .

The estimator we consider here is the maximum likelihood estimator, or mle, defined as

the argmax of the log likelihood function:

θ̂mle = argmaxθ∈ΘL(θ) = argmaxθ∈Θ

N∑

i=1

ln f(zi|θ).

We study the following questions:

1. (consistency)

Under what conditions is the mle consistent for θ0? More formally, under what condi-

tions is it true that for all ε > 0,

lim
N→∞

Pr(|θ̂mle − θ0| > ε) = 0.

2. (asymptotic normality)

Under what additional conditions is it true that

√
N(θ̂mle − θ0)

d−→ N
(

0,−
[
E

∂2

∂θ∂θ′
(Zi, θ0)

]−1)
.

3. (computation)

How do we calculate the mle?

For simple examples the answers to the above questions are clear. In general the answers

are not trivial. Here are three simple examples that illustrate the range of possibilities.



Lecture Notes 1, EC241a ’04 6

1. Let Zi ∼ N (θ0, 1), and Θ = (−∞,∞). In that case the log likelihood function is

L(θ) = −N · ln(2π) −
N∑

i=1

(zi − θ)2/2.

The mle is θ̂mle = z̄, which is obviously consistent for θ0 = E(Zi) and the exact

distribution of
√

N(z̄ − θ0) is N (0, 1). There is no problem calculating the mle or

establishing its properties.

2. Zi = (Yi, Xi), with Xi having an arbitrary distribution with finite mean and vari-

ance, and Yi|Xi = x ∼ N (x′µ0, σ
2
0). Again it is easy to find the mle’s, µ̂mle =

(
∑

xix
′
i)
−1(

∑
xiyi), and σ2

mle =
∑

(yi − x′
iµ̂mle)

2/N , or to establish their properties.

3. Again Zi = (Yi, Xi), with Xi having an arbitrary distribution with finite mean and

variance, and Pr(Yi = 1|Xi = x) = exp(x′θ0)/(1 + exp(x′θ0)). There is for this logit

model no analytic solution for the mle, and establishing its properties is indirect.

The duration example we will work with is also nonlinear. Again let Zi = (Yi, Xi), and

assume the conditional density of Yi given Xi = x is exponential, with arrival or hazard rate

exp(x′β0) (implying that the conditional mean of Yi is exp(−x′β0)):

f(y|x, β0) = ex′β0 exp
(
−yex′β0

)
,

for positive y and zero elsewhere. This is an extension of the exponential distribution allowing

the arrival rate to depend on covariates. Recall that an exponential distribution with arrival

rate λ has a mean of 1/λ and a variance of 1/λ2. In economics this distribution, and

especially its extension with the arrival rate depending on covariates to allow for individual

differences, has been widely used to model employment and unemployment spells since the

work by Lancaster (1979).

The (conditional on x) log likelihood function is

L(β) =
N∑

i=1

ln f(yi|xi, β) =
N∑

i=1

x′
iβ − yi · exp(x′

iβ),
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with first derivative

∂L

∂β
(β) =

N∑

i=1

xi ·
(
1 − y · exp(x′

iβ)
)
,

and second derivative

∂2L

∂β∂β ′ (β) = −
N∑

i=1

xix
′
i · y · exp(x′

iβ)
)
,

There is, as in the logit case, no analytic solution for the mle. We can therefore not establish

the properties of the mle directly either.

How do we compute the mle? A number of numerical methods exist for this type of

problem. For ease of comparison with later optimization problems and the material in the

reader we reformulate this as minimizing minus the log likelihood function - this obviously

does not affect the substance of the problem. So, the objective function is Q(β) = −L(β),

and we are looking for the minimand of this function.

One leading method is Newton–Raphson. The idea is to approximate the objective

function Q(β) around some starting value β0 by a quadratic function and find the exact

minimum for that quadratic approximation. Redo the quadratic approximation around

the minimum of the initial quadratic approximation and find the new minimum. Do this

repeatedly and the solution will converge to the minimum of the objective function. Formally,

given a starting value β0, define iteratively

βk+1 = βk −
[

∂2Q

∂β∂β ′ (βk)

]−1
∂Q

∂β
(βk).

