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Sureohp 4 Vxssrvh Qdsvwhu lv frqvlghulqj vhoolqj pxvlf yld hpdlo1 Wkhuh
duh wzr w|shv ri xvhuv/ Vwxghqwv dqg Qrq0Vwxghqwv1 Hdfk Qrq0Vwxghqw kdv dq
lqyhuvh ghpdqg ixqfwlrq/ sq +{, @ 533 � {> dqg hdfk Vwxghqw kdv dq lqyhuvh
ghpdqg ixqfwlrq/ sv +{, @ 493 � {> zkhuh { lv wkh qxpehu ri vrqjv gholyhuhg
e| hpdlo +s lv phdvxuhg lq fhqwv,1 Wkh pdujlqdo frvw wr Qdsvwhu ri vhqglqj
dq dgglwlrqdo vrqj yld hpdlo lv ]HUR1 +Iru wkh iroorzlqj txhvwlrqv/ lw pd| eh
khosixo wr judsk wkh wzr ghpdqg fxuyhv,

Vhh Iljxuh 4

41 Vxssrvh Qdsvwhu fdq lghqwli| doo xvhuv dv hlwkhu Vwxghqwv ru Qrq0
Vwxghqwv1 Li Qdsvwhu r�huv d �{hg qxpehu ri vrqjv shu |hdu wr
hdfk shuvrq/ zkdw lv wkh sur�w pd{lpl}lqj ohyho ri vrqjv r�huhg
wr d Vwxghqw +{v, dqg d Qrq0Vwxghqw +{q,B Lq rwkhu zrugv zkdw
lv wkh htxloleulxp ohyho ri rxwsxw iru hdfk w|sh ri shuvrq xqghu
�uvw0ghjuhh sulfh glvfulplqdwlrq +l1h1 shuihfw sulfh glvfulplqd0
wlrq,1

Qdsvwhu zrxog olnh wr fdswxuh wkh hqwluh frqvxphu vxusoxv iurp hdfk lqgl0
ylgxdo1 Vlqfh lw fdq shuihfwo| lghqwli| Vwxghqwv dqg Qrq0Vwxghqwv/ Qdsvwhu zloo
vxsso| wkh pd{lpxp txdqwlw| wkdw hdfk lqglylgxdo ghpdqgv1

+{q> {v, @ +533> 493,

51 Zkdw lv wkh groodu sulfh fkdujhg wr Vwxghqwv +sv, dqg Qrq0
Vwxghqwv +sq, shu |hdu +Qrwh= wkh sulfh lq wkh ghpdqg ixqfwlrq
lv lq fhqwv,B

Qdsvwhu zloo fkdujh wkh ydoxh ri frqvxphu vxusoxv iru hdfk w|sh ri lqglylgxdo1
Lq rwkhu zrugv/ Qdsvwhu zloo fkdujh wkh duhd xqghu hdfk ghpdqg fxuyh xs wr wkh
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txdqwlw| vxssolhg1

Vwxghqwv =
4

5
+493,

5
@ 45;332f @ '45;

Qrq� Vwxghqwv =
4

5
+533,

5
@ 533332f @ '533

+sq> sv, @ +533> 45;,

61 Vxssrvh Qdsvwhu FDQQRW lghqwli| xvhuv dv Vwxghqwv ru Qrq0
Vwxghqwv1 Li Qdsvwhu r�huv d exqgoh ri 493 vrqjv/ zkdw lv wkh
pd{lpxp sulfh wkdw Vwxghqwv zloo sd|B

Dowkrxjk Qdsvwhu FDQQRW lghqwli| Vwxghqwv iurp Qrq0Vwxghqwv/ wkh pd{0
lpxp wkdw Vwxghqwv duh zloolqj wr sd| lv vwloo wkh ydoxh ri wkhlu frqvxphu vxusoxv
dw {@4931

sv +493, @ '45;

71 Zkdw lv wkh jurvv frqvxphu vxusoxv +l1h1 duhd xqghu wkh ghpdqg
fxuyh xs wr { @ 493, wkdw Qrq0Vwxghqwv hqmr| li wkh| frqvxph
493 vrqjv shu |hdu dw wkh sulfh iurp +6,B Zkdw lv wkh qhw
frqvxphu vxusoxvB

Jurvv Frqvxphu Vxusoxv iru Qrq0Vwxghqwv lv wkh duhd xqghu wkhlu ghpdqg
fxuyh/ Duhd D.E1