In this case the matrix of second derivatives is

∂2Q

∂β∂β ′ (β) = − ∂2L

∂β∂β ′ (β) =
N∑

i=1

yixix
′
i · exp(x′

iβ),

which is positive definite if
∑

xix
′
i is positive definite. Hence the objective function is globally

convex and if there is a solution to the first order conditions, it is the unique mle. In this

application the Newton–Raphson algorithm works very well.
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In practice we often modify this a bit to prevent it from going out of the range of

reasonable values early on. Even though this is not a problem theoretically with concave

objective functions, in practice this may run into problems with machine precision. The idea

is that the order of magnitude of the optimal value is typically not too large, as a result of

the definition of the variables. Therefore we normalize the step as follows: Let

sk = −
[

∂2Q

∂β∂β ′ (βk)

]−1
∂Q

∂β
(βk),

be the original Newton-Rahpson step. Then the modified direction is

dk =
sk

1 +
√

s′ksk

,

and

βk+1 = βk + dk.

This ensures that the step is never more then one in absolute value.

Another class of algorithms does not require the calculation of the second derivatives.

Most of these methods separate out the choice of direction and the choice of steplength. Let

Ak be any positive definite matrix, and consider iterations of the type

βk+1 = βk − λk · Ak ·
∂Q

∂β
(βk).

The choice λk = 1 and Ak = ∂2Q
∂β∂β′ (βk)

−1 corresponds to original Newton–Raphson.

Below we discuss some alternatives. These alternatives involve choices for Ak that are

easier to calculate than the inverse of the second derivative, typically combined with line

searches for λk (discussed below). We often combine these again with normalizing the direc-

tion. In this set up the direction is

d̃k = −Ak ·
∂Q

∂β
(βk).
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We modify this again to

dk =
d̃k

1 +
√

d̃′
kd̃k

,

to avoid problems with directions that are too large.

They alternative algorithms include:

1. (Identity Matrix)

Ak is the identity matrix (steepest descent),

2. (Initial Matrix of Second Derivatives)

Ak =
∂2Q

∂β∂β ′ (β0)
−1,

based on calculating and inverting the matrix of second derivatives only once, namely

at the starting value β0. This will work well if the third derivatives are close to zero.

3. (Berndt-Hall-Hall-Hausman)

Ak =

[
1

N

N∑

i=1

∂ ln f

∂β
(βk)

∂ ln f

∂β
(βk)

′
]−1

This choice, specific to the case where the objective function is minus the log likelihood

function, exploits the information matrix equality that states that at the true value β0

the expected value of the outer product of the first derivatives is equal to minus the

expected value of the second derivatives:

−E

[
∂2 ln f

∂β∂β ′ (Z, β∗)

]
= E

[
∂ ln f

∂β
(Z, β∗)

∂ ln f

∂β
(Z, β∗)′

]
.

It is discussed in Berndt, Hall, Hall and Hausman (1974).



Lecture Notes 1, EC241a ’04 10

4. (Davidon-Fletcher-Powell) The final choice for Ak is due to Davidon, Fletcher

and Powell (see for example, Luenberger 1972; Gill, Murray and Wright, 1981). It is

similar to Newton-Raphson, but does not require the analytic calculation of the second

derivatives. Instead it approximates this interatively. It involves some additional

notation. Let d̃k be the direction:

d̃k = −Ak ·
∂Q

∂β
(βk),

and dk = d̃k/(1 +
√

d̃′
kd̃k) the modified direction. Given the optimal choice for the

step-length λk (the solution to argminλQ(βk + λ · dk)), the actual step is the product

of the step-length and the direction:

pk = λk · dk,

and the new point is

βk+1 = βk + pk.

Define the change in derivative between iterations as

qk =
∂Q

∂β
(βk+1) −

∂Q

∂β
(βk),

and update the matrix Ak+1:

Ak+1 = Ak +
pkp

′
k

p′kqk

− Akqkq
′
kAk

q′kAkqk

.

At the solution p∞ = q∞ = 0, and A∞ is equal to the inverse of the second derivative

of the objective function.

Many algorithms require that the steplength is chosen optimally. In general, this amounts

to solving, at each step, a problem of the type

min
λ

Q(β + λ · d).
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Often one has a reasonable idea what the optimal steplength is. For example, if one uses

the DFP or NR methods for determining the direction, at least when you are close to the

optimum, the optimal steplength should be close to one. Another point to keep in mind

is that with most methods for choosing the direction the objective function has negative

derivative with respect to λ at λ = 0. Hence there must be a solution with λ > 0 that at

least decreases the objective function.