Jurvv FVQ +493, @ Duhd +D.E,

@ Duhd +D.E . F,�Duhd +F,

@ 53333�
4

5
+73,5

@ 53333� ;33

@ 4<5332f @ '4<5

Qhw Frqvxphu Vxusoxv iru Qrq0Vwxghqwv lv wkh Jurvv FV plqxv wkh frvw ri
wkh exqgoh ri vrqjv/ Duhd +D,1

Qhw FVQ +493, @ Jurvv FVQ �Duhd +D,

@ 4<533� 45;33 @ 97332f @ '97

81 Zkdw lv wkh pd{lpxp sulfh Qdsvwhu fdq fkdujh iru 533 vrqjv shu
|hdu li lw r�huv 493 vrqjv shu |hdu dw wkh kljkhvw sulfh Vwxghqwv
duh zloolqj wr sd|B

Li Qdsvwhu lv r�hulqj 493 vrqjv dw d sulfh ri '45;/ wkhq wkh prvw lw fdq
fkdujh Qrq0Vwxghqwv/ dqg jhw wkhp wr vhoi0vhohfw wkh 533 vrqj exqgoh ryhu wkh
493 vrqj exqgoh/ lv wkh Duhd +D. F, =
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sq +533 m 493, @ Duhd +D. F,

@ 45;33 . ;33

@ 469332f @ '469

91 Li Qdsvwhu r�huv d %Vwxghqw Sdfndjh% ri 473 vrqjv shu |hdu/
zkdw lv wkh prvw lw fdq fkdujh dqg vwloo jhw Vwxghqwv wr ex|B

Vhh Iljxuh 5

Wkh prvw Qdsvwhu fdq fkdujh Vwxghqwv lv wkhlu Jurvv Frqvxphu Vxusoxv dw
d txdqwlw| ri 473 vrqjv1

sv +473, @ 45;33�
4

5
+53,

5

@ 45;33� 533

@ 459332f @ '459

:1 Krz pxfk qhw frqvxphu vxusoxv grhv d Qrq0Vwxghqw jhw iurp
ex|lqj wkh %Vwxghqw Sdfndjh%B

Qhw FVQ +473, @ Pd{ FVQ �Duhd +D. F .G,

@ Pd{ FVQ � sv +473,�Duhd +F .G,

@ 53333� 45933�
4

5
+93,5

@ 53333� 45933� 4;33

@ 89332f @ '89

;1 Zkdw lv wkh prvw Qdsvwhu fdq fkdujh iru wkh 533 vrqj %Qrq0
Vwxghqw Sdfndjh% li lw lv r�hulqj wkh 473 vrqj %Vwxghqw Sdfndjh%
dw wkh sulfh iurp +9,B

Li Qdsvwhu lv r�hulqj 473 vrqjv dw d sulfh ri '459/ wkhq wkh prvw lw fdq
fkdujh Qrq0Vwxghqwv dqg jhw wkhp wr vhoi0vhohfw wkh 533 vrqj exqgoh ryhu wkh
473 vrqj exqgoh lv htxdo wkh Duhd +D. F .G, =

sq +533 m 473, @ Duhd +D. F .G,

@ 45933 . 4;33

@ 477332f @ '477
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<1 Dvvxplqj wkhuh lv rqo| rqh Vwxghqw dqg rqh Qrq0Vwxghqw lq wkh
srsxodwlrq/ grhv Qdsvwhu pdnh pruh sur�w e| r�hulqj wkh 493
vrqj %Vwxghqw Sdfndjh% ru wkh 473 vrqj %Vwxghqw Sdfndjh%B

Iru vlpsolflw|/ dvvxph IF@31 Ehfdxvh PF@3/ doo ri wkh uhyhqxh wkdw
Qdsvwhu froohfwv zh fdq wuhdw dv sur�w1 Vr wkh wrwdo sur�w iru Qdsvwhu xqghu
hdfk vfhqdulr lv wkh uhyhqxh froohfwhg iurp wkh Vwxghqw dqg wkh Qrq0Vwxghqw1

� +533> 493, @ sq +533 m 493, . sv +493,

@ '469 . '45;

@ '597

� +533> 473, @ sq +533 m 473, . sv +473,

@ '477 . '459

@ '5:3

� +533> 473, @ '5:3 A '597 @ � +533> 493,

431 +Gl�fxow, Lq jhqhudo/ li Qdsvwhu fdqqrw glvwlqjxlvk ehwzhhq Vwx0
ghqwv dqg Qrq0Vwxghqwv/ zkdw duhdv ri wkh judsk lv Qdsvwhu wu|0
lqj wr pd{lpl}h +vhh sdjh 76:/ Iljxuh 58161F,B Zkdw duh wkh
rswlpdo +sur�w pd{lpl}lqj, exqgohv +{v> {q, iru Qdsvwhu wr r�hu
dqg sulfhv +sv> sq, iru Qdsvwhu wr fkdujh dvvxplqj wkh qxpehu
ri Vwxghqwv htxdov wkh qxpehu ri Qrq0VwxghqwvB ^Klqw= Qdsvwhu
zdqwv wr pd{lpl}h wkh duhd 5D . F . G= Zulwh wklv duhd dv d
ixqfwlrq ri rxwsxw +{, > dqg vroyh iru wkh pd{lpxp +{�,`=

Vhh Iljxuh 6

Zlwk dq htxdo qxpehu ri Vwxghqwv dqg Qrq0Vwxghqwv/ Qdsvwhu zrxog olnh
wr pd{lpl}h wkh vxp ri uhyhqxh froohfwhg iurp d Vwxghqw dqg d Qrq0Vwxghqw1
Qdsvwhu zloo vhoo 533 xqlwv wr wkh Qrq0Vwxghqwv dw d sulfh ri Duhd +D. F .G, =
Wkh sureohp iru Qdsvwhu lv wr fkrrvh wkh Vwxghqw txdqwlw|/ {v/ dqg vhoo lw dw d
sulfh sv +{v, @ Duhd +D, =
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pd{
{v

� +533> {v, @ Duhd +D. F .G, .Duhd +D,

Duhd +D, @ 45;33�
4

5
+493� {v,

5

Duhd +F .G, @
4

5
+533� {v,

5

pd{
{v

� +533> {v, @

�
45;33�

4

5
+493� {

v
,
5
.

4

5
+533� {

v
,
5

�

.

�
45;33�

4

5
+493� {v,

5

�

@ 58933�
4

5
+493� {

v
,5 .

4

5
+533� {

v
,5

IRF = 5 +493� {v,� +533� {v, @ 3

{
v

@ 453

Lq wklv sureohp zh kdyh olqhdu ghpdqg fxuyhv/ vr zh fdq wkh duhdv ri wuldq0
johv wr gh�qh wkh sur�w ixqfwlrq1 Lq jhqhudo/ krzhyhu/ zh fdq gh�qh wkh duhd
xqghu hdfk ghpdqg fxuyh xvlqj lqwhjudo fdofxoxv1

pd{
{v

� +533> {
v
, @ Duhd +D. F .G, .Duhd +D,

Duhd +D, @

{]
3

+493� w,gw

Duhd +F .G, @

533]
{v

+533� w,gw

pd{
{v

� +533> {v, @

5
75

{v]
3

+493� w,gw

6
8.

5
7
533]
{v

+533� w,gw

6
8

@ 5

�
493{�

{5
v

5

�
.

�
53333� 533{.

{5
v

5

�

@ 53333� 453{�
{5
v

5
IRF = �453� {v @ 3

{
v

@ 453
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Gh�qlwlrq 4 D Qdvk Htxloleulxp +iru d 50sod|hu jdph, lv d vhw ri vwudwhjlhv +v�
4
> v�

5
,

vxfk wkdw wkh vwudwhj| iru sod|hu 4/ v�4/ lv wkh ehvw uhvsrqvh +lq whupv ri
sd|r�v, wr wkh vwudwhj| ri sod|hu 5/ v�

5
> dqg ylfh yhuvd1
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Sureohp 5 Frqvlghu wkh iroorzlqj jdph1

Sod|hu 5

Sod|hu 4

g h

D +7> <, +7> <,
E +9> 8, +3> 4,
F +;> :, +6> 5,

41 Zkdw duh wkh sxuh vwudwhj| Qdvk htxloleuld ri wklv jdphB

Wkh ehvw uhvsrqvh ri hdfk sod|hu wr d vwudwhj| ri wkh rwkhu sod|hu lv xqghuolqhg
lq wkh wdeoh ehorz1 Wkh Qdvk htxloleuld duh wkrvh fhoov +ru vwudwhj| sdluv, lq
zklfk erwk sod|huv duh sod|lqj d ehvw uhvsrqvh1

Sod|hu 5

Sod|hu 4

g h

D +7> <
�
, +7

�
> <
�
,

E +9> 8
�
, +3> 4,

F +;
�
> :
�
, +6> 5,

Vr/ wkh sxuh vwudwhj| Qdvk htxloleuld ri wklv jdph duh=

Q=H= @ +D> h,

@ +F> g,

51 Zulwh wklv jdph lq h{whqvlyh irup dv d vhtxhqwldo jdph zlwk

Sod|hu 4 prylqj �uvw1

Vhh Iljxuh 7

Gh�qlwlrq 5 Wkh edfnzdugv lqgxfwlrq rxwfrph ri d vhtxhqwldo jdph +xqghu frpsohwh
dqg shuihfw lqirupdwlrq, lv vroyhg e| �qglqj Sod|huv 5*v ehvw vwudwhj| +h1j1
g ru h, xqghu HDFK vwudwhj| +h1j1 D/ E/ dqg F, iru Sod|hu 41 Sod|hu 4
wkhq vhohfwv wkh vwudwhj| +D/ E/ ru F, wkdw jlyhv wkh kljkhvw sd|r� dprqj
Sod|hu 5*v ehvw vwudwhjlhv1