One approach is a simple grid search, evaluating the objective function at a number of

values for λ, to get some idea where its minimum is. Close to the optimum this is not a very

efficient strategy. More efficient methods in that case include:

1. (Golden Section) This assumes the function is unimodal. Start with two points that

you know include the minimum, λl < λ < λh, say λl = 0 and λh = 1, and calculate

the function values at those points, Ql = Q(λl) and Qh = Q(λh). Choose two points

in this interval, λm1 = λl + 0.392 · (λh − λl) and λm2 = λl + 0.618 · (λh − λl) (coming

from 2/(1 +
√

5) = 0.618 and 1 − 2/(1 +
√

5) = 0.392. This is where the name golden

section comes from. This choice optimal in some sense, see Luenberger, 1972). Now

calculate the values of the objective function at those two points, Qm1 = Q(λm1) and

Qm2 = Q(λm2). There are two possibilities:

(a) Qm2 > Qm1: in this case you know the minimum is in the range [λl, λm2]. In that

case choose a new point in this interval, symmetric with respect to the already

included point λm1, and continue that way.

(b) Qm2 < Qm1: in this case you know the minimum is in the range [λm1, λh]. In that

case choose a new point in this interval, symmetric with respect to the already

included point λm2, and continue that way.

At each step we have three points, λl < λm < λh, and know that the interval includes

the minimum. We choose a new point λn, symmetric with respect to the interior point

(so that |lambdah − λn| = |λl − λm| and |λl − λn| = |λh − λm|, and use that to discard

part of the interval. The way of choosing the points is optimal in some sense, without
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relying on smoothness.

To start this algorithm we need two starting points that contain the optimum. Suppose

we have one value, λl, and we know that λ > λl. In that case pick λh = λl + 1. If the

objective function at λh is higher than at λl, we know the optimium is in the interval

[λl, λh]. If not, choose λ′
h = λl + 3 · (λh − λl). If the objective function at λ′

h is lower

than at λh, we know the optimum is in the interval [λl, λ
′
h]. If not, we know λ > λh.

Then set λl = λh, λh = λ′
h and continue with λ′

h = λl +3 · (λh −λl) till you have found

an interval that contains λ.

2. (Newton’s Method) Start with initial guess λ = λ0. Calculate the objective func-

tion, Q(λ0), its derivative, Q′(λ0) and its second derivative Q′′(λ0). Fit a quadratic

function to these values and calculate the minimizing value λ1. The solution is

λk+1 = λk −
Q′(λk)

Q′′(λk)
.

Repeat till convergence. This is just a scalar version of the algorithm we discussed

already for the vector case.

3. (Quadratic Fit) Start with three initial points λ = (λl, λm, λh), with λl < λm < λh.

If 1 is an initial guess for the optimal step length, as it would often be in Newton-

Raphson and Davidon-Fletcher-Powell, one might choose λl = 0, λm = 1/2 and λh =

1. Calculate the objective function at the three points, Ql = Q(λl), Qm = Q(λm),

Qh = Q(λh). Fit a quadratic function to these three points, solve for its minimum to

get a new point λ0
n. The quadratic function that fits these three points is

q(λ) = aλ2 + bλ + c,

with

Ql = q(λl) = aλ2
l + bλl + c,

Qm = q(λm) = aλ2
m + bλm + c,
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Qh = q(λh) = aλ2
h + bλh + c,

leading to the solution

q(λ) = Ql ·
(λ − λm) · (λ − λh)

(λl − λm) · (λl − λh)
+ Qm · (λ − λl) · (λ − λh)

(λm − λl) · (λm − λh)

+Qh ·
(λ − λl)(λ − λm)

(λh − λl)(λh − λm)
,

and the minimum is

λn =
1

2

(λ2
m − λ2

h)Ql + (λ2
h − λ2

l )Qm + (λ2
l − λ2

m)Qh

(λm − λh)Ql + (λh − λl)Qm + (λl − λm)Qh
.

Now we discard one of the three original points and replace it with λn in such a way

that we have three points that are closer to the minimand λ̂ than the original three

points. There are four possibilities depending on the value of λn.

(a) λn is larger than the other λ’s: discard the smallest of the original values, λl, and

start over with λ = (λm, λh, λn).

(b) λn is smaller than the other λ’s: discard the largest of the original values, λh, and

repeat with λ = (λn, λl, λm).

(c) λl < λn < λm: repeat with λ = (λl, λn, λm).

(d) λm < λn < λh: repeat with λ = (λm, λn, λh).

Compared to the first method, this method has the advantage of not requiring deriva-

tives of the objective function, and thus fits well the the DFP algorithm. It does also

rely on unimodality, and one should start with values λl and λh such that the solution

is in the interval [λl, λh].
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