61 Vroyh iru wkh edfnzdugv lqgxfwlrq rxwfrph1

Wkh Edfnzdugv lqgxfwlrq rxwfrph lv ghwhuplqhg e| �qglqj Sod|hu 5*v ehvw
uhvsrqvh jlyhq hdfk vwudwhj| ri Sod|hu 41 Sod|hu 4 nqrzv Sod|hu 5 zloo fkrrvh
vwudwhjlhv lq wklv pdqqhu1 Vr/ Sod|hu 4 wkhq fkrrvhv wkh vwudwhj| zlwk wkh kljkhvw
sd|r� dprqj Sod|hu 5*v ehvw uhvsrqvhv1 Wkh ehvw uhvsrqvhv ri hdfk sod|hu duh
kljkoljkwhg lq jud| +deryh,1

E=L= rxwfrph @ +F> g,

Sd|rii @ +;> :,
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Sureohp 6 +Gl�fxow, D groodu lv wr eh glylghg ehwzhhq wzr shrsoh1 Wkh wzr
shrsoh vlpxowdqhrxvo| dqqrxqfh vkduhv/ v4 dqg v5= Li v4 . v5 � '4 wkhq hdfk
shuvrq jhwv klv dqqrxqfhg vkduh1 Rwkhuzlvh/ li v4 . v5 A '4> wkhq wkh sd|0
r� wr hdfk lv '31 Zkdw lv wkh VHW ri sxuh0vwudwhj| Qdvk htxloleuld iru wklv
jdphB +Klqw= Wklqn derxw wkh ehvw uhvsrqvh ri hdfk sod|hu jlyhq d sduwlfxodu
dqqrxqfhphqw +ru vkduh, iurp wkh rwkhu sod|hu,1

+QRWH= Wkh sureohp grhv qrw vwdwh h{solflwo| wkdw hdfk sod|hu pxvw fkrrvh
d vkduh/ v � ^3> 4` = Krzhyhu/ fohduo| wkhuh lv qr lqfhqwlyh wr fkrrvh duh vkduh
juhdwhu wkdq '4/ dv |rx duh jxdudqwhhg d sd|r� @ 3,1 Qrz/ vxssrvh Sod|hu
4 sursrvhv d vkduh/ v4 ? '4= Sod|hu 5*v ehvw uhvsrqvh lv v5 @ '4 � v4> dqg
qrwklqj ohvv1 Olnhzlvh/ li Sod|hu 5 sursrvhv d vkduh v5 ? '4> wkhq Sod|hu 4*v
ehvw uhvsrqvh lv v4 @ '4� v5> dqg qrwklqj ohvv1 Wkhuhiruh/ dq| frpelqdwlrq ri
vkduhv vxfk wkdw wkh| h{dfwo| vxp wr '4 lv d Qdvk htxloleulxp1 Wklv lpsolhv d
frqwlqxxp ri Qdvk htxloleuld vxfk wkdw wkh wzr vkduhv h{dfwo| vxp wr '41

Zkdw derxw wkh fdvh zkhq d sod|hu sursrvhv d vkduh/ v @ '4B Li Sod|hu 4
sursrvhv v4 @ '4> wkhq sod|hu 5*v ehvw uhvsrqvh lv dq| vkduh lq wkh forvhg xqlw
lqwhuydo/ v5 � ^3> 4` > ehfdxvh wkh sd|r� wr Sod|hu 5 lv }hur lq doo fdvhv1 Wkh vdph
lv wuxh iru Sod|hu 4 li Sod|hu 5 sursrvhv v5 @ '4= Vr/ wkh rqo| fdvh zkhuh wkhvh
ehvw uhvsrqvhv ryhuods lv zkhq erwk sod|huv sursrvh '41 Vr/ wkh vwudwhj| sdlu/
+4> 4, > lv dovr d Qdvk htxloleulxp ri wklv jdph1 Wkh ixoo vhw ri Qdvk Htxloleuld
fdq eh vxppdul}hg dv iroorzv=

Q=H= @ +4> 4, ^ i+v4> v5, = v4 . v5 @ '4j
